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Preface

This book may be considered as a continuation of the monographs [T83], [T92], [T06].
Now we are mainly interested in spaces on domains in R”, related wavelet bases and
wavelet frames, and extension problems. But first we deal in Chapter 1 with the usual
spaces on R”, periodic spaces on R” and on the n-torus T” and their wavelet expansions
under natural restrictions for the parameters involved. Spaces on arbitrary domains are
the subject of Chapter 2. The heart of the exposition are the Chapters 3, 4, where
we develop a theory of function spaces on so-called thick domains, including wavelet
expansions and extensions to corresponding spaces on R”. This will be complemented
in Chapter 5 by spaces on smooth manifolds and smooth domains. Finally we add in
Chapter 6 a discussion about desirable properties of wavelet expansions in function
spaces introducing the notation of Riesz wavelet bases and frames. This chapter deals
also with some related topics, in particular with spaces on cellular domains.

Although we rely mainly on [TO6] we repeat basic notation and a few classical
assertions in order to make this text to some extent independently understandable and
usable. More precisely, we have two types of readers in mind:

researchers in the theory of function spaces who are interested in wavelets as
new effective building blocks, and

scientists who wish to use wavelet bases in classical function spaces in diverse
applications.

Here is a guide to where one finds basic definitions and key assertions adapted to the
second type of readers:

1. Classical Sobolev spaces ka (R™), Sobolev spaces H,(R"), classical Besov
spaces B;,, (R") and Hlder-Zygmund spaces €*(R") on the Euclidean n-spaces
R™: Definition 1.1, Remark 1.2, p. 2.

2. Wavelets in R”: Section 1.2.1, p. 13.

3. Wavelet bases for spaces on R”: Theorem 1.20, p. 15.

4. Spaces on the n-torus T”: Definition 1.27, Remark 1.28, p. 21.
5. Wavelet bases for spaces on T": Theorem 1.37, p. 26.

6. Spaces on arbitrary domains €2 in R”: Definitions 2.1, 5.17, Remark 2.2, pp. 28,
29, 147.

7. u-wavelet systems in domains €2 in R”: Definitions 2.4, 6.3, pp. 32, 179.

8. u-Riesz bases and u-Riesz frames: Definition 6.5, Section 6.2.2, pp. 180, 202.
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9. Waveletbasesin L,(€2) and L, (2) inarbitrary domains €2 in R”: Theorems 2.33,
2.36, 2.44, pp. 49, 53, 59.

10. Classes of domains €2 in R” and their relations: Definitions 3.1, 3.4, 5.40, 6.9,
Proposition 3.8, pp. 70, 72, 75, 168, 182.

11. Wavelet bases in E-thick domains (covering bounded Lipschitz domains) 2
in R”: Theorems 3.13, 3.23, Corollary 3.25, pp. 80, 89, 91.

12. Spaces, frames and bases on manifolds: Definitions 5.1, 5.5, 5.40, Theorems 5.9,
5.37, pp. 133, 135, 136, 164, 168.

13. Frames and bases on domains: Definition 5.25, Theorems 5.27, 5.35, 5.38, 5.51,
6.7, 6.30, 6.32, 6.33, pp. 152, 153, 162, 166, 175, 181, 196, 197, 198.

Formulas are numbered within chapters. Furthermore in each chapter all defini-
tions, theorems, propositions, corollaries and remarks are jointly and consecutively
numbered. Chapter 7 is divided in sections n.k and subsections n.k./. But when
quoted we refer simply to Section n.k or Section n.k./ instead of Section n.k or Sub-
section n k.. If there is no danger of confusion (which is mostly the case) we write
A;q, g Fpsq, e pq ..(spaces) 1nstead0pr Pr p Pe Flfq, oo p g -+ Similarly for
Ajm, Ajm, Qjm (functions, numbers, cubes) instead of @ ;, A; m, O m etc. References
are ordered by names, not by labels, which roughly coincides, but may occasionally
cause minor deviations. The numbers behind » in the Bibliography mark the page(s)
where the corresponding entry is quoted (with the exception of [T78]-[T06]).

It is a pleasure to acknowledge the great help I have received from David Edmunds
(Brighton) who looked through the manuscript and offered many comments.

Jena, Summer 2008 Hans Triebel
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Chapter 1
Spaces on R” and T"

1.1 Definitions, atoms, and local means

1.1.1 Definitions

We use standard notation. Let N be the collection of all natural numbers and Ny =
N U {0}. Let R” be Euclidean n-space, where n € N. Put R = R!, whereas C is the
complex plane. Let S(R™) be the usual Schwartz space and S’(R") be the space of all
tempered distributions on R”. Furthermore, L,(R") with 0 < p < o0, is the standard
quasi-Banach space with respect to the Lebesgue measure in R”, quasi-normed by

1/p
17 12p @01 = ([ 1ol ax) (L

with the natural modification if p = co. As usual, Z is the collection of all integers;
and Z" where n € N, denotes the lattice of all points m = (my,...,m,) € R" with
m; € Z. Let Nj, where n € N, be the set of all multi-indices,

a=(ar,...,a,) witha; € Noand |af = Y7, a;. (1.2)
If x = (x1,...,xs) € R"and B = (B1,...,Bn) € Nj then we put
xB = x’fl ~~x,’?" (monomials). (1.3)

If ¢ € S(R") then
06 = (F©) = m2 [ Ppan geR, (4

denotes the Fourier transform of ¢. As usual, F !¢ and ¢" stand for the inverse
Fourier transform, given by the right-hand side of (1.4) with i in place of —i. Here
x£ denotes the scalar product in R”. Both F and F~! are extended to S’(R") in the
standard way. Let g9 € S(R") with

@o(x) =1 if [x| =1 and @o(y) =0 if |y[=3/2, (1.5)
and let
(%) = po(27%x) — o2 ¥t 1x), x e R" keN. (1.6)
Since
o0
D @i(x)=1 forxeR", (1.7)

J=0
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the ¢; form a dyadic resolution of unity. The entire analytic functions (¢; f )V (x) make

sense pointwise in R” for any f € S’(R").

Definition 1.1. Let ¢ = {¢;}72, be the above dyadic resolution of unity.

(i) Let
O<p=<oo, O0<g=<oo, sekR

Then B;,(R") is the collection of all f € S'(R") such that

o0 ) R /
11183, ®l = (32701 )Y 1L, ®))1) " < o0

Jj=0

(with the usual modification if ¢ = 00).
(ii) Let
O<p<oo, O0<g<oo, seR

Then Fj,(R") is the collection of all /€ S'(R") such that

1 152, = | (225 oy A ) @) < o0
j=0

(with the usual modifications if g = 00).

(1.8)

(1.9)

(1.10)

(1.11)

Remark 1.2. The theory of these spaces may be found in [T83], [T92], [T06]. In
particular these spaces are independent of admitted resolutions of unity ¢ according to
(1.5)—(1.7) (equivalent quasi-norms). This justifies our omission of the subscript ¢ in
(1.9), (1.11) in the sequel. We remind the reader of a few special cases and properties

referring for details to the above books, especially to [T06], Section 1.2.
(i) Let 1 < p < oco. Then

Lp(R") = F,,(R")

is a well-known Paley—Littlewood theorem.
(i) Let 1 < p < ooand k € Ng. Then

Wy (R") = Fy5(R")
are the classical Sobolev spaces usually equivalently normed by
k pn o ny|p 1/p
1 IWE@EDI = (3 10/ L, ®)17) .
la|<k

This generalises (1.12).
(iii) Let 0 € R. Then

I: f > ((8)°f)"

(1.12)

(1.13)

(1.14)

(1.15)
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with (£§) = (1 + |£/>)"/2, is an one-to-one map of S(R") onto itself and of S’(R")
onto itself. Then I is a lift for the spaces A, (R") with 4 = Bor A = F and s € R,
0 < p <00 (p < ooforthe F-scale), 0 < g < oo:

o A5, (R") = A3,% (R") (1.16)

(equivalent quasi-norms). With

HS(R") = I_sLp(R"), s€R, 1< p<oo, (1.17)
one has

HS(R") = F5,(R"), s€R, 1<p<oo, (1.18)
and

HER™) = WERY), 1< p<oo, keN,. (1.19)

Nowadays one calls the H,;(R") Sobolev spaces (sometimes fractional Sobolev spaces

or Bessel-potential spaces) with the classical Sobolev spaces ka (R™) as a special case.
(iv) We denote
€% (R") = B (R"), seR, (1.20)

as Holder—Zygmund spaces. Let
(ARE) = fx+h) = f(x), (A )x) = A (AL ), (1.21)

where x € R”, h € R", [ € N, be the iterated differences in R”. Let 0 < s < m € N.
Then

1/ 1€ (R*)Im = Su[,?nlf(xﬂ + sup [A[° AR F ()], (1.22)

where the second supremum is taken over all x € R” and & € R” with 0 < |h| < 1,
are equivalent norms in €*(R").

(v) This assertion can be generalised as follows. Once more let0 < s <m € N
and 1 < p,q < oco. Then

B dh 1/q
A |Lp<n%")||q—)

171834 ®) 1 = 15 1L, @1+ P
(1.23)

|hl<

and

1 de\ V4
ILf 1Bpg (Rl = II.f |Lp([R")||+(/O t7 sup || A f |Lp([R")||q—) (1.24)

<t 4

(with the usual modification if ¢ = co) are equivalent norms in B, (R"). These are
the classical Besov spaces. We refer to [T92], Chapter 1, and [T06], Chapter 1, where
one finds the history of these spaces, further special cases and classical assertions. In
addition, (1.23), (1.24) remain to be equivalent quasi-norms in

B, (R") with0<p,q§ooands>n(%—l)+. (1.25)
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1.1.2 Atoms

We give a detailed description of atomic representations of the spaces introduced in
Definition 1.1 for two reasons. First we need these assertions later on. Secondly, atoms
and local means, which are the subject of Section 1.1.3, are dual to each other where
the natural smoothness assumptions and the cancellation conditions change their roles.

Let Qj, be cubes in R” with sides parallel to the axes of coordinates, centred at
27/ m with side-length 2=/ 1 where m € Z" and j € Ny. If Q is a cube in R” and
r > 0 then rQ is the cube in R” concentric with Q and with side-length r times of the
side-length of Q. Let y;;, be the characteristic function of Q.

Definition 1.3. Let 0 < p < 00, 0 < g < oo. Then b, is the collection of all
sequences
A={AjmeC: jeNy, meZ"} (1.26)

such that

i lbpall = (X (X 1ml?)) < . (127)

j=0 mez"

and f,4 is the collection of all sequences A according to (1.26) such that

<00 (1.28)

1ol = [ (322779 thm tim(219) " Ly )
Jj.m

with the usual modifications if p = oo and/or ¢ = oo.

Remark 1.4. Note that the factor 2/79/? in (1.28) does not appear if one relies on the

p-normalised characteristic function X/('I:n) (x) = 2nU-D/r Xjm(x). This is the usual
way to say what is meant by f,,. But for what follows the above version seems to be
more appropriate. Of course by, = fpp.

Definition 1.5. Lets € R,0 < p < 00, K € Ng, L € Ng and d > 1. Then the
Loo-functions @, : R" +— C with j € No, m € Z", are called (s, p)-atoms if

suppdjm Cd Qjm, J € No, meZ"; (1.29)
there exist all (classical) derivatives D%aj,, with |a| < K such that
|D%jm(x)| <2776l 1y < K, j € Ng, m e Z", (1.30)

and
/ xPajm(x)dx =0, |Bl<L,jeN, mez" (1.31)
[Rn

Remark 1.6. No cancellation (1.31) for ag ,, is required. Furthermore, if L = 0
then (1.31) is empty (no condition). If K = 0 then (1.30) means a;, € Lo and

|ajm(x)] < 27/6=%) . Of course, the conditions for the above atoms depend not only
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on s and p, but also on the given numbers K, L,d. But this will only be indicated
when extra clarity is required. Otherwise we speak about (s, p)-atoms instead of
(s, p)k,L.q-atoms. Let as usual

1 1
o, =n|—— 1) and 0,, = n(— — 1) (1.32)
? (p + ra min(p.q) /+

where b4 = max(b,0) if b € R.

Theorem 1.7. (i) Let0 < p <00,0< g <00, s € R Let K € No, L € Ng,d € R
with
K>s, L>o,—s, (1.33)

and d > 1 be fixed. Then f € S'(R") belongs to B, (R") if, and only if; it can be

represented as
o0
=20 Amajm (1.34)

Jj=0mezZ"n

where the ajm are (s, p)-atoms (more precisely (s, p)k,1,4-atoms) according to Defi-
nition 1.5 and A € bp,. Furthermore

1/ 1Bpg (R ~ inf |4 [bpy | (1.35)

are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (1.34) (for fixed K, L, d).
(i) Let0 < p<00,0<qg <o00,5€R. Let K € Ng, L € Ng, d € Rwith

K>s, L>opg—5, (1.36)

and d > 1 be fixed. Then f € S'(R") belongs to F, (R") if, and only if, it can be
represented by (1.34) where aj,, are (s, p)-atoms (more precisely (s, p)k. 1,4 -atoms)
according to Definition 1.5 and A € f,q. Furthermore,

IS 1 Fpg (R™)]| ~ inf [[A | fpq I (1.37)

are equivalent quasi-norms where the infimum is taken over all admissible representa-
tions (1.34) (for fixed K, L, d).

Remark 1.8. Recall that dQ,, are cubes centred at 27/ m with side-length d 27/ 1
where j € Ng and m € Z". For fixed d withd > 1 and j € Ny there is some
overlap of the cubes dQ;,, where m € Z". This makes clear that Theorem 1.7 based
on Definition 1.5 is reasonable. Otherwise the above formulations coincide essentially
with [T06], Section 1.5.1. There one finds also some technical comments how the
convergence in (1.34) must be understood. Atoms of the above type go back essentially
to [FrJ85], [FrJ90]. But more details about the complex history of atoms may be found
in [T92], Section 1.9.
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1.1.3 Local means

We wish to derive estimates for local means which are dual to atomic representations
according to Theorem 1.7 as far as smoothness assumptions and cancellation properties
are concerned. First we collect some definitions. Let Q j,, be the same cubes as in the
previous Section 1.1.2.

Definition 1.9. Let A € Ng, B € Ng and C > 0. Then the Loo-functions kj, : R"”
C with j € No, m € Z", are called kernels (of local means) if

suppkjm C CQjm, J € Ng, meZ"; (1.38)
there exist all (classical) derivatives D%k ,, with |a| < A such that
|D%kjm(x)] < 2771 o < A, j € No, m € Z7, (1.39)
and

f xPhkjm(x)dx =0, |B|<B,jeN, mezZ" (1.40)

Remark 1.10. No cancellation (1.40) for kg s, is required. Furthermore if B = 0 then
(1.40) is empty (no condition). If A = 0 then (1.39) means Kk, € Lo and |kj,, (x)| <
2/" Compared with Definition 1.5 for atoms we have different normalisations in (1.30)
and (1.39) (also due to the history of atoms). We adapt the sequence spaces introduced
in Definition 1.3 in connection with atoms to the above kernels.

Definition 1.11. Lets € R, 0 < p < 00,0 < g < co. Then l;ls,q is the collection of
all sequences A according to (1.26) such that

oo
Bl = (20 (2 wwl?)) <o aan

Jj=0 mezZn

and f’fq is the collection of all sequences A according to (1.26) such that

<00 (1.42)

1= (02 m 2mO19) 1L (R
Jj.m

with the usual modification if p = oo and/or g = oco.

Remark 1.12. The notation by, and f,, (without bar) will be reserved for a slight
modification of the above sequence spaces in connection with wavelet representations.

s . fS
Onehasbpp— -

Definition 1.13. Let f € B;q([R”) where s € R,0 < p < 00,0 < g < o0. Letkj,
be the kernels according to Definition 1.9 with A > o0, — s where o), is given by (1.32)
and B € Ny. Then

Gin(£) = Flgm) = [ Kim() FOY Ay, € Moume ", (143
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are local means, considered as a dual pairing within (S(R"), S’(R")). Furthermore,
k(f)=1{kjm(f): j € No, m € Z"}. (1.44)

Remark 1.14. We justify the dual pairing (1.43). According to [T83], Theorems 2.11.2,
2.11.3, one has for the dual spaces of B; ,(R") that

B, (R"Y = B 'TP(R"), xe€R, 0<p <o, (1.45)
where 1 {
;—I-?:l if l<p<oocandp'=c0if0<p<1. (1.46)

Since kj;, € CA(R") (Loo(R") if A = 0) has compact support one obtains that
kjm € BA=¢(R") forany ¢ > 0 and 0 < u, v < 00. By

- Bl
B3 (R") C B55(R") and B, (R") C BSi(R") (1.47)

locally forany s € R, e > 0,0 < p < coand 0 < ¢ < oo one has by (1.45) and
A > o, — s that (1.43) makes always sense as a dual pairing. This applies also to
S € Fy,(R") since

Fp (R") C B;’max(p’q)([R”). (1.48)
But (1.43) can also be justified for /€ B, (R") and f € F; (R") as in [TO6],
Section 5.1.7, by direct arguments.

In Section 1.2 we characterise the spaces B, (R") and F,;, (R") in terms of wavelets.
Since wavelets are special atoms one has by Theorem 1.7 the desired estimates from
above. But wavelets can also be considered as kernels k;,, of corresponding local
means. This gives finally the needed estimates from below which will be reduced to
the following theorem which might be considered as the main assertion of Section 1.1.

Theorem 1.15. (i) Let0 < p < 00,0 < g <00, s € R. Let kj,,, be kernels according
to Definition 1.9 where A € Ny, B € N with

A>o0p—5, B>y, (1.49)

and C > 0 are fixed. Let k(f) be as in (1.43), (1.44). Then for some ¢ > 0 and all
f € By, (RM),
IKCf) 1bpgll < c ILf [Bpg (RMII. (1.50)

(i) Let 0 < p < 00,0 < g < 00,5 € R. Let kj, and k() be the above kernels
where A € Ng, B € Ng with

A>o0pg—s, B>y, (1.51)

and C > 0 are fixed. Then for some ¢ > 0 and all f € F,,(R"),

k() | fpg | < € LS 1Epg(R™)]]. (1.52)
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Proof. Step 1. We prove (i). By Remark 1.14 the local means k;,,(f) with f €
B, ,(R") make sense. Let

F=)Y Anan(x), f € By, (R, (1.53)

r=0Jez"

be an optimal atomic decomposition according to Theorem 1.7 with a,; as in (1.29)—
(1.31) where
K=B>s and L=A4>0,—5. (1.54)

We recall that an atomic decomposition is called optimal if for some suitably chosen
fixed D > Oandall f € B, (R"),

X 1bpgll < D || f 1Bpg (R (1.55)
For j € Ny we split (1.53) into

J 00
r=0

r=j+1

Then
[ im0 5018y = [ tim) 01y + [ kom0 /000y, 57
Letr < jandlet] € I} (m) where C and d in
IJmy={leZ": CQjmnd Qy # 0} (1.58)
have the same meaning as in (1.38), (1.29). Then card lrj (m) ~ 1 and

2/(5—%)

/[Rn kjm(y)ari(y) dy‘

<2 H Y sup|D¥ap ()] / jm )] - 1y — 27 m|® dy
lyl=B ~ R
< C/ 2(j—r)(s—%) 2I‘B 2—jB 2]n 2—]n

(1.59)

— o/ 2U-"G=5-B)

Hence one obtains for any fixed ¢ > 0 that (modification if p = oco)

. n p J . n
2iGs=5)p <c Z Z |Ar1|P 2 (i=r)s=5—B+e)p (1.60)

r=07¢e1) (m)

/[Rn kjim(y) fi(y)dy

For fixed r, j withr < j and [ € Z" one has

card{m e Z" : | € K (m)} ~ 2=, (1.61)
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Then it follows from (1.60) that

. n P
/6P N / kim(y) fj(y)dy
mezZn R”
j . . n
<y 2Umnm UGBt N7 ) e (1.62)
r=0 lezn
j .
_ czzp(j—r)(s—B-‘rs) Z |Arl|p'
r=0 lezn

Let r > j. Then one obtains by (1.54) for [ € 1} (m) that
2/ V{R kjm(y)arz(y)dy‘
<c2/75) " sup DV kjm (x)| / lar ()] - ly =27 11" dy
R7

lyl=4 *
< ¢ 2(,j—r)(s—%) 2jn+Aj 2—rA—rn

(1.63)

— 2(j—r)(s—%+n+A).

By (1.56), (1.57) it follows that for any fixed ¢ > 0,

o . b ; n p
2J(s=%) / Kim(y) ff(y)dy‘ ECZZ(J—r)(S—;+n+A—s)P( Z |Arl|) )
o r>j 1elf (m)
(1.64)
If p <1 then one obtains
. n . 4 . n
DD [ i) 0| =0 Y20 EAr ST
R r>J lel (m)
(1.65)

If1 < p < oo (modification if p = co) then it follows from (1.64), Holder’s inequality
and card I/ (m) ~ 2"~/ that

p
2i(s=5)p

[ Km0 7y

<c Zz(j—r)(s—%+n+A—8)p Z 2r=j)(p—1)n |Ap1|?

r>j 1elf (m)

—c Zz(j—r)(s+A—e)p Z (A7

r>j 1elf (m)

(1.66)

Summation over m € Z" results for all p with 0 < p < oo (modification if p = oco)
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in

2i(s=%5)p Z / Kim(y) ff(y)dy‘ <c 22(1 r)(s—op+A—e)p Z |Ar1]?.

mezZn r>j lezn

(1.67)
Now one obtains by (1.62), (1.67) and (1.49) for some » > 0,

2Jis=5)p Z

meZn

V4 o
| jm<y)f<y)dy' <e U Y L (16

r=0 lezn

Using (1.43), (1.41), (1.55) based on (1.27) we obtain by standard arguments that
k() Ibpgll < ¢ A 1bpgll < ¢ D ILf [Bpg (RMI]. (1.69)

This proves (1.50)
Step 2. The proof of part (ii) of the theorem will be based on the vector-valued
maximal inequality

0o
(X (w1l ) ) ] <c|( Z 1) 1L, @] 1.70)
k=0
due to [FeS71] where
O<p<oo, 0<g=<oo, 0<w<min(p,q). 1.71)
Here M is the Hardy-Littlewood maximal function,
()) = swplol”! [ glay. x <" (172

where the supremum is taken over all cubes centred at x. A short proof may also
be found in [Tor86], pp. 303-305. By Remark 1.14 the local means kj,, (f) with
J € F;,(R") make sense. Let

F=00) Ananx), f € Fp(RY, (1.73)

r=0]J]ezn

be an optimal atomic decomposition according to Theorem 1.7 with a,; as in (1.29)—
(1.31) where

K=B>s and L=A>o0p;—s5. (1.74)

An atomic decomposition is called optimal if for some suitably chosen fixed D > 0
andall f € Fj (R"),

A1 fpqll = DIl f 1Fg (RM)]. (1.75)
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We rely again on the splitting (1.56), (1.57). Letr < j. We assume g < oo (if g = 0o
one has to modify what follows appropriately). Then the counterpart of (1.59), (1.60)
is now given by

q

25ty () ‘ [ tm) s
|Rn

j , (1.76)
Sc D D Ralt2n? gim(x) 20T

r=07¢1) (m)

where x € R”. For fixed j, r, and [ the summation ) y;»(x) over those m € Z" with

lelf (m) is comparable with y,;(x) and can be estimated from above by its maximal
function. Hence we obtain for any w > 0,

. q
250 3 im0 [ Kim() £ 0
mezZn R”
; (1.77)
< ¢ Y 2UTNETBHIT N AL (12,4]W 25y (4)) (1)1
r=0 lezn

This is the counterpart of (1.62). Let now r > j. Then it follows as in (1.63), (1.64)
that

< ¢ gim(x) Y 2UTDEHATD N " Q).

r>j 1€l (m)

27 Xjm(x)

[ tm) 700y

(1.78)
For x € R* with yj,(x) = 1 and 0 < w < 1 the last factor can be estimated by

(X 25a) = X 2% e

1€l (m) 1elf (m)
<c2m2/non Z 27 At|” xr1(3) dy (1.79)
" 1et m)
=2 (3 2 ] () @),
Lt} (m)
Assuming again g < oo one obtains for any fixed &€ > 0 that

q
2% Y jm (%)

[ Km0 70y

< Y aUmnlEAEa (N 2 ] () (07

r>j lelf (m)

(1.80)
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Since
n

A > = — 1.81
T T () (181
one may choose w with w < min(1, p,g) and ¢ > 0 in (1.80) such that

x=A+s+n—"L_e>o0. (1.82)
w

With r = j 4 ¢ we have

q
21 Y )| [ kom0 1700y
meZn
. . (1.83)
<czz—mq MDD 2 Al e ()0
meZ" lel! ., (m)

Summation over j in (1.77) with s — B 4+ ¢ < 0 and in (1.83) gives by (1.42) that

o\ 1/
k()1 f ||<CH(ZZ (2”27 g ()] Ly @)

(2 2 )]") e

o0
=1 j=0mez" lel]  (m)

- (1.84)
for some 0 < %' < x. By construction, the lattice 27/ Z" refined by [ € [ +t(m) is

related to 27/ 7' Z". Since w < min(1, p,q) one can apply (1.70). Then one obtains
by (1.28) and (1.75) that

k() 1 fpgll < € 1A 1 fpgll < ¢ DS | Fpg(RM]. (1.85)
This proves (1.52). O

Remark 1.16. We refer in this context also to [Kyr03]. In particular we took over from
this paper the idea to decompose the lattice 27/~ Z" in connection with (1.83), (1.84)
into clusters around 27/ Z". These clusters disappear after the vector-valued maximal
inequality has been applied. According to Definition 1.9 the kernels &, have compact
supports. This was of some use for us. But there is little doubt that one can replace
the compactness assumption (1.38) by a sufficiently strong decay. We refer again to
[Kyr03].

Remark 1.17. We followed closely [Tri07c] (as always throughout Chapter 1). In
particular, Theorem 1.15 coincides essentially with [Tri07c], Theorem 15, and its proof.
But the first formulation of Theorem 1.15 was given in [Tri07b], Theorem 36 (without
proof), where we used it in connection with para-wavelet bases in domains and sampling
numbers.



1.2 Spaces on R” 13

1.2 Spaces on R"

1.2.1 Wavelets in L, (R")

Recall that this book might be considered as the continuation of [T06]. There we dealt
in Section 3.1, with wavelet bases (isomorphisms) in the spaces

By, (R"), F,,(R") wheres € R, 0 < p,q < oo, (1.86)

(with p < oo for the F-spaces) based on a weaker version of Theorem 1.15. We wish
to improve these assertions using now Theorem 1.15. But first we fix some notation
and recall a few well-known facts.

We suppose that the reader is familiar with wavelets in R” of Daubechies type and
the related multiresolution analysis. The standard references are [Dau92], [Mal99],
[Mey92], [Woj97]. A short summary of what is needed may also be found in [T06],
Section 1.7. We give a brief description of some basic notation. As usual, C*(R) with
u € N collects all (complex-valued) continuous functions on R having continuous
bounded derivatives up to order u (inclusively). Let

v € C*R), Y € C*(R), uel, (1.87)

be real compactly supported Daubechies wavelets with
/ Yp(x)x¥dx =0 forallv € Ng with v < u. (1.88)
R

Recall that ¢ is called the scaling function (father wavelet) and 3y the associated
wavelet (mother wavelet). We extend these wavelets from R to R” by the usual tensor
procedure. Let

G =(Gy.....G,) € G* = {F, M}", (1.89)
which means that G, is either ' or M. Let
G=(Gy,....Gy) € G/ ={F, M\, jeN, (1.90)

which means that G, is either /' or M where * indicates that at least one of the
components of G must be an M. Hence G° has 2" elements, whereas G’/ with j € N
has 2" — 1 elements. Let

n
V() =226,/ xr —m,). GeG/.mez" (1.91)

r=1

where j € No. We always assume the {r and 5 in (1.87) have Ly-norm 1. Then
(Ui jENo, GEG/ mez") (1.92)
is an orthonormal basis in L,(R™) (for any u € N) and

f= f Yool (1.93)

Jj=0GeGJ/ meZ"
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with
MG =126 (f) = 2]'"/2[ F(x) Vg, (x)dx
R ’
= 2" (£,

in the corresponding expansion, adapted to our needs, where 2777/ Z\Pé 1 are uniformly
bounded functions (with respect to j and m).

(1.94)

1.2.2 Wavelets in 43, (R")

One may ask whether the orthonormal basis (1.92) in L,(R") remains an (uncondi-
tional) basis in other spaces on R”. First candidates are L,(R") with 1 < p < oo but
also related (fractional) Sobolev spaces and classical Besov spaces. Something may
be found in the above-mentioned books [Dau92], [Mal99], [Mey92], [Wo0j97]. One
may also consult [TO6], Remarks 1.63, 1.65, pp. 32, 34, for more details and further
references. An extension of this theory to all spaces

Azq([R”) where either A = Bor A= Fands € R,0 < p,q < oo, (1.95)

with p < ooforthe F-spaces may be found in [Kyr03], [Tri04] and [T06], Section 3.1.3,
Theorem 3.5, p. 154. Basically one identifies the wavelets in (1.91) with atoms and
with kernels of local means as described in Theorems 1.7 and 1.15. But the sharp
version of Theorem 1.15 was not available at this time. We had to rely on a weaker
version (from the point of view of applications to wavelets) and obtained wavelet bases
and isomorphisms for all spaces in (1.95) under somewhat unnatural restrictions for
the required smoothness u € N in (1.87) of the underlying wavelets.

Now we return to this topic and adapt first the sequence spaces in Definition 1.11
incorporating the additional parameter G € G/ according to (1.89), (1.90).

Definition 1.18. Lets € R,0 < p < 00,0 < g < co. Then bls,q is the collection of
all sequences

A={ACeC: jeNy GeG/,meZ" (1.96)
such that
ad ; n . q/p 1/q
A 165,11 = (sz(s—pm 3 ( 3 W,;GV’) ) < 00 (1.97)
j=0 GeGJ meZ"

and psq is the collection of all sequences (1.96) such that

< 00 (1.98)

12150 = (30 279104 2m17) " 1L ()
7,G.m

with the usual modification if p = oo and/or g = oco.
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Remark 1.19. One may consult Remark 1.12 as far as notation is concerned. Recall
that y ., is the characteristic function of the cube Q ;;, as introduced in Section 1.1.2
and used in Definitions 1.3 and 1.11.

As justified at the beginning of [T06], Section 3.1.3, we may abbreviate the right-
hand side of (1.93) by
doapGainrwl (1.99)
Jj,G,m

since the conditions for the sequences A always ensure that the corresponding series
converges unconditionally at least in S’(R™) (which means that any rearrangement
converges in S'(R") and has the same limit). Local convergence in By, (R") means
convergence in By, (K) for any ball K in R”". Similarly for F,; (R"). Recall that o,
and o, are given by (1.32).

Otherwise we use standard notation naturally extended from Banach spaces to
quasi-Banach spaces. In particular {b; }}";1 C B in a separable complex quasi-Banach
B space is called a basis if any b € B can be uniquely represented as

o0
b= Zx\j b;, A; € C (convergencein B). (1.100)
j=1

A basis {b;}72, is called an unconditional basis if for any rearrangement o of N

(one-to-one map of N onto itself) {by(;)}72, s again a basis and

oo
b= Z/\a(j) bs(jy (convergence in B) (1.101)
j=1

for any b € B with (1.100). Standard bases of (separable) sequence spaces as consid-
ered in this book are always unconditional. We refer to [AIK06] for details about bases
in Banach (sequence) spaces.

Theorem 1.20. (i) Let 0 < p < 00,0 < g <00, s € R and let \Ilé’m be the wavelets
(1.91) based on (1.87), (1.88) with

u > max(s, o, — 5). (1.102)

Let f € S'(R"). Then f € B, (R") if, and only if, it can be represented as

f= > 2GRl debs, (1.103)

Jj,G,m

unconditional convergence being in S'(R") and locally in any space B, (R") with
o < S. The representation (1.103) is unique,

MG =202 (9] ) (1.104)
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and
I: f = 22 (L9 ,)) (1.105)
is an isomorphic map of By, (R") onto by,,. If, in addition, p < oo, ¢ < 0o, then
{\Dém} is an unconditional basis in By, (R").
(i) Let0 < p <00, 0<qg <o00,5 €R, and

u > max(s, opg — ). (1.106)

Let f € S'(R"). Then f € F,,(R") if, and only if, it can be represented as

=D MGl de f, (1.107)

Jj,G.m

unconditional convergence being in S'(R") and locally in any space Fy (R") with
o < s. The representation (1.107) is unique with (1.104). Furthermore I in (1.105)
is an isomorphic map of F,,(R") onto f,,. If, in addition, g < oo, then {‘I‘ém} is an

unconditional basis in F, (R").

Proof. Step 1. This theorem coincides with the corresponding assertions in [Tri04] and
[TO6], Section 3.1.3, Theorem 3.5, pp. 153156, under the more restrictive smoothness
and cancellation assumptions (1.87), (1.88) with

2n

2
U > max s,—n—i—’l—s and u >max|s, ——— + —
)4 2 min(p,q) 2

— s) (1.108)
for B,,(R") and F,, (R"), respectively. Butall technicalities such as the unconditional
convergence of (1.103), (1.107), the uniqueness (1.104), the isomorphic map (1.105),
the use of duality, (1.45), (1.46), the unconditional bases, can be taken over verbatim.
Hence it remains to justify that the improved assumptions (1.102) and (1.106) are

natural and sufficient.
Step 2. Let f be given by (1.103). Then

af, =277/ omin2yl G eG, (1.109)

are atoms in By, (R") according to Definition 1.5 and Theorem 1.7 (i) with K = L = u
(up to unimportant constants). Having the different normalisations for b;q in (1.97)
and for by, in (1.27) in mind one obtains by Theorem 1.7 (i) that [ € Bls,q([R”) and

If [Bpg(RM) < cA]by, (1.110)

gl

where the extra summation over G does not influence this argument. Here ¢ in (1.110)
is independent of f. Conversely, if f* € By, (R"), then

kG, =229 . jeNy GeGl meZ", (1.111)
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are kernels of corresponding local means in B, (R") according to Definitions 1.9, 1.13
based on (1.91), and Theorem 1.15 (i) with A = B = u (again neglecting unimportant
constants). The modification

k(f)={k3,(f): j €Ny, GeG/ meZ"} (1.112)
of (1.44) is immaterial for the application of Theorem 1.15 (i). One obtains

IKCf) bpgll = c ILf 1By (RM)]] (1.113)

for some ¢ > O and all f € B, (R"). By (1.104) one has k() = A and one obtains
by (1.110) and (1.113) that

1A 1551l ~ 1L 1By (R™)]]. (1.114)

Now one obtains part (i) of the above theorem in the same way as in [Tri04], [T06].
Step 3. The proof for the F-spaces is the same now relying on Theorems 1.7 (ii)
and 1.15 (ii). O

Remark 1.21. Again we followed closely [Tri07c].

1.2.3 Wavelets in A 1‘, R w)

Based on [HaT05] we extended in [T06], Section 6.2, Theorem 1.20 with u as in
(1.108) to some weighted spaces. There is no difficulty to apply the corresponding
arguments to the above improved version with u according to (1.102), (1.106). The
main reason for giving an explicit formulation comes from the application to construct
wavelet bases for periodic spaces which is the subject of Section 1.3.

Definition 1.22. Let w be a real C* function in R” such that for all y € N§ and
suitable positive numbers ¢y,

|IDYw(x)| <cyw(x) forall x € R", (1.115)
and
0<w@) <cw(y) (1+x—y?)** forallxeR" yeR",  (1116)

and some constants ¢ > 0 and o > 0. Let ¢ = {¢;}72, be a resolution of unity
according to (1.5)—(1.7).

(i) Let p, g, s as in (1.8). Then B, (R",w) is the collection of all f* € S'(R")
such that

o0 ) R 1/
17 183, (R w)ll = (3027w HIL,@D]) <00 1117)

j=0
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(with the usual modification if ¢ = 00).
(i) Let p, g, s as in (1.10). Then F, (R", w) is the collection of all f € S'(R™)
such that

X R 1/
17 155wl = [ 22 gy £ i) 00| <00 18y
j=0

(with the usual modification if ¢ = o0).

Remark 1.23. These weighted spaces (avoiding local singularities) play a role in the
theory of function spaces and had been studied in detail in [ET96], Chapter 4 (mainly
based on [HaT94a], [HaT94b]) and [T06], Chapter 6, where one finds also references
to the literature. Here we restrict our attention to an extension of Theorem 1.20 to these
spaces. For this purpose one has first to modify the sequence spaces in Definition 1.18
using the same notation as there.

Definition 1.24. Let w be the same weight as in Definition 1.22 and let s € R, 0 <
p < 00,0 < g < oo. Then bls,q (w) is the collection of all sequences (1.96) such that

o0 /
1A 1B5, (w)]| = (22’“‘%)" (X weTmy '*féGV)q/p)l feoo

j=0 GeG/ meZ"
(1.119)

and f5, (w) is the collection of all sequences (1.96) such that

< oo (1.120)

, . . /
Il = (32 220w m)® 1 im17) L R
J,G,m

with the usual modifications if p = oo and/or ¢ = oo.

Remark 1.25. This extends Definition 1.18 to the weighted case and coincides with
[T06], Definition 6.11. We extend now Theorem 1.20 to the weighted case in the same
understanding as described there now with respect to the spaces A3, (R", w) where
either A = Bor A =F.

Theorem 1.26. Let A3, (R", w) with A = B or A = F be the spaces as introduced
in Definition 1.22 and let a,,(w) be the related sequence spaces according to Defini-
tion 1.24. ‘
() LetO < p<00,0<qg <005 € Randlet LI-'(’;m be the wavelets (1.91) based
on (1.87), (1.88) with
u > max(s, o, —5). (1.121)

Let f € S"(R"). Then f € B, (R", w) if, and only if, it can be represented as

f= 22w o debs,(w), (1.122)
7,.G,m
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unconditional convergence being in S'(R") and in any space By, (R", W) witho < s
and W(x)w~(x) = 0if|x| — oo. Furthermore, the representation (1.122) is unique,

/\f;;G — pJn/2 (ﬁ \IJJG,m) (1.123)
and ) .
I: f e 22 (£ ) (1.124)

is an isomorphic map of By, (R", w) onto by (w). If, in addition, p < 00, ¢ < o0,

then {\IJJGm} is an unconditional basis in B, (R", w).
(i) Let0 < p <00, 0< g <00, 5 € Rand

u > max(s, opg — ). (1.125)
Let f € S"(R"). Then f € F,,(R",w) if, and only if, it can be represented as
f= Y 28wl de £l w), (1.126)
j,G.m

unconditional convergence being in S’(R") and in any space Fg (R, w) witho <s
and W(x)w~(x) — 0if |x| — oo. Furthermore, the representation (1.126) is unique
with (1.123) and I in (1.124) is an isomorphic map of F,,(R", w) onto fpsq (w). If, in

addition, q < 0o, then {\IJJGm} is an unconditional basis in Flfq([R”, w).

Proof. This theorem with u as in (1.108) coincides with [T06], Theorem 6.15,
pp- 270-71. The corresponding proof reduces the weighted case to the unweighted
one using localisation and interpolation. But this works also for u as in (1.121) and
(1.125) relying now on Theorem 1.20. O

1.3 Periodic spaces on R” and T"
1.3.1 Definitions and basic properties

Let
T ={x=(x1,....xn) ER": 0<x; <1} (1.127)

be the n-torus (adapted to wavelets and Z") where opposite points are identified in the
usual way. Then periodic distributions f € D’(T") can be represented as

f=) ame™™, xeT" (1.128)

meZn

where the Fourier coefficients {a,,} C C are of at most polynomial growth,

lam| < ¢ (1 + |m|)* forsomec >0,x >0andallm € Z". (1.129)
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The theory of periodic distributions and related periodic spaces B, (T") and F,, (T")
has some history which is not the subject of what follows. We rely on [ST87], Chapter 3,
and [T83], Chapter 9, with a reference to [Tri83]. We wish to complement these
considerations by the periodic counterpart of the wavelet isomorphism according to
Theorem 1.20. First we collect what we need in the sequel.

We extend f € D'(T") given by (1.128) with (1.129) from D’(T") to S'(R"),

extPr f = Z Ay e 2™M*  x e R, (1.130)

meZn

Then extP f € S (R"), where
SPR") ={he S'(R"): h(-—k) =hforallk € Z"} (1.131)

are the periodic distributions on R”. Recall that & € S'°*"(R") if, and only if, /& can be
represented as

h= )" ame™™, xeR" (1.132)

meZn

with (1.129) for some ¢ > 0 and » > 0. We have

(FR)(E) = ) am F (7757) (§)

mezZn

= Z am (F1)(§ —2m) (1.133)
meZn

= Z (27[)n/2 am 827rma
meZn"

where 8255, is the §-distribution with respect to the off-point 2m. Let {¢;} be the
same dyadic resolution of unity as in Definition 1.1. Then

0ih =" am@1)"? @; 2mm) S2zm (1.134)
meZ"
and
((/)jl;)v(x) = Z am <pj(2nm)ei2”mx. (1.135)
meZ"
Let
wy(x) = (14 [x|>)72, yeR, (1.136)

be an admitted weight according to Definition 1.22 (witha = |y|) and let 43, (R, wy)
be the corresponding spaces. Let

AGPN(R™ wy) = A (R", wy) NS (R™). (1.137)
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If h € S’"°"(R™) is given by (1.132) then one has by (1.135) and (1.117), (1.118) that
17 1B, (R, wy) |

[o¢]
= ( Z 0Jsq
j=0

q)l/q (1.138)

wy(X) D ampj(2rm) e |Ly(R")

meZn

and

1| Fpg (R, wy )|

These spaces are non-trivial if, and only if, w, € L,(R").
The spaces Ay, (T") will be introduced in the standard way where we refer for
further details to the above literature, especially to [ST87], Chapter 3.

(1.139)

> , a\ /4
wy(x)(ZZ”q) Z am ¢j (2mwm) e'27mx ) [Lp(R™)].

Jj=0 meZn

Definition 1.27. Let ¢ = {¢; } be again the above dyadic resolution of unity. Lets € R
and 0 < g < oo.
(i) Let 0 < p < oco. Then

By, (T") = {f € D'(T") = ||/ |Bpy(T")ly < 00}, (1.140)

a\ 174
) (1.141)

1 1By (Tl = (32277 X am gy @oom) 6277 |1, (T7)

Jj=0 meZ"

where f is given by (1.128).
(i) Let 0 < p < oco. Then

Fp (T = {f € D'(T"): |f [Fp (Tl < 00}, (1.142)

1/q
) s
(1.143)

Z am O (27Tm) eianx

meZn

17 155,000, = | (352
j=0

where f is given by (1.128).

Remark 1.28. This coincides with [ST87], Definition, pp. 162—63. Basic assertions
parallel to the corresponding theory on R” may be found in [ST87], Section 3.5. In
particular, the above spaces are independent of admitted ¢. Furthermore,

WET™) = FF,(T"). ke No, 1 < p<oo, (1.144)
are the usual periodic Sobolev spaces and

CS(T") = B (T, s>0, (1.145)
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are the usual periodic Holder—Zygmund spaces. All classical spaces on R” of Sobolev—
Besov type as discussed in Remark 1.2 have periodic counterparts and related intrinsic
norms. A corresponding list may be found in [ST87], Section 3.5.4, pp. 167-69. By the
support properties of ¢; the sums over Z" in (1.141), (1.143) and in (1.138), (1.139)
are trigonometrical polynomials and the corresponding quasi-norms make sense. They
are connected by the extension operator extP® from D’(T") into S’*(R") according
to (1.130).

Theorem 1.29. Lets € R, 0 < p < oo (p < oo for the F-spaces), 0 < g < oo. Let
wy be as in (1.136) with y < —%. Let A;}g’er(ﬂﬁ”, wy) be as in (1.137). Then extP™ is
an isomorphic map from

By, (T") onto By " (R", wy) (1.146)
and from

Flfq('[l'”) onto Flf&per(R”, Wy ). (1.147)
The spaces on the right-hand sides of (1.146), (1.147) are independent of y.

Proof. Obviously,
R"= ) Q1. Qr={xeR": [ <x; <[} (1.148)
lez”
Then one obtains for p < oo,

Hwy(x) Z am @j 2wm) e 2™ | L, (R") g

meZn

= H Z am 0 2mm) e 2 | L, (T™)
Zn

D
/[Rn(l + X2 dx  (1.149)

. p
~ H Z am ©; (2m) ' 2™ | L, (T")
mezZ"
This proves (1.146) (modification if p = 00). Similarly one obtains (1.147). O

Remark 1.30. The above isomorphism had been used in [T83], Section 9, and [Tri83]
to transfer properties of function spaces on R” to the corresponding spaces on T”. The
spaces on the right-hand sides of (1.146), (1.147) are independent of y. This suggests
the following definition.

Definition 1.31. Let S’P*"(R") be as in (1.131). Lets € R,0 < p < oo (p < oo for
the F-spaces), 0 < g < ocoand y < —%. Then

BSIU(R") = BSI (R, wy) = B3, (R", w,) N S (R") (1.150)

and
Flf;]per(ﬂ%”) = Flf(’]per(ﬂ%”, wy) = Flfq([R", wy) N S’PEE(R™), (1.151)
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1.3.2 Wavelets in 4,7 (R")

Let L € N. As a consequence of the multi-resolution analysis one can replace ¥ and
Y in (1.87), (1.88) by

YEC) =yr@h) e C*R). Y () =ym@E) e C*R), ueN, (1.152)
and W/, in (1.91) by

n
Wit (x) =202 [Tyg, (27 x, —m,). GeG/omeZ". (1.153)

r=1

We choose (and fix) L such that
supp\IJGO CixeR": |x|<1/2}, GeG’={F M". (1.154)

Since L € N is fixed once and for all in Section 1.3 we simplify our notation and write
lIJ’ , instead of \Il(’; o, given by (1.152), (1.153). Then one has

supp lllé’o = supp \I-’g,o(2j~) C{xeR": x| < 2_j_1} (1.155)
for j € Ng and G € G/. The adapted wavelet expansions (1.93), (1.94) read now as
follows,

i .
=3 > Ao utbnizyl (1.156)
j=0GeGJ mez"
with

M8 =230 (1) = 202 (£ g, (1.157)

based on the newly interpreted orthonormal basis in (1.92). Let
Pr={mez":0=<m, <2/*F} jeNo, (1.158)

be the 2 L) Jattice points in 2U T T". Then

Vo) = D W (=D = Y WL () (1.159)

lezn lezn

with j € Ng and m € IP]’-’ are the periodic extensions of the distinguished wavelets
with off-points 27/ ~Lm € T". Withu € N as in (1.87), (1.88) one has

‘-I/J

Gomper € CH(R™) N ALRI(RY), £ <, (1.160)

with A = B or A = F according to Definition 1.31. In particular it makes sense to
ask whether these periodic wavelets may serve as a basis in the spaces Al P(R™) in
analogy to Theorem 1.26. First we need the corresponding sequence spaces
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Definition 1.32. Lets € R,0 < p < 00,0 < g < oco. Then bp’p “" is the collection of
all sequences

p="{u¢eC: jeNy GeG/ meP/} (1.161)
such that
a/p\ /1
" pSper| — 2](5—*)4 M/G < 00 (1.162)
pq m
j=0 GeGJ mG[P”

and 1s the collection of all sequences (1.161) such that

<00 (1.163)

1/
Il = | (X 2k sy 2F) 18T

with the usual modification if p = oo and/or ¢ = oo, where j, is the characteristic
function of a cube with the left corner 2~/ ~Lm and of side-length 27/~L (a subcube
of T™).

Remark 1.33. This is the periodic counterpart of Definitions 1.18, 1.24. Witha = b
ora = fletaj,(w) and ap;" be the corresponding sequence spaces. Let

phG =0 =20 L., forjeNog. meP! [ ez" (1.164)
Then one obtains
e lapg=ll ~ A lapg (w)ll, v <=7, (1.165)
J.per

in the same way as in (1.149). For the corresponding restriction W;" ",

v/ G (X) = Gmper(x), xeT", (1.166)
of the periodic wavelets in (1.159), (1.160), one has the following basic assertion.
Proposition 1.34. Leru € N. Then

(WP j € No. G € G/, me P! (1.167)
is an orthonormal basis in Lo (T").

Proof. From the corresponding assertion for \Ifé’m in (1.92), now modified by (1.153),
and (1.155) it follows that the functions in (1.167) are orthonormal. Let f € L, (T").
Then the restriction to T” of the expansion of

g =ext’ f e L)(R", wy), y<-5. (1.168)

according to Theorem 1.26 is an expansion of f by the system (1.167). (One may also
consult (1.176) below.) Hence the system (1.167) is complete. O
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Remark 1.35. This is the periodic counterpart of (1.92)—(1.94). The periodic coun-
terpart of Theorem 1.20 is the subject of Section 1.3.3. First we deal with the periodic
spaces in R” according to Definition 1.31. Let

whre) / £ P () d (1169)

be the usual dual pairing in (D(T"), D'(T")), appropriately interpreted. (Recall that
the functions ‘I’é’ff; are real.)

Theorem 1.36. Let \IJJGm o With j € No, G € G/ and m € [P” be the periodic

wavelets (1.159) in R” withu € N in (1.160).
() LetO< p<00,0<g=<00,5€Rand

u > max(s, o, — 5). (1.170)
Let f € S'(R"). Then f € B, " (R") if, and only if, it can be represented as

f=Y upfoutbnizgl e byE, (1.171)
7,G,m

. @ . .
unconditional convergence bel.ng in S'(R™) c.lnd in any space By, (R", wy) witho <'s
andy < —%. Furthermore, this representation is unique,

M{";G — oU+L)n/2 (ﬁ \pé’f’;{)ﬂ (1.172)
according to (1.166), (1.169), and
I: f s 2UADR2(fgleen A (1.173)

is an isomorphic map of Bp’per([R") onto bp’per If; in addition, p < 0o, ¢ < o0, then
{\PG,m,per} is an unconditional basis in BS per([R").
(i) Let0 < p < 00,0 < g < 00, seIRand

u > max(s, opg — ). (1.174)

Let f € S'(R"). Then f € Fpy " (R") if, and only if, it can be represented as

f=) " upGo Uiyl e (1.175)
Jj,G,m

unconditional convergence being in S’(R") and in any space F (R, wy) witho <'s
andy < —ﬂ Furthermore, this representation is unique with (1.172) and I in (1 173)

isan lsomorphzc map of Fpy P (R™) onto Jrq P I in addition, g < 0o, then{ G.m per}
is an unconditional basis in Fp;* (R™).
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Proof. Step 1. If f € S’(R") is represented by (1.171) or (1.175) then it follows from
(1.164), (1.165) and Theorem 1.26 that f € A;q([R”, wy) withy < —%. Furthermore,

f € S’ (R") and, hence, f € Apy* (R") according to Definition 1.31.
Step 2. If f € Ay (R") then one has for j € No, G € G/, m € P’ and/ € Z"
that (in the usual interpretation)

(f\IJGm+21+L1 f f(x)\ll (x—1)dx
:/ fxe =D (x —1)dx
|R}’l
:/ F) WS, (x) dx (1.176)

/ f(x) W/ I)er(x) dx
q,/ per)

where we used that f is periodic in R” and (1.159), (1.166), (1.169). One can justify the
formal calculation in (1.176) by duality as in R” and a limiting argument approximating
f by trigonometrical polynomials. Expanding now f according to Theorem 1.26 than
one obtains by (1.176), (1.165) the expansions (1.171), (1.175) with (1.172). Ll

/1

1.3.3 Wavelets in A Is, 7 (a™

By Proposition 1.34 the system {\Ilép;r } in (1.167) is an orthonormal basis in L, (T").
By Theorem 1.29,
ext?r A3, (T™) = ASE"(R") (1.177)

is an isomorphic map for all admitted parameters. This gives the possibility to transfer
Theorem 1.36 from the periodic spaces on R” to the corresponding spaces on T”.

Theorem 1.37. Let {‘IJJ per} be the orthonormal basis in L,(T") according to Propo-
sition 1.34 with u € N as in (1.160).
() Let0 < p<00,0<qg <00,5€R, and

u > max(s, o, — 5). (1.178)

Let f € D'(T"). Then f € B, (T") if, and only if, it can be represented as

f= 3 pgC oGtz gl g peme (1.179)

J,G.m

unconditional convergence being in D'(T™) and in any space By, (T") witho < s.
Furthermore, this representation is unique,

phC = 2Urbni2 (1 gl G (1.180)
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and . _
I: f e QUTDR2 (Fgle) (1.181)

is an isomorphic map of B,,(T") onto byi®". If. in addition, p < oo, ¢ < 0o, then

{qijp;r} is an unconditional basis in B, (T").
(i) Let0 < p <00, 0< g <o00,5 € R, and

u > max(s, opg — ). (1.182)

Let f € D'(T"). Then f € F,,(T") if, and only if, it can be represented as

Jj,G.m

unconditional convergence being in D'(T") and in any space Fy,(T") with o <s.
Furthermore, this representation is unique with (1.180) and I in (1.181) is an iso-
morphic map of F,,(T") onto XS If, in addition, ¢ < oo, then {quG,p’Zr} is an

unconditional basis in F,, (T").

Remark 1.38. As mentioned this assertion is an immediate consequence of Theo-
rem 1.36. We used the same notation as there. The idea to periodise wavelet bases on
R to construct (periodic) wavelet bases on the 1-torus T, preferably for L, (T) appears
in the literature several times. We refer to [Dau92], pp. 304-05, [Mal99], Section 7.5.1,
pp- 282-83, and [W0j97], Section 2.5, pp. 38—42. Although there is a huge literature
about periodic wavelets we could not find papers dealing with wavelet bases in the
above setting. We followed here essentially [Tri07c].



Chapter 2
Spaces on arbitrary domains

2.1 Basic definitions

2.1.1 Function spaces

We fix some notation. Let 2 be an arbitrary domain in R”. Domain means open set.
Then L,(2) with 0 < p < oo is the standard quasi-Banach space of all complex-
valued Lebesgue measurable functions f in €2 such that

1/p
1 1Ly = ( i If(x)l"dx) @

(with the natural modification if p = 00) is finite. As usual, D(R2) = C5°(2) stands
for the collection of all complex-valued infinitely differentiable functions in R” with
compact support in . Let D’(Q2) be the dual space of all distributions in €. Let
g € S’(R™). Then we denote by g| its restriction to 2,

glReD(Q): (gl =g(p) forge D). (2.2
With A = B or A = F the spaces Ay,,(R") have the same meaning as in Definition 1.1

Definition 2.1. Let 2 be an arbitrary domain in R” with Q # R” and let

O<p=<oo, O0<g=<oo, seR, 2.3)
with p < oo for the F'-spaces.
(i) Then
A5, (Q) = {f €D'(Q): f=g|Q forsome g € A;q([R”)}, (2.4)

1/ 1454 ()|l = inf |lg [Ap, (R, (2.5)

where the infimum is taken over all g € A}/ (R") with g|[Q = f.
(ii) Let

A5 (Q) ={f € A5, (R"): supp f C Q}. (2.6)

Then 5 o
A5 () ={f €D (Q): f =g|Qforsome g € 4} (Q)}, 2.7)
1/ 145, ()] = inf g |45, (RM)]| (2.8)

where the infimum is taken over all g € /f;,q (Q) with g|Q2 = .
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Remark 2.2. Part (i) is the usual definition of A}, (€2) by restriction. The spaces
/Ij,q (Q) are closed subspaces of Ay, (R™). One has an one-to-one correspondence
between /I; 7 (2) and ffé 4 (§2), written in a somewhat sloppy way as

A (Q) = 45,(Q). (2.9)

if, and only if,
the A,,(R") : supph C 9Q} = {0}. (2.10)

This is the case if €2 is a bounded Lipschitz domain, 0 < p,q < oo and s > 0, (1.32),
since [9€2| = 0 and 43, (R") C L'**R™). The spaces ffj,q(Q) with s < 0 will be not
of interest for us. We remark that (2.10) does not hold if s < n(% — 1) because §
and its translates are elements of A4y, (R"). But for general domains €2 it may happen
that (2.10) is not valid even for spaces A;q([R”) with1 < p,g < ococands > 0. We
give an example looking for spaces on domains 2 with |I'| > 0, where I' = 9€2. Let
{r; : I € N} be the set of all rational numbers with 0 < r; < 1 and let /; be open
intervals centred at r; such that /; C (0, 1). Let

o0 o0
Q=Jn wih Y || <1 2.11)
=1 =1
Then
o0
r=[0. 10\ with|l|>o0. (2.12)
=1
Let
l<p<oo, 1<g<oo, 0<s<l1/p. (2.13)

Then y; € F,,(R) where y; is the characteristic function of /; and one obtains by
the homogeneity properties of F,, (R) according to [TO1], Corollary 5.16, p. 66 (also
discussed in Section 2.2 below, especially (2.46)) that

1_
x| Fpg (B ~ 1177, 1 € N. (2.14)

Let yq be the characteristic function of €2. Then one has by (2.14) that

o
1_
lxa | Eg@®) < ¢ Y1117 < oo (2.15)
=1
if the |I;] are chosen sufficiently small. Hence o € F,,(R) and also yr € F,, (R).

This disproves (2.10). We refer in this context also to [T06], Section 1.11.6, where we
discussed assertions of type (2.9) in the case of bounded Lipschitz domains.

Remark 2.3. Definition 2.1 covers as special cases of B, (£2) and F,, (€2) the corre-
sponding restrictions of the classical spaces discussed in Remark 1.2. This is obvious
for the Lebesgue spaces

Lp(RQ) = F,(R), 1< p<oc. (2.16)
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But for the other classical Sobolev—Besov spaces some care is necessary, in particular
in connection with intrinsic norms. This is closely related to the extension problem
which is the subject of Chapter 4. In case of the classical Sobolev spaces ka (2) we
refer to Definition 2.53 and Remark 2.54 below where we discuss these questions in
some detail. Otherwise we remind the reader of some intrinsic norms for the classical
Besov spaces

B;q(Q), l<p<oo, 1 <g<o0,s>0, (2.17)

in bounded Lipschitz domains 2 (formally introduced in Definition 3.4 below). Let
Ail f be the differences in R” according to (1.21) where /[ € N and 4 € R”. Let for
x € Q,

(Al f)(x) ifx+kheQfork=0,....1,

) (2.18)
0 otherwise,

(Ao f)x) =

be the differences adapted to €2. Then B;,(€2) with p, ¢, s as in (2.17) can be equiva-
lently normed by

1 d 1/q
1118505 = L 1Ly @1+ (0 s 1L, @1 ) @19
<t

where s < m € N. This is the counterpart of (1.24) for bounded Lipschitz domains
Q. There is also an appropriate extension of this assertion to

By, (Q). 0<p.g=<oo s> n(% -1),. (2.20)

Details and references may be found in [T06], Theorem 1.118, Remark 1.119, pp. 74-76.

2.1.2 Wavelet systems and sequence spaces

Recall that (arbitrary) open sets 2 in R” are called domains. We always assume that
Q # R” (hence I' = 92 # @). If I'! and I'? are two sets in R” then

dist(P'', T?) = inf {|x' —x?|: x' e !, x* e T?}. (2.21)

We rely on the well-known Whitney decomposition as it may be found in [Ste70],
Theorem 3, p. 16; Theorem 1, p. 167, adapted to our needs. Let

0 cO}., leNgr=1.2,..., (2.22)

be concentric (open) cubes in R” with sides parallel to the axes of coordinates, centred
at 27! m” for some m” € Z" with the respective side-lengths 2~/ and 27!+ such that
for suitable pairwise disjoint cubes Q?r,

Q=[]0 and dist(Q},.I)~27" ifleN, (2.23)
L,r



2.1 Basic definitions 31

complemented by dist(Q(l)r, I') > ¢ for some ¢ > 0. For adjacent cubes Q?r, Q?,r,
one may assume that |/ — [’| < 1. We used Whitney decompositions of this type in
[TO6], Section 4.2.3 (based on [Tri07a]) and in [Tri07b] to construct so-called wavelet
para-bases in some B-spaces and F-spaces in 2. The elements of these para-bases
preserve the structure of the R”-wavelets according to (1.91). But now we wish to
convert these para-bases into bases. But this requires some additional multi-resolution
arguments and local orthonormalisation. As a consequence one is losing the one-to-
one relation between Whitney cubes and the index sets for the related bases. This
suggests to give priority to the bases and to describe their properties and relations to
wavelets (localisation, smoothness, cancellation) in qualitative terms. For this purpose
we introduce the counterparts of the wavelet systems (1.91) and the sequence spaces
in Definition 1.18 in R” now based on the following approximate lattices Z g in Q.

Let Q2 be an arbitrary domain in R” with Q # R” (hence I' = 0Q2 # @) and let for
some positive numbers ¢y, ¢z, €3,

Zo=1{x]e€Q: jeNor=1...N} (2.24)
where N; € N = N U {oo} such that
X/ —xl| =127, jeNo, r#r, (2.25)
and
N;
dist (|J B(+/.227).T) 2527, j e No. (2.26)
r=1
Here B(x, o) is a ball centred at x € R” and of radius o > 0. It is always assumed that
the positive numbers ¢y, ¢z, ¢3 are sufficiently small in dependence on €2 such that for

any j € Ny there are points x; with (2.24)—(2.26) (as suggested by N i€ N). Let for
j€Ngand G € G = {F,M}",

n
\Ijé,L (x) = 2(i+L)n/2 1_[ v, (2j+Lx, _mr)’ meZ", (2.27)

,m
r=1

be as in (1.153), based on the dilated real compactly supported Daubechies wavelets
(1.152),

vEk=yrtyec*®), vL =vum@l)eC*®), ueNl, (2.28)
and (1.88), where we choose L € N such that ¢ > 0 in
SUpp Y § C (—.€),  supp ¥y C (—¢.8) (2.29)

is small (as specified later on). Let F = {F,..., F} € {F, M}".
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Definition 2.4. Let Q be an arbitrary domain in R” with Q # R” and let Zg be as
in (2.24)—(2.26). Let L € N and u € N as in (2.27), (2.28), and (1.88). Let K € N,
D > 0and ¢4 > 0. Then

{®/: jeNo;r=1,...,N;} where N; € N (2.30)

with
supp®/ C B (x-,’,cz 2_/), J € No, (2.31)

B(xf , 227/ ) asin (2.26), is called a u-wavelet system (with respect to ) if it consists
of the following three types of functions.
(i) Basic wavelets

0 = \Iigfn forsome G € {F,M}", m € 7". (2.32)

(i1) Interior wavelets
® = Wik e N, dist(x],T) > 277, (2.33)
for some G € {F, M}"*, m € Z".
(iii) Boundary wavelets

O = D VR j e N dist(x/.T) <ca27, (2.34)

A
|m—m/|<K

for some m = m(j,r) € Z" and d,{l o € R with

> ld}, <D and suppWZ" c B(x].c2277). (2.35)

|m—m’|<K

Remark 2.5. By construction all wavelets ®; are real. Just as for wavelet bases in
R” and T” only the number u € N is of interest. All other numbers L, K, D and the
constants cy, ..., c4 are technical ingredients. It comes out that they depend on u, but
not on 2. This may justify the above notation. It is our first aim to show that for any
u € N there are u-wavelet systems which are also orthonormal bases in L,(£2). As in
case of R” and T” one can prove afterwards that the complete orthonormal u-wavelet
systems are also unconditional bases in some function spaces of B-type and F'-type.
For this purpose one needs the counterparts of the sequence spaces in Definitions 1.18
and 1.32. Let y;, be the characteristic function of the ball B(x},c2277)in (2.31).

Definition 2.6. Let 2 be an arbitrary domain in R” with Q # R” and let Zq, be as in
(2.24)-(2.26). Lets € R,0 < p < 00,0 < g < 0o. Then b;q(ZQ) is the collection
of all sequences

A={leC: jeNpr=1....N;}, N;jeN, (2.36)
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such that

L alp\ 1
g @l = (2P (L)) <o @D
j r=1

Jj=0

and f5,(Zg) is the collection of all sequences (2.36) such that

oo Nj
1A £, (Zo) = H ( oY s Xjr(-)lq)l/qw,,(sz)H <0 (2.38)

Jj=0r=1
(obviously modified if p = oo and/or ¢ = 00).

Remark 2.7. There is no need to bother about the seeming ambiguity about the admitted
distributions of the points x{ € Zg, the radius c; 27/ of the balls in (2.31), or the
replacement of the balls by suitable cubes in connection with the characteristic functions
in (2.38). All this can be justified by the related observations in [T06], Section 1.5.3
(at the expense of equivalent quasi-norms, p < 0o). Furthermore,

s (Z) = b35,(Za). s€R. 0<p=<oo.

Remark 2.8. The wavelet expansions according to Theorem 1.20 for spaces on R” and
their periodic counterparts in Theorem 1.36 rely on the lattices 27/ Z". We extended
this theory in [T06], Section 4.2 (based on [Tri07a]) and [Tri07b] to domains in R”
preserving essentially this lattice structure. We obtained distinguished frames, called
para-bases, where the main part, being a basis in its closed hull, comes from the
above basic wavelets (2.32) and the above interior wavelets (2.33). The remainder
part preserves the lattice structure but spoils the property of being a basis. Now we
wish to convert this remainder part into a basis in its closed hull as indicated at the
beginning of this Section 2.1.2. This is reflected by the boundary wavelets in (2.34).
However it seems to be reasonable to abandon the lattice structure. This may justify
the introduction of u-wavelet systems according to Definition 2.4 now based on the
approximate lattices in Z g.

2.2 Homogeneity and refined localisation spaces

2.2.1 Homogeneity

Recall that this book may be considered as the continuation of [T06] (and [TO1]). We
rely on the results obtained there. We proved in [TO1], Theorem 5.14, pp. 60-61,
for bounded C*° domains and in [T06], Proposition 4.20, pp. 208-09, for bounded
Lipschitz domains that some spaces ﬁzfq (£2) according to Definition 2.1 (ii) have the
refined localisation property which will be the subject of Section 2.2.3. This is closely
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connected with local homogeneity assertions for some spaces F,,, as proved first in
[TO1], Corollary 5.16, p. 66. This had been extended in [CLTO7] to some spaces Blf 0
Now we return to this subject in greater generality both for its own sake but also as a
crucial ingredient for the study of refined localisation spaces below.

Let 0, and 0,4 be the same numbers as in (1.32) and let either

Uy={xelR": |x|<A} or Uy={xeR": x| <A} (2.39)

(balls or cubes) where 0 < A < oo. Let 45,(2) and f[ls,q (2) be the spaces as
introduced in Definition 2.1.

Definition 2.9. Let U, be either the balls or the cubes according to (2.39). Then

~ flfq(UA) if0< p<o0,0<q=<00,5>0p,
Fpsq(U;L) = F,?q(UA) ifl<p<oo,1<g<oo,s=0, (2.40)
Flfq(UA) if0< p<o00,0<g=<o00,5<0,

and

E;q(U)L) if0<p<o00,0<g=00,5>0p,
By, (Uy) = { B, (Up) ifl<p<00,0<g=<o0,s=0, (2.41)
Bls,q(U,l) if0< p<o00,0<qg<o00,s5<0.

Remark 2.10. One observation about the above restrictions for the domains and the
parameters seems to be in order. In Section 2.2.3 we introduce the refined localisation
spaces Flfglﬂoc(Q) for arbitrary domains €2 in R” for the same parameters as in (2.40).
It turns out that 3

F3(Uy) = Fy,(Uy). (2.42)

This equality with €2 in place of U, is not true in general for arbitrary domains, but for
so-called E-thick domains which include balls and cubes. We refer to Theorem 3.28.
This may justify the above definition including the restrictions of the parameters.

Theorem 2.11. (Homogeneity property) Let U, be either the balls or the cubes ac-
cording to (2.39) and let A},,(U,) with A = B or A = F be one of the spaces from
Definition 2.9. Then

|f Q) [ A (U~ 2577 | f | A, (U] (2.43)

where the equivalence constants are independent of A with 0 < A < 1 and of f €
A (Uy).

Remark 2.12. The case
I fA) | Fpy (UD| ~ ATh | f |Fp, (Ul 0<A <1, (2.44)

with
0<p=<oo, 0<g=<o0, s§>0p, (2.45)
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(where ¢ = oo if p = oo and F ., = BZ,.) is covered by [T01], Corollary 5.16,
p- 66. By Definition 2.1 one can reformulate (2.44) as

LF ) [Fg R ~ A7 || f | Fyy (R, supp f C Ty, (2.46)

where again 0 < A < 1 and s, p,q are as in (2.45). This local homogeneity is a
cornerstone of what follows. It will be used to prove the existence of wavelet bases
in refined localisation spaces Fyy °°(S2) with (2.45) for arbitrary domains £ in R”. In
Section 3.2 we consider wavelet bases in the other spaces covered by Definition 2.9.
Afterwards we prove in Section 3.3.2 the homogeneity assertion (2.43) for these spaces.
A direct proof of (2.43) (without using wavelet expansions) for the spaces

By, (Up) with0 < p.g < o0, s > 0p, (2.47)

has been given recently in [CLTO7].

2.2.2 Pointwise multipliers

In [TO1], Section 5.17, p. 67, we used the homogeneity property (2.46) with (2.45) for
some adapted multiplier assertions. This can now be extended to all spaces covered by
Theorem 2.11. Let C*(R") with % > 0 be the usual spaces, normed by

lgIC*(®™M)] = ) sup [D(x)| ifx € No (2.48)

n
la|<x xeR

and

|D%g(x) — D*g(y)|
|x — |t

lgIC*@®M)] = llg [CHI®R™)| + > sup
ee|=[2]

(2.49)

if 0 < »x = [x] + {x} with [x] € Ng and 0 < {x} < 1, where the latter supremum
istakenoverallx e R", y e R? with0 < [x —y| < 1. Lets € R,0 < p < o0
(p < oo for the F-spaces), 0 < g < 0o, and » > max(s, 0, — ). According to [T92],
Corollary, p. 205, there is a positive number ¢ such that

I8/ 1Apg (R < ¢ Ig ICHR - |Lf 145, (RM)] (2.50)

forall g € C*(R") and all f € A, (R") where again A = B or A = F (pointwise
multiplier property). This assertion is sharp in the following sense: For any 0 < » <
max(s, 0, — s) there are functions g € C*(R") which are not pointwise multipliers
for Als,q([R"), [T92], Remark 3, p. 206, with a reference to [T83], Corollary, p. 143.
Otherwise pointwise multipliers in the spaces 4, (R") are not the subject of this book.
In addition to [T83], [T92] one finds more recent results and related references in [T06],
Section 2.3. We are only interested in a local assertion combining Theorem 2.11 with
(2.50).
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Theorem 2.13. Let ffzq (Uy) be one of the spaces according to Definition 2.9 with
0 <A < 1. Let x > max(s,op — ). Then

lgf 1A4pq (U < ¢ g ) IC*®RMI - 11Lf 145 (U] (2.51)

where ¢ is a positive constant which is independent of f € /T;q (Uy), Awith0 < A <1,
and

g€ C*(R") with suppg C Us,. (2.52)

Proof. By (2.43) and (2.50) we have

lgf 1A, (UDI ~ A7 lg(h-) f(A) | A5, (U]

) ) (2.53)
< AP g ) [CHRM| - | £(A-) 1A, (U],

where we used some standard properties of function spaces in unit balls or unit cubes
such as extension and multiplication with suitable cut-off functions. Re-transformation
of (2.53) gives (2.51). O

2.2.3 Refined localisation spaces

Let 2 be an arbitrary domain in R” and let Qlor, Ql1 . be the Whitney cubes according
to (2.22), (2.23) and the other properties described there. Let o = {g;,} be a related
resolution of unity with

supposr C Q},, |DY01,(x)| < ¢y 2 x e, ye N, (2.54)
for some ¢, > 0 and
o0
Y o) =1 ifxeQ. (2.55)
I=0 r

Let F3 ., = B3, . Let opg be the same number as in (1.32).

Definition 2.14. Let 2 be an arbitrary domain in R” with Q # R”. Let o = {o;,} be
the above resolution of unity. Then

F3oo(Q) = {f € D'(Q): ||f [F5 ()], < oo} (2.56)
with
(] 1
1 1E5=@)lle = (D23 llowr £ 1F5y R ’ 2.57)
=0 1
when

O0<p=<oo, 0<g=o0, §>0p, (2.58)
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(g = c0if p = 00) and

[eS) 1/
17 1Es =@l = (323 llow s 1F3,(@8017) (2:59)

I=0 r
when

(2.60)

either ] < p<oo, 1 <g <o0, s =0,
or0< p<o00, 0<g=<o00,s<0

(again g = oo if p = 0).

Remark 2.15. The parameters p, ¢, s in (2.58), (2.60) are the same as in (2.40)
complemented by p = g = oo, covered by (2.41). Obviously, ¢;, f with f € D'(Q2)
is extended outside of Qllr by zero. This is justified by (2.54). Then both (2.57) and
(2.59) make sense. In case of (2.57), (2.58) one can replace Fj,,(R") by F:fq(Qllr),
hence

[e.e] _ 1/
17 1Es @l = (32D llowr £ 1Fg@0017) 7 @6

I=0 1

This follows from Definition 2.1 and Remark 2.2. Since supp 0;, f C Q llr one may
ask whether one can replace F),, (Qllr) in (2.59), (2.60) by F,,(R"). But this is not the
case. We return to this point in Remark 2.22 below.

Theorem 2.16. Let Q2 be an arbitrary domain in R" with Q # R". Then the spaces
F, If;lﬂ(’c(Q) according to Definition 2.14 are quasi-Banach spaces. They are independent
of o = {01} (equivalent quasi-norms).

Proof. Recall that (2.57) can be replaced by (2.61). Then the independence of the
spaces Fpg'°°(R2) of 0 = {o;,} follows from the pointwise multiplier assertion in
Theorem 2.13 applied to g = g;, with (2.54) and a possible second resolution of unity.

Afterwards one obtains by standard arguments that F, ps;]ﬂoc(Q) is a quasi-Banach space.
O

Remark 2.17. We used only the pointwise multiplier property according to Theo-
rem 2.13. In other words, if Ay, is one of the spaces covered by Theorem 2.13,
Definition 2.9, then the above arguments can also be applied to spaces quasi-normed
by

b _ 1/v
(3" llewr £ 1 B35 (08)17) " o<vzo. (2:62)
I=0 r
But it is not clear whether these more general spaces are of any interest. In case of the
spaces Fy;'*(£2) as introduced in Definition 2.14 the situation is somewhat different.
The first step was taken in [TO1], Theorem 5.14, where we proved for bounded C*°
domains €2 in R” that

F5o(Q) = F3, (). 0< p.g <00, 5> 0pq, (2.63)
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(g = oo if p = 00). Here F;fq (2) are the same spaces as introduced in Definition 2.1
and commented in Remark 2.2. We called this the refined localisation property of the
spaces Flfq (£2). We extended this assertion in [T06], Proposition 4.20, Remark 4.21,
to bounded Lipschitz domains. Now we took the refined localisation property in Defi-
nition 2.14 as the motivation to introduce the spaces Flfglrloc(Q) with (2.57), (2.58) for
arbitrary domains. On the one hand we prove (2.63) later on in Proposition 3.10 for
so-called E-thick domains. On the other hand, (2.63) cannot be expected for arbitrary
domains, even if one assumes that |[I'| = 0 with I' = 0 such that one has at least
(2.9), (2.10). For example, if

Q#AR", Q=R" and |T|=0, (2.64)

then ﬁlfq(Q) = F,,(R"). However if p < 00, ¢ < oo, then D(2) is dense in
Flf;lﬂoc(fz). This contradicts (2.63) if s > n/p (then F, (R") < C(R")). Later on
we prove in Theorem 3.28 and Remark 3.29 for E-thick domains €2 that

F3r(Q) = F3,(Q) if0< p.g <oo, s<0, (2.65)

(¢ = oo if p = o00). This justifies the definition of the spaces Fay °°($2) with (2.59),
(2.60).

First we characterise Fay °°(2) with s > 0,4 in terms of the ball means of differ-
ences in R”,

1/u
dM f(x) = (z—"/ |A24f(x)|”dh) ., xeR", >0, (2.66)
|h|<t

where 0 < u < oo (usual modification if ¥ = o0) and where Aﬁl‘l are the usual
differences according to (1.21). By [T92], Theorem 3.5.3, p. 194, one can characterise
the spaces Flfq([R”), § > 0pq, in terms of these ball means. We refer also to [T06],
Section 1.11.9. Let Q be again an arbitrary domain in R” with Q@ # R”, hence
I' = 0Q # @, and let

8(x) = min (1,dist(x,T)), xeQ. (2.67)
For M € N let % with 0 < » < 1 and ¢ > 0 be numbers such that
B(x,Mt) Cc @, dist(B(x,Mt),T) > cé(x), (2.68)

forall x € Q and all 0 < ¢ < x 8(x). Recall that B(x, r) stands for a ball centred at
x € R” and of radius r > 0.

Theorem 2.18. Let Q be an arbitrary domain in R™ with Q # R" and let Flf(}rloc(Q)
be the spaces according to Definition 2.14 with

0<p<oo, O0<g=<ooWwithq=o00ifp=00), §>0pg. (2.69)
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(i) Let
n n
max(1l, p) <v <oo, §——>—— (2.70)
p v
(which means v = oo if p = 00). Then
Fam(Q) — Ly(RQ) .71)

(continuous embedding).
(ii) Let 0 < u < min(l, p,q) ands < M € N in (2.66). Let x be as above. Then
€ Ly(2) with v as in (2.70) belongs to F3:mloc Q) if, and only if,
P4q

%5(+) dt 1/q
([ atrer §) @] 410 i@ < @

(equivalent quasi-norms).

Proof. Recall the well-known continuous embedding

F3,(R") = Ly(R"), s—12>-1, (2.73)

Then (2.71) follows from (2.57), p < v, and an obvious counterpart of (2.57) for
L, (€2). Part (ii) is essentially covered by [T01], Corollary 5.15, p. 66, and the under-
lying proof. O

Remark 2.19. The rather long and complicated proof of (2.63) for bounded C*°
domains in R" was just based on characterisations of F,,,(R") in terms of ball means
and one obtained equivalent quasi-norms of type (2.72) as a by-product. Now we
defined Fy;'* () via refined localisation. Then the corresponding arguments in [T01]
can be used without changes. As indicated above we prove later on (2.63) for the larger
class of E-thick domains by means of wavelet bases.

Corollary 2.20. Let Q2 be an arbitrary domain in R" with Q # R" and let
Wi (Q) = Fi5°(Q), ke N, 1< p < oo, (2.74)
Then ka’rloc(Q) is the collection of all f € L,(2) such that

If IwEree @)l = 3 575 De £ |1, @)

lee| <k

~ S IDE £ 1Ly @) + 1875 £ ILp(9)]

loe|=k

(2.75)

is finite (equivalent norms).
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Proof. This follows by elementary reasoning from (2.57) and the well-known Paley—
Littlewood assertion

FK(R") = WF®R™), keN, 1<p<occ. (2.76)
m

Remark 2.21. Some thirty years ago we dealt in [T78], Chapter 3, with problems of
this type for (fractional) Sobolev spaces and Besov spaces.

Remark 2.22. Finally we return to the question why one cannot replace F,, (Q llr) in
(2.59) by F,,(R") although o,/ f has compact support in Qllr (as we did erroneously
in [TO1], Section 5.20, p. 68). This can be reduced to a corresponding homogeneity
problem (2.43) for spaces A, with s < 0. Let

v(x)>0if xeU ={y:|y| <1} and suppy = U, 2.77)
be a C*° bump function in R”. Let
YPP(x) =277 y(2/x), € No. (2.78)
With U/ = U,-, one obtains by (2.43) for 0 < p,q < oo,
1977 1Bpg (R ~ [l |Bpg (R ~ 1 if s > 0 (2.79)

and
17 1By U ~ 1Y By (R ~ 1 ifs <0, (2.80)

We used the B-counterpart of (2.46). If s < O then one can rely on equivalent quasi-
norms for the spaces B;,(R") in terms of local means with non-negative kernels as
may be found in [T06], Corollary 1.12, p. 11. One finds (after some calculations) that

[y ]7 By (R ~27F, e No, s <0. (2.81)

To provide a better understanding of the behaviour of 1/fj’p in B3, (R") andin B3, (U/)
we first remark that (2.78) are normalised atoms in B; q(IR") if s > 0p. This is in good
agreement with (2.79). If s < 0 then one needs moment conditions for the atoms. To
obtain (2.80) one can complement ¥;>” in U?/\U by suitable functions generating
the needed moment conditions. This explains (2.80). However in case of (2.81) there
is no such possibility and the outcome shows that Iflj’p are no longer normalised atoms
in B,,(R") with s < 0.
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2.3 Wavelet para-bases

2.3.1 Some preparations

Recall that this book should be considered as the continuation of [T06] and that we rely
on the assertions obtained there. In [T06], Section 4.2, we dealt with wavelet para-bases
in some spaces Ay, (£2) and /Izq (£2) according to Definition 2.1 in bounded Lipschitz
domains in R” (based on [Tri07a]). The starting point was the refined localisation
property 5

F3. () = F(Q), 1<p.g=<oo,s>0, (2.82)

(with ¢ = oo if p = 00), [T06], Proposition 4.20, p. 208, where Fp;*(2) has
the same meaning as in Definition 2.14. But afterwards we needed only this refined
localisation property combined with the homogeneity (2.43) for the spaces in the first
line of (2.40), hence (2.44), (2.45). This makes clear that there is no problem to extend
the considerations in [T06], Section 4.2, to the refined localisation spaces Flf,’]ﬂoc(Q)
according to (2.56)—(2.58). Nevertheless we give a careful description which will be
the starting point for the construction of wavelet bases according to Definition 2.4 in
spaces of this type.

Again let Q be an arbitrary domain in R” with Q # R” (hence I' = dQ2 # ). We
modify the Whitney decomposition (2.22), (2.23) as follows. Let

0) C Q). CQ7. COQy, leNgr=12,..., (2.83)
be concentric open cubes in R” with sides parallel to the axes of coordinates centred
at 2~!m” for some m” € Z" with the respective side-lengths 2%, 5.27/72, 6.271-2,

2711, According to the Whitney decomposition there are disjoint cubes Q9. of this
type such that

Q=[]0 and dist(Q;,.T)~2" (2.84)

lL,r

ifl e Nandr = 1,2, ..., complemented by dist(Qg,, ') > ¢ for some ¢ > 0. We
may assume that |/ — [’| < 1 for any two admitted cubes Q llr’ Qll, ./» having a non-
empty intersection. We follow the construction of wavelet para-bases given in [T06],
Section 4.2.4, now for arbitrary domains. We adapt the real wavelets in (2.27), (2.28),
based on (1.87), (1.88), by

n
Wl () =292 T yg, (27t xy —ma). G e (F.MY', meZ", (2.85)

a=1

where L € Ny is fixed such that
supp \Pém C Qi if2777Lme Q2 forl € Ngand j > 1, (2.86)
and

27Lm e QF, if Q} Nsupp \IJJGm #@forl € Noand j >, (2.87)
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for admitted cubes according to (2.83), (2.84). The number L € Ny depends on ¢,
Yy and in particular on u in (1.87), (1.88), but it has nothing to do with €2 and is
assumed to be fixed. It specifies ¢ in (2.29). Let {F, M}" and {F, M }"* be as in
(1.89), (1.90). As said we follow [T06], Section 4.2.4, where one finds further details
and explanations. We will be brief. Let for j € Ny,

S].Q’1 ={F MY x{meZ": 277/ Ly € ler for some / < j,somer} (2.88)

be the main index set (with ng - @) and

SE? = {(F.M}" x {m e Z" : 27/ "Fm e 02, for some r}\S;*! (2.89)
be the residual index set. Let
o0 o0
Q _ of.1 Q.2 Q.1 _ Q.1 Q2 _ Q.2
§E=5%tus®? %= | Jsl s = | s (2.90)
j=1 =0
and let _
v = (Wl (j.G.m) e S} (2.91)
be the main wavelet system and
w2 = (Wl (j.G.m) e S92} (2.92)

be the residual wavelet system where \IJJGm are given by (2.85)—(2.87). We discuss
briefly the outcome. The arguments in [T06], Section 4.2.4, are based on the refined
localisation property (2.82), the homogeneity according to Theorem 2.11 and the reduc-
tion to wavelet expansions in R” as described in Theorem 1.20 for the spaces Ay, (R")
and in Section 1.2.1 for L,(R"). Having these ingredients the quality of the domain 2
is irrelevant. This will be specified in Section 2.3.2 for the spaces F;;IHOC(Q). But this
applies also to L, (£2) with 1 < p < oo. One has in particular

L) = L (@) & LY (), (2.93)
with
L;l)(Q) = spanW®  and Lg)(Q) = spanW?%, (2.94)

By construction, W1+ is an orthonormal basis on Lgl) (£2). Any element of the main
wavelet system W1+ is orthogonal to any element of the residual wavelet system. The
pairwise scalar products of the elements of W2 generate a band-limited matrix caused
by the mild overlapping of the supports of elements belonging to adjacent cubes. In
any case, U2 is locally finite and the cardinal number of elements of W2 with
supports intersecting a given compact subset of €2 is finite. It is one of our main goals
to find u-wavelet systems according to Definition 2.4 which are orthonormal bases in
L, (). Then we identify the interior wavelets in (2.33) with ¥$ and convert U2 by
a specific orthonormalisation procedure into the basic and boundary wavelets (2.32),
(2.35). But this will be shifted to Section 2.4. First we extend the theory of wavelet
para-bases for the spaces F, ¢ (§2) in bounded Lipschitz domains €2 in R" according to
(2.82) to more general spaces. We follow at least partly [Tri07b].
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2.3.2 Wavelet para-bases in F), ;1r1°° (2)

Let 2 be an arbitrary domain in R” and let Q?r, (0] llr be the Whitney cubes according
to (2.83) (in immaterial modification of (2.22)). Let ¢ = {0y} be a related resolution
of unity with (2.54), (2.55). We are interested in wavelet expansions for the spaces
F3;°°(82) according to Definition 2.14 with (2.56)—(2.58). We rely on the L-version
of the wavelet expansion for Fy, (R") as described at the beginning of Section 1.3.2
applied to

o0
=YY onf onf€Fy,®. (2.95)

=0 1
We fix L € N so that we have (2.86), (2.87) for the wavelets in (2.85). The crucial
point is the wavelet expansion of o7, f according to [T06], Proposition 4.17, p. 206,
based on the homogeneity property (2.43) for the spaces F, 5q(Ux) in the first line in
(2.40). But afterwards one can follow the arguments in [T06] verbatim. One obtains
intrinsic wavelet expansions

f= > NS, (2.96)
(j,G,m)eS<?

for f € Fy;'°(£2). We do not repeat the details. But we fix the outcome. Recall that
the functions \IJJG,m are real. One has

AR (f) =2/ f f)WE, (0dx,  (j,G.m) e S, (2.97)
R" ’
and

Al (f) =272 [R 0n () f() W () dx, (,Gom) € ST 2.98)

where Qi}, are some real C*° functions with
suppoy, C Qe IDV0h (0] <, 2V y € NG, (2.99)

and f is extended outside of 2 by zero. Here Q;, has the same meaning as in (2.83)
with r = r(m) as in (2.89). Let x;,; be the characteristic function of Q;, with
r = r(m)in (2.88), (2.89). We need the 2-version of psq in Definition 1.18. Let f;,}g
be the collection of all sequences

A={ACeC: (j,Gm)eSY (2.100)
such that
: . 1/q
g2 =0 X PR ) @] @ion
(j,G,m)eS?

is finite. Recall that FS = BJ .
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Theorem 2.23. Let Q be an arbitrary domain in R" with Q # R". Let 0 < p < o0,
0<qg=<oo(withq=o00ifp=00)ando,y <s <u € N. Let

(W}, (j.G.m) e §%) = g&yp2e (2.102)

be the above real intrinsic wavelet system (2.91), (2.92) based on (1.87), (1.88) and
(2.85)—(2.87). Letvbeasin(2.70), (2.71). Then f € L,(Q)isan elementofF,f;]ﬂOC(Q)
if,and only if, it can be represented by

=Y MG de fi8 (2.103)
(/,G,m)eS<

Furthermore,

1 LES (@) ~ inf 1A ] £52] (2.104)

where the infimum is taken over all representations (2.103). Any f € F;&rlOC(Q) can
be represented by (2.96) with (2.97), (2.98) and

1A 1

(equivalent quasi-norms).

|~ 1L 1Epg ()] (2.105)

Proof. This is an extension of [T06], Theorem 4.22 (i), p. 212, from ﬁ;q(Q) =

F3;°°(82), where © is a bounded Lipschitz domain and where p,q,u = k are re-
stricted by [T06], (4.112), p. 212, to the above situation. Now we rely on the improved
wavelet expansion Theorem 1.20 in R”, which results in s < u and its L-version men-
tioned above. Otherwise one can follow the arguments in [T06]. In particular, (2.103)
is an atomic representation for f in R” (no moment conditions are required) and after
multiplication with g;, also for g;, f. One obtains

LA VES @7 ~ D " llewr f 1 Fyg ®RDIP < A1 £52 17 (2.106)
l,r

The crucial point is the representability of f € Fpy'°(Q2) by (2.96), (2.105) with
(2.104) as a consequence. But this is the same as in [T06] (reduction to R”, and
clipped together via refined localisation). O

Remark 2.24. We add a comment about the convergence of (2.103). First we remark
that (2.103) converges unconditionally in S’(R"). If p < oo and v < oo in (2.70),
(2.71) then (2.103) converges absolutely (and hence unconditionally) in L, (€2). If
p < 00, < oo, then (2.103) converges unconditionally in Fay'*(2). If p < 00, q =
00, then one has at least unconditional convergence in Fyy () with 0, < 0 < s.
Recall that F5 = €°. If Q is bounded and p = g = oo then (2.103) converges
unconditionally in €%1°¢(Q) with 0 < o < 5. If Q is unbounded and p = g = oo
then one has unconditional convergence in €%"1°(Q N K g) where Ky is a ball centred
at the origin and of radius R (— 00).
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Remark 2.25. By (2.88)—(2.90) and (2.86) we have for any (j, G,m) € S that
supp W, C Q1 C Q (2.107)

for some / < j and some r. Then (2.96)—(2.98) is an intrinsic stable frame repre-
sentation, where stable refers to (2.103), (2.104). What is meant by a frame will also
be discussed later on in Remark 5.11 in greater detail. As mentioned in connection
with (2.93), (2.94) the main part U1 with (j, G,m) € S consists of pairwise
orthogonal Daubechies wavelets. It is an unconditional basis (p < 00, g < 00) on the
complemented subspace Fpy'°' (Q2) spanned by W12,

F;‘;‘]OC(Q) — FPS"IHOC’I(Q) @ F;;Irloc,Z(Q) (2108)

where the corresponding projection operators can be constructed by (2.96) (with !
in place of S ) and (2.105). As for the residual part we have the orthogonality (2.93),
(2.94) and
;rloc,2
Flfq“’C (Q) C C*(Q). (2.109)

Furthermore, Fy;'°*($2) is locally finite-dimensional (which means that for any
bounded domain w with @ C €2, there are only finitely many functions ‘IJ/Gm with

(j.G,m) € S§%2 such that supp \Ilém N @ # ). This may justify calling (2.102) a
para-basis (with the usual notational caution if p < 00, = cooreven p = g = 00).

Remark 2.26. The proof of Theorem 1.20 is based on the observation that the Dau-
bechies wavelets may serve simultaneously as atoms and as kernels of local means
satisfying the needed moment conditions. This is also the case for the above wavelets
\IJ]G,m if (j,G,m) € SS1 hence G € {F, M }"* (main wavelet system (2.91)) because
we have always (1.88). But this does not apply to the scaled down scaling functions
‘I’J w1th G = F = (F,..., F). As a consequence one has now only a para-basis.
However it will be one of the main aims of what follows to convert (2.102) into an
orthonormal basis which is a u-wavelet system according to Definition 2.4. Then the
basic wavelets (2.32) and the interior wavelets (2.33) coincide with the above main
wavelet system W< in (2.91), complemented by some \IJO , whereas the boundary
wavelets (2.34), (2.35) are obtained by local orthonormahsatlon from the remaining
elements of the residual wavelet system W2 2 in (2.92).

Remark 2.27. One has always the continuous embedding
1l l
Foi(Q) — F, () (2.110)

for p, g, s as in Theorem 2.23, where ﬁpsq (S2) are the spaces introduced in Defini-
tion 2.1. This follows from (2.103), (2.104) and the atomic arguments in the proof of
Theorem 2.23. It will be one of the main points of what follows to show that

F5o(Q) = F3, (). 0< p.g <00, s> 0pq, (2.111)
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(g = oo if p = oo) for huge classes of domains, the so-called E-thick domains,
including bounded C*° domains and bounded Lipschitz domains. We mentioned a
special case of (2.111) in (2.82). This observation will pave the way to develop a
theory of wavelet bases for large classes of the spaces fi; 4(€2) and A3, (£2) according
to Definition 2.1 in E-thick domains. This is the subject of Chapter 3.

2.3.3 Wavelet para-basesin L,(2),1 < p < o0

One may ask whether Theorem 2.23 can be extended to other refined localisation spaces
according to Definition 2.14 having the homogeneity property (2.43) (which are two
of the main ingredients of the above proof with a reference to [T06]). But this causes
some trouble. To obtain (2.106) we used that (2.103) is an atomic decomposition in R”
(after appropriate normalisation). Since s > 05, no moment conditions for the atoms
are needed. But jf s < 0 then Theorem 1.7 requires some moment conditions (1.31).
The elements \Ilé,m € W€ of the main wavelet system (2.91) fit in this scheme, but

not the elements ‘ija m € W22 with j € N of the residual wavelet system (2.92)

briefly mentioned in Remark 2.26. But there is a remarkable exception.
Based on the well-known Paley—Littlewood property

F,(R") = Ly(R"). 1< p<oo, 2.112)
one has by Definitions 2.1, 2.14 that
Fp,(Q) = Fp,(Q) = F,3°(Q) = Ly(Q), 1< p<oo, (2.113)

for arbitrary domains  with Q # R”. We need fp(f’;l according to (2.100), (2.101)
withs =0,g = 2.
Theorem 2.28. Let Q2 be an arbitrary domain in R" with Q # R". Let 1 < p < 00
andu € N. Let _

(W} . (j.G.m) eS¢} = wheyy2e (2.114)
be the same intrinsic wavelet system as in (2.102) based on (1.87), (1.88) and

(2.85)—(2.87). Then L,(2) is the collection of all locally integrable functions f
(either with respect to R" or to Q) which can be represented by

f= > MGamrwl, o de 5 (2.115)
(j,G,m)eS
Furthermore, o
. 0,
I/ |Lp(S2)|| ~inf A |f, 57 (2.116)

where the infimum is taken over all representations (2.115). Any f € L,(S2) can be
represented by (2.96) with (2.97), (2.98) and

I L5t I~ 1L ()] (2.117)

(equivalent norms).
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Proof. Obviously, L, (2) has the refined localisation property, hence (2.106) with L,
in place of F,, on the left-hand side, and the homogeneity (2.43) with L, instead
of /qu. Then one obtains (2.96) with (2.97), (2.98) and (2.117). Let f be given by
(2.115). In contrast to the atomic representation (2.103) in Flfq([R”) with s > op4
where no moment conditions for the corresponding atoms are required the situation is
now different. According to Theorem 1.7 one needs for atomic representations

=Y Xjmajm (2.118)

Jj=0mezZ"

in L,(R") = F;z(R”) with 1 < p < oo first moment conditions
/ ajm(x)dx =0, jeN, meZ" (2.119)

We split (2.115) according to (2.88)—(2.92) into the main part and the residual part

D D L A A S L P VA
(j,G,m)ess1 (j,G,m)eS<:2 (2.120)
=f+ 12
with
G in(5-%) g/
Ajy = 270772 (2.121)

If \IJ(/;m e U then aij are normalised atoms in L,(R") = F,,(R") satisfying
(2.119) with aij in place of @;,,. We split (2.100) naturally in A! and A2,

M=iCeC: (j,GmeSH), =12 (2.122)
Then it follows by Theorem 1.7 that
LA L@ = Il f1 ILp(RM] < ¢ [AM £33 (2.123)
Furthermore, for the residual part f, one has

IALIL@I7 < > 27" a0

(j,G.m)eS§<t.2

P 22157 ~ 122 1A

(2.124)
where we used (2.101) and the structure of $%-2 discussed in Remark 2.25. This proves

L 1Ly @) < c | 211250 (2.125)

Together with (2.117) one has (2.116). O
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Remark 2.29. In other words, one obtains for L,(£2), 1 < p < oo, in arbitrary
domains €2 in R” with Q # R” intrinsic wavelet para-bases of any smoothness u € N
in terms of the Littlewood—Paley assertion (2.117). In particular one has common
wavelet para-bases for all spaces covered by Theorems 2.23 and 2.28 as long as s < u.
Later one we convert these wavelet para-bases into orthonormal bases which are u-
wavelet systems according to Definition 2.4. We refer to Section 2.4.2.

Remark 2.30. One may ask what happens if (2.114) is not based on the smooth
functions ¥, Yas according to (1.87), (1.88), but on related Haar functions as described
in [T06], Proposition 1.54, p. 28. Then we obtain suitably adapted systems of type H},
as in [T06], Theorem 1.58, p. 29. By this theorem and the above considerations one has
intrinsic Haar bases (not only para-bases) for L, (£2). This observation can be extended
to those spaces Fyy *(Q2) = By () which are covered both by Theorem 2.23 and
[TO6], Theorem 1.58, p. 29 , in particular

n
n+1

We return to this point later on and refer to Section 2.5.1.

1
< p < 00, 6p<s<min(1,—). (2.126)
4

2.4 Wavelet bases

2.4.1 Orthonormal wavelet bases in L, (£2)

Again let Q be an arbitrary domain in R” with Q # R”. Recall that domain means
open set. So far we have by Theorems 2.23 and 2.28 wavelet para-bases

(Wl .0 (j.G.m) e §9) = whey g2 (2.127)

in some refined localisation spaces Fyy °(2) and in L,(S2) with 1 < p < oco. Here
W12 and W22 are the main wavelet system and the residual wavelet system according
to (2.88)—(2.92), based on (2.85)—(2.87). These two systems are orthogonal to each
other and they span L, (£2),

L) =L@ e LP ). LY Q)= span ¥/, (2.128)

(2.93), (2.94), where [ = 1, 2. Furthermore, W!-* is an orthonormal basis of Lg)(Q).
A few words about the elements of the residual set U2 have been said after (2.94) and
in Remark 2.25. There is the temptation to apply Schmidt’s very classical orthonor-
malisation as it may be found in textbooks about Hilbert spaces, for example [Yos80],
Chapter III, Section 5, p. 88, or [Tri92], pp. 8687, to W22, This will be of some
help for us locally. But globally it is of little use beyond L,(£2) since it destroys the
localisation (support property) of its elements

n
W () =202 Ty (27 exy —mg) . (j.G.m) e S%2. (2.129)

a=1
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To circumvent these difficulties we use some (one-dimensional) multiresolution ar-
guments, the product structure of (2.129) and a further refinement of the Whitney
decomposition (2.83). Let now

0) CQ),C07CQ;} COi, €Ny, r=12,..., (2.130)

be concentric open cubes in R” with sides parallel to the axes of coordinates centred at
27!m” for some m” € Z" with the respective side-lengths 27/, 5.272 6.27/=2 7.
2~1=2 2=I+1 1 other words, we insert now the cubes Ql3r in the construction at the
beginning of Section 2.3.1. Otherwise, Q?r are the same pairwise disjoint cubes as
there with (2.84). Recall that |/ —!’| < 1 for two cubes Q] , Q},,, having a non-empty
intersection. We fix now L € Ny in (2.129) such that we have (2.86) with Ql?’r in place
of Qy,, hence

supp W5, C 03 if 27/ Fme @} forleNgandj =1,  (2.131)

whereas (2.87) remains unchanged. This refinement ensures that the supports of the
wavelets related to cubes Q? . and QlO 12, are disjoint. Instead of this explicit con-
struction one could simply say that L is chosen sufficiently large (but fixed once and
for all).

Definition 2.31. Let Q be an arbitrary domain in R” with Q # R” and let u € N.
Then ) _
{®/: jeNg;r=1,....N;} withN; € N (2.132)

is called an orthonormal u-wavelet basis in L,(€2) if it is both an u-wavelet system
according to Definition 2.4 and an orthonormal basis in L, (£2).

Remark 2.32. In Definition 2.4 we marked not only the required smoothness ¥ € N in
the wavelets (2.27) based on (2.28), (2.29) but also L. Now we adopt the position that
L is chosen sufficiently large as described and fixed. This may justify our omission of
L in what follows. Similarly as in (2.91), (2.92) we put

oLe = {interior wavelets <I>{ } (2.133)

and
% = {basic and boundary wavelets ®; }. (2.134)

Theorem 2.33. Let Q2 be an arbitrary domain in R" with Q # R". For any u € N
there are orthonormal u-wavelet bases in L,(2) according to Definition 2.31.

Proof. Step 1. Let
(Wl 0 (j,G.m) € §9) = Wby p2@ (2.135)

be the same wavelet system as in Theorem 2.28 based on (1.87), (1.88) and (2.85)—
(2.87) now modified by (2.131). We have (2.128). Then

oL = @8 5 an orthonormal basis in Lgl)(Q). (2.136)
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Furthermore, ng)(Q) is orthogonal to Lgl)(Q). Hence we must find an orthonormal
system ®2-$ according to (2.134) such that it spans L(z)(Q) The basic wavelets CDO in
(2.32) are the elements lI'O in (2.92), based on (2.89) (recall that SQ - = ). They
fit in the above scheme and need not to be considered. Hence it is sufﬁ01ent to care
for the elements with j € N in (2.92). These are boundary elements. In other words
one must find an orthonormalisation of the elements of W2 with j € N resulting in
boundary wavelets according to Definition 2.4 (iii).

Step 2. First we deal with the one-dimensional model case 2 = (—o0, 0). Let Q?r
in (2.130) be an interval centred at 277 for some suitable negative integer  and of
side-length 27/, The related residual wavelets according to (2.129) are given by

gl (x) =20 D2 e lx —m), mez, (2.137)

with ¥ = ¥ (scaling function) or Y = ¥ (wavelet). Of interest is the case
where the right endpoint of Q?r, hence x; , = 271y 427171 is the left endpoint of an
admitted Whitney interval Q? 1.~ Then some functions

Yo (2T Ex —m) and yp (2T TLx —m) (2.138)

centred near x; , may not be orthogonal. (Recall that we always assume that L is large
ensuring that everything is local near x; ). The decisive argument comes from the
multiresolution property

Yo (2 Ex—m) =Y el wr (T T =), (2.139)
teZ
where only terms with

Sl+1+L

supp ¥/ r ( —t) C supp g (2! L - —m) (2.140)

are of interest. Otherwise one has Cle . = 0. Hence (2.139) is a finite sum where only
terms with

277k o7 | < 2757 hence |t —2m| < 2, (2.141)

for some ¢ > 0 are needed. Furthermore, replacing x by 2x in (2.139) it follows that
G G

Clmy = cg,t is independent of /. The coefficients ¢;’, are also translation invariant,
an” =8 +mo.t+2mg- Hence all coefficients in (2.139) coincide with finitely many

real numbers. Let Z,, be the collection of all 1 € Z with (2.141). Let G = F in
(2.137), (2.139) and let temporarily ¥ = Y. Then one obtains by (2.137), (2.139)
that

Z dmtwl-‘rl_i_ Z dmtwl—i_l — ,,rl,+1+w;,,ll+17 (2142)

tez), teZpy,

where Z,,, = Z,, U Z/,, is decomposed such that lﬂ/l *1 collects all terms on the right-
hand side of (2.139) with (2.140) and ¥/ ™! € W22, The remaining terms v,/ *! are
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not only orthogonal to w,/,{H by the orthogonality of the translated scaling functions,
but also to all other terms of W12 and W2 not involved in (2.139). Of course, one can
replace G = F in (2.137), (2.139) in the above arguments by G = M. The resulting
functions ¥,/ *1 are orthogonal to all other functions in ¥? = w12 U ¥2-2 but they
may be not orthogonal among themselves. But now one can apply the orthogonahsatlon
procedure mentioned above between the formulas (2.128) and (2.129). In this way one
eliminates possible linear dependences (stepping from frames to bases). Then one
obtains functions which are orthogonal among themselves and to all other functions
from W not involved in this local procedure. This can be done at any point 27l +
27!=1, Together with the unchanged elements of W22 one obtains an orthonormal
system in

LP(Q) with Q = (—00,0) (2.143)

which can be identified with (2.134) collecting basic and boundary Wavelets according
to Definition 2.4 (i), (iii). The above discussion about the coefficients cl ,1n (2.139)
justifies (2.35). Together with (2.136) one obtains an orthonormal bas1s in Ly(S2)
with Q = (—o0, 0) which is an u-wavelet basis according to Definition 2.31. Since
everything is local this proves also the theorem for arbitrary domains €2 in R.

Step 3. The corresponding assertion for arbitrary domains €2 in R” with n > 2
can be reduced to the 1-dimensional case. Let \I/’Gm with j € N be an element of

the residual system P28 according to (2.129) based on the Whitney cubes in (2.130)
(excluding again the basic wavelets). We assume that the right face with respect to
the x;-direction, say, x; = 27!y 4+ 271=1 45 in the above 1-dimensional model case,
is part of the left face of an admitted Whitney cube QlO RS Then one can apply the
1-dimensional orthogonalisation procedure with respect to the x1-factors according to
Step 2. By the product structure of lllf o N (2.129) it follows from Fubini’s theorem that
this is also an n-dimensional orthogonahsatlon Applying (2.142) to the x;-direction
one obtains after multiplication with the remaining n — 1 directions terms of type

U a) WG (), X = (x2,.... xp). (2.144)

Using again the multiresolution property one obtains the (n — 1)-dimensional counter-
part of (2.139),
G,
W ()= Y do \IJIF+t1, (x"), (2.145)

t'ezn—1

with a counterpart of (2.140). Here \IJHl(x/ ) with F = (F,..., F) are the same
dilated scaling functions as in Deﬁmtlon 2 4. Inserted in (2. 144) one obtains a linear

combination of terms

Yy o) WL (). (2.146)

However it is not guaranteed that each element in (2.146) is an element in the wavelet
expansion with respect to Q? 1.~ Decomposing (2.145) as in (2.142) there may
remain linear combinations of terms

U ) () (2.147)
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which are orthogonal to all other functions of U2, involved in the above procedure or
not, and also to W2, However this undesirable effect can only happen near x,-faces
of Q?—H,r’ with v = 2, ..., n, hence near edges (with respect to x; and x,). In order
to clarify what is going on we assume first # = 2. Of course in the above arguments x;
and x, can change their roles making clear that the indicated effect can happen only in
corner points. Now one can proceed with the orthogonalisation as described above and
orthogonalise the remaining functions locally around isolated corners. Then they are
orthogonal among themselves and to all other functions in W2- and W1+ They have
the desired structure (2.34), (2.35) as boundary wavelets. For n > 3 one can apply this
argument iteratively as follows. If the wavelets considered for orthogonalisation are
not near a corner-point of the related cube then there is at least one harmless direction
of coordinates (playing the role of x, at the beginning of this step). Orthogonalisation
for the remaining (n — 1) directions may be assumed by induction. Finally one can
orthogonalise the remaining functions locally around isolated corners as described
above in case of n = 2. The discussion about the coefficients in (2.139) has an n-
dimensional counterpart being independent of dilation and translations. This ensures
the existence of the numbers K and D in (2.34), (2.35). O

Remark 2.34. Both in case of the para-bases (2.102) based on (2.88)—(2.92) on the
one hand and in case of u-wavelet bases according to Definitions 2.4, 2.31 on the other
hand one tries to preserve as much as possible from the R”-wavelets as described in
Section 1.2.1 when switching from R” to domains €2 in R”. It is quite clear that one has
to pay a price. The R”-wavelets depend heavily on translations and dyadic dilatations.
There are no counterparts for domains (with exception of wavelets on the n-torus T”
as considered in Section 1.3). There is a huge literature about wavelets on domains.
We refer to [Mal99], [CDVO00], [CDV04], [Dah97], [Dah01], [Coh03], [HoL05]. But
as far as we can see the constructions suggested there have little in common with
our approach. In case of para-bases one has now the residual wavelet system W22 in
(2.92) and in particular the scaled down scaling functions \IJ/ (m the notation used in
Definition 2.4) which spoil the orthogonality. First steps in th1s direction had been done
in [T06], Section 4.2 (based on [Tri07a]). This has been extended in [Tri07b]. Using
the rather particular properties of wavelets (multiresolution analysis, product structure)
one can restore the lost orthogonality at the expense of the lattice structure. These are
the boundary wavelets in Definition 2.4 (iii). Then one obtains bases which preserve
at least in a qualitative way typical ingredients of wavelets such as localisation, dyadic
refinements and also cancellations as far as basic and interior wavelets are concerned.
This is presented here for the first time. It is one of the main aims of this exposition to
develop this theory and its far-reaching consequences.

Remark 2.35. We fix the outcome such that it can be used as a starting point of what
follows beyond L,. Let 2 be an arbitrary domain in R” with Q # R” and let u € N.
For suitably chosen numbers L € N, K € N, D > 0, positive constants cy,...,Cs
and approximate lattices Z g, there are orthonormal real u-wavelet bases in L,(S2),

{®/: jeNo;r=1,....N;} whereN; € N, (2.148)
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according to Definitions 2.4, 2.31 and Theorem 2.33. Then f € L,(£2) can be ex-
panded as

oo Nj oo Nj
=YY (ro))o] => "> Ao/ (2.149)
Jj=0r=1 j=0r=1
with
M=M= / f(x) ] (x) dx, (2.150)
R”

adapted notationally to our later needs with the real L oo-normalised functions 2~/7/2 CD{
(where L can be neglected). To justify the integration over R” in (2.150) one may as-
sume that f is extended outside of Q2 by zero. Of course,

oo Nj

SO 2P = | f L)) (2.151)

j=0r=1

Recall that both the basic wavelets ® in (2.32) with G € {F, M }"* and the interior
wavelets ®7 in (2.33) have the cancellation property

/xﬂd>{(x)dx=0 if |B] < u. (2.152)
R”

This follows from (1.88) and (2.27).

2.4.2 Wavelet bases in L, () and F, ;"’C (2)

We obtained the orthonormal u-wavelet basis in Theorem 2.33 converting the resid-
ual wavelet system W22 in (2.92) into the basic and the boundary wavelets (2.32),
(2.34), (2.35) by strictly local arguments. This makes clear that one can now transfer
Theorems 2.23 and 2.28 from wavelet para-bases to u-wavelet bases. Let [ (Zg)
be the sequence spaces as introduced in Definition 2.6. As usual L**(2) collects all
complex-valued Lebesgue-measurable functions in €2 such that

/ | f(x)|dx < oo for any bounded domain w with @ C . (2.153)
w

Theorem 2.36. Let Q2 be an arbitrary domain in R" with Q # R". Let 1 < p < 00
andu € N. Let

{®]: jeNo:r=1....N;} withN; €N, (2.154)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defini-
tion 2.31. Then L, () is the collection of all f € LY*(Q) which can be represented

as
oo Nj

=YY M2aI"Pel de f(Za). (2.155)

j=0r=1
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Furthermore, {q)i} is an unconditional basis in L,(2). If f € Lp(2) then the
representation (2.155) is unique with A = A(f),

M =2 (o)) =2 [ f) @l dx (2.156)
Q
and
I: fA(f) =202 (1, @)} (2.157)
is an isomorphic map of L,(£2) onto fp(fz(ZQ),
Lf 1L ()] ~ M) | fp2(Za)] (2.158)

(equivalent norms).

Proof. Wesplit f givenby (2.155)asin (2.120)into f = f1+ f>, where fi collects the
terms with the interior wavelets (2.33), and f5 the terms with the basic and the boundary
wavelets (2.32), (2.34), (2.35). We have (2.152) with 8 = 0 for the terms in f7. Then
we are in the same position as in the proof of Theorem 2.28. Hence, (2.155) converges
unconditionally in L,(R") and hence in L,(£2). Furthermore by construction of the
orthonormal u-wavelet basis in L,(£2), an element f can be represented by (2.115)
if, and only if, it can be represented by (2.155). If /' € D(2) then this representation
is unique with (2.150), and hence (2.156) (recall that the ®;’s are real and compactly
supported in 2). Since D(£2) is dense in L, (2) one obtains by completion the unique
representation (2.155), (2.156), and also (2.158). By the above comments it follows
that I in (2.157) is the indicated isomorphic map. O

Remark 2.37. One may consider (2.158) as a Paley-Littlewood characterisation of
L,(2) in terms of wavelet bases. As mentioned in Remark 2.30 there is a counterpart
of the above theorem in terms of 2-adapted Haar bases. We refer to Section 2.5.1

Recall that 1, (Zg) are the sequence spaces according to Definition 2.6.

Theorem 2.38. Let Q be an arbitrary domain in R" with Q # R™. Let Fa;*(Q2) be
the spaces as introduced in Definition 2.14 with (2.56)—(2.58),

O0<p=<oo, 0<gqg=<o00,8§>0p, (2.159)

(g =00if p=00). Let {CDi} in (2.154) be an orthonormal u-wavelet basis in L,(2)
according to Theorem 2.33 and Definition 2.31 with s < u € N. Let v be as in (2.70),
(2.71). Then f € L,(R2) is an element ofFIf;IﬂOC(SZ) if, and only if. it can be represented
as

oo N;
f=Y 3 22"l de f(Za). (2.160)
j=0r=1
Furthermore if f € F;;]rloc(Q) then the representation (2.160) is unique with A = A(f)
as in (2.156) and I in (2.157) is an isomorphic map of Flf;]ﬂoc (Q) onto f,,(Zg),

L 1Ep @) ~ 1A | fpg(Z o) (2.161)
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(equivalent quasi-norms). If p < 00, ¢ < o0 then {CDf} is an unconditional basis in
Fs,rloc (Q)
pq ‘

Proof. By the same arguments as in the proof of Theorem 2.23 it follows that (2.160)
is an atomic decomposition in R” (no moment conditions are needed). One has as a
consequence f € Fp;'(2). Furthermore since f € F; °(£2) can be represented by
(2.103) it can also be represented by (2.160). By (2.70), (2.71) it is also a representation
in L,(€2). Then it follows from Theorem 2.36 that this representation is unique with
(2.156). Finally one obtains the remaining assertions from Theorem 2.23 and the above
comments. O

Remark 2.39. To what extent the spaces Fj  (€2) with (2.159) in arbitrary domains 2
in R” are of self-contained interest is not so clear. On the one hand we have satisfactory
characterisations of these spaces in Theorem 2.18 and Corollary 2.20. On the other
hand we described in Remark 2.17 the little history of these spaces with (2.63) as the
main assertion. The motivation to deal with the spaces Fpy **(£2) comes from the
question under which circumstances the more natural spaces F, g (§2) have the refined
localisation property, expressed by (2.63). This cannot be true for general domains,
but it will be valid in so-called E-thick domains. This is one of the main points of the
following Chapter 3. We refer in particular to Proposition 3.10.

2.5 Complements

2.5.1 Haar bases

We complement the above considerations by a few topics which are a little bit outside
the main stream of this exposition. We will be brief. First we add some comments
about Haar bases. The classical forerunners of the Daubechies wavelets (1.87), (1.88)
on R are the Haar wavelet hyy,

1 ifo<x<1/2

hy(x)=¢-1 ifl/2<x <1, (2.162)
0 ifxégl0,1],
and the scaling function hp, hr(x) = |hy(x)| (the characteristic function of the

interval [0, 1]). This very first example of a multiresolution analysis resulting in an
orthonormal basis in L, (R) goes back to Haar, [Haar10]. Otherwise the n-dimensional
machinery described in Section 1.2.1 can be applied. In particular,

{HY, : j€No. GeG/ mez" (2.163)
with

n
HY ,(x) =22 [T h, @' x, —m,). GeG/.meZ", (2.164)

r=1



56 2 Spaces on arbitrary domains

and j € Ny, is an orthonormal basis in L,(R™). The corresponding expansion is given
by

f= i‘ >N MG a] (2.165)
J=0GeGJ meZ"
with _
¢ =250 (f) = 2" (f.HG, ). (2.166)
This is the counterpart of (1.93), (1.94). Let b;q and psq be the same sequence spaces

as in Definition 1.18. Then Theorem 1.20 can be complemented as follows. Recall
that 0, = n(% - 1)+.

Theorem 2.40. Let H ém be the Haar wavelets (2.164).
(i) Let 1 < p < oo. Then f € S'(R") is an element of L,(R™) if, and only if; it
can be represented as

f= Y MGoamrEl o de £ (2.167)
j,G.m

unconditional convergence being in L,(R™). The representation (2.167) is unique with
/X,J,;G = )ti,;G (f) as in (2.166). Furthermore,

I: f 22 (£ HE,)) (2.168)

is an isomorphic map of L,(R"™) onto fp(fz and {Hém} is an unconditional basis in
L,(R™).
(i1) Let 0 < p < oo and

1
0p < § < min (1, —). (2.169)
p
Then f € S"(R") is an element of B, ,(R") if, and only if, it can be represented as

f= > MC2/nPHL, . Xebs, (2.170)

Jj,G.m

unconditional convergence being in By ,(R"). The representation (2.170) is unique
with A{;;G = U;;G (f) as in (2.166). Furthermore I in (2.168) is an isomorphic map
of B,,(R") onto by, , and {HCJ; m} is an unconditional basis in Bj, ,(R").

Proof. Step 1. Part (i) is a famous result of real analysis. A proof may be found in
[W0j97], Section 8.3. It goes back to J. Marcinkiewicz, [Mar37] (one-dimensional
case), who in turn relied on [Pal32]. The above formulation is a little bit pedantic. But
we wanted to keep the assertion in the context of Theorem 1.20.
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Step 2. The proof of Theorem 1.20 relies on atomic representations as described in
Theorem 1.7 and the identification of k{,;G( f) in (2.166) with local means according
to Theorem 1.15. We modify (1.111) by

kG, =2"2H} . jeNo. GeGl omez" (2.171)

Then we can apply Theorem 1.15 with A = 0 and B = 1, what requires 0, < s < 1.
The atomic Theorem 1.7 cannot be applied immediately. If s < 1/ p then characteristic
functions of cubes are elements of By ,(R") = F;,(R"). If

1
O<p<oo, oOop<s<o<-—, (2.172)

p

then one can apply the homogeneity assertion (2.43) based on the first lines in (2.40),
(2.41) or (2.47), covered by [CLT07]. One obtains that

1HE | BS, (R ~ 27C=) | HE B3, (RM)]. (2.173)

Now it follows from [T06], Theorem 2.13, that (2.170) is an expansion by non-smooth
atoms (after correct normalisation). Hence one can also apply Step 2 of the proof
of Theorem 1.20 as long as 0, < s < 1/p. Condition (2.169) covers the needed
restrictions for s. As in Step 1 of the proof of Theorem 1.20 we refer for technicalities
to [T06], Section 3.1.3, Theorem 3.5. O

Remark 2.41. We refer to [T06], Theorem 1.58, Remark 1.59, pp. 29-30, where we
discussed in detail under which circumstances { Hg; ,,, | is a basis in By, (R"). In partic-
ular the restriction (2.169) is natural. We gave here a new independent proof of part (ii)
of the above theorem for two reasons. First the assertions in [T06], Theorem 1.58, do
not cover that the basis {H ém} is unconditional and that 7 in (2.168) is an isomorphic
map onto by, ,. Secondly the above arguments are of the same type as in the proof of
Theorem 1.20. One may ask whether part (ii) of the above theorem can be extended to
other spaces B, (R") and F,, (R"). This is surely possible, but not done so far. The
sharp assertions about local means according to Theorem 1.15 fit in such a scheme.
Also the needed homogeneity (2.43) is available. But one has to extend the theory of
non-smooth atoms as treated in [T06], Theorem 2.13, from B, ,(R") to B, (R") and
F,,(R"). The generalisation of the above theorem from B, ,(R") to B, (R") can also
be done by real interpolation.

Our main concern in Chapter 2 is not with spaces on R”, but with spaces on arbitrary
domains 2 in R”. Taking Theorem 2.40 as the Haar version of Theorem 1.20 we are
now in the same position as in case of the Daubechies wavelets in 2. Some assertions
are even simpler now. Let Q?r be the same pairwise disjoint open Whitney cubes as
in (2.22), (2.23) and let y;, be their characteristic functions. First we complement
Theorem 2.16. To be consistent with our previous notation we prefer now F,, instead
of By,. Recall that F;, = B, ,.
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Proposition 2.42. Let 2 be an arbitrary domain in R" with Q # R". Let0 < p < 00,

1
0p < § < min (1, —), 2.174)
p
and
n n
max(l,p) <v<oo, §——>——. (2.175)
p v

Let F33'°(Q) be the same space as in Definition 2.14. Then

Fyd (@) = {f € Lo(Q) : | f |35 (Q)ll < oo} (2.176)
with
00 1/
1F 1ES @, = (33 e £ 1F5 ®DIZ) 2.177)
=0 1

(equivalent quasi-norms).

Proof. We have (2.70), (2.71) which justifies to replace D'(2) in (2.56) by L, ()
in order to avoid technical problems caused by the multiplication with characteristic
functions. Otherwise we are in the same position as in the proof of Theorem 2.16. We
need the pointwise multiplier assertion according to Theorem 2.13 for the characteristic
functions y;,. As there one can reduce this question by homogeneity to the problem
of whether the characteristic function of the unit cube is a pointwise multiplier in
B, (R") = F,,(R") with p, s as above. But this is a well-known assertion and may
be found in [T83], Theorem 2.8.7, p. 158. O

Now we can complement the wavelet para-bases and wavelet bases originating from
Daubechies wavelets by Haar bases adapted to 2 (being again an arbitrary domain in
R” with Q # R"). Let Q?r be the open Whitney cubes according to (2.22), (2.23)
of side-length 2~ now with the left corner 2~/m" for some m” € Z" (in immaterial

modification of the previous setting). Let sips as in (2.162) and hp (x) = |hp(x)] as
before. We extend (2.164) to G € {F, M }", hence

n
HY ,(x) =22 T h6,(2'xa —ma). G e{F.M}". meZ" (2178

a=1

and j € No, which is the counterpart of (2.85). We extend Q?r with (2.22), (2.23) by
its left and lower faces,

Ol =27tm" 4271 (xeR": 0<x, <1}, 0O} =0Q0. (2.179)
Then the adapted modifications of (2.88)—(2.92) are given by

SJQ’l ={F M x{meZ": 27 m e Qllr for some / < j,somer}, (2.180)
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SJQ’Z ={F.M)"x{meZ": 27me Qj, for some r}, (2.181)
o0 [e.e]
N U e ) R R U (2.182)
j=1 j=0
and '
H® ={H[, : (j,G,m) e S?}. (2.183)

The Haar system inside an admitted cube Q?r is the scaled down by the factor 27
and translated Haar system for the unit cube. By construction H is the orthonormal
union of these Haar systems in all admitted cubes Q}’r. One obtains in particular the
following complement of Theorem 2.33.

Proposition 2.43. Let Q be an arbitrary domain in R" with Q@ # R". Then H%
according to (2.183) is an orthonormal basis in L,(2).

Proof. This follows from the corresponding assertion for the unit cube in R” and the
above constructions and comments. O

Now we are in the same position as in Section 2.3. But instead of the para-basis
{W§ ) in (2.102) we have now the orthonormal basis H € in (2.183). Additional local
orthogonalisations as in Section 2.4 are not necessary now. As in (2.100), (2.101) let

o = (1 A £ < oo) (2.184)
with
: : 1/q
|2 17552 = H( > 2T im()1) ILP(Q)H, (2.185)
(j,G,m)eS?
where
_ J,.G .o Q
— (A e , .
A={MGeC: (.G.m)e S (2.186)
If0 < p =¢ < oo then
Irgel~ (X 2ebepgor)” (2.187)

(j,G,m)eSs<

Theorem 2.44. Let Q be an arbitrary domain in R" with Q # R*. Let H® be the
orthonormal Haar basis in L,(2) according to (2.183).

(i) Let 1 < p < oo. Then L,(2) is the collection of all f € Lll"c(Q) which can be
represented as

f= Y MGl xe ) (2.188)
(j,G,m)eS$?
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unconditional convergence being in L,(Q). Furthermore, H® is an unconditional
basis in L,(R2). If f € Lp(R2) then the representation (2.188) is unique with A =

ACS),
AEG(f) = 2/"2 (fLHY ) = 272 / f(x) HY , (x) dx (2.189)
, o ,
and . ,
I: f e A(f) = {2/"?(f HY ) (2.190)

is an isomorphic map of L,(2) onto flg’zﬂ,

| £ 1L, @) ~ 1A 11350 2.191)
(equivalent norms).
(i) Let 0 < p < o0,
0p < § < min (1, l) (2.192)
p

and v as in (2.175). Let Flfl’,rloc(Q) be the same space as in Definition 2.14. Then
Fy rloC(Q) is the collection of all f € L,(S2) which can be represented by

f= Y A2 f"/ZHém, re o9, (2.193)
(j,G,m)eS<?

according to (2.184)~(2.187), unconditional convergence being in Fyy (). Fur-

thermore, H® is an unconditional basis in F; rlOC(Q). If f e Flf;,rloc(Q) then the
representation (2.193) is unique with A = )t(f) as in (2.189) and I in (2.190) is an
. . s,rloc 5,2
isomorphic map of Fp, "~ () onto fo) ",

| £ 1E @] ~ A 1452 (2.194)
(equivalent quasi-norms).

Proof. Based on Theorem 2.40 and Propositions 2.42, 2.43 one can follow the argu-
ments from Sections 2.3, 2.4. O

2.5.2 Wavelet bases in Lorentz and Zygmund spaces

We mainly deal in this book with the spaces A, (€2) on domains, their wavelet rep-
resentations and related extension problems. But we outline a few related topics. So
far we have wavelet bases for the Lebesgue spaces L, with 1 < p < oo in R”, cov-
ered by Theorems 1.20, 2.40 (i) with L, (R"*) = Fz?, »(R™), and in arbitrary domains €2
with Q # R” according to Theorems 2.36, 2.44 (i). We wish to extend these wavelet
representations to the

Lorentz spaces L, 4(2), 1< p <oo, 1=<g¢g < o0, (2.195)



2.5 Complements 61

and the
Zygmund spaces L,(logL),(2), 1< p <oo,acR. (2.196)

We restrict ourselves to a description and refer for details, proofs, and further references
to [Tri08].

Let Q be either R” or an arbitrary domain in R” with Q # R”, let |I"| be the
Lebesgue measure of a (Lebesgue measurable) set I' in R” and let f be a complex-
valued Lebesgue measurable, a.e. finite function in 2. Then

pr(@ =lxeQ: |f()]>e}l. 0=0. (2.197)
is the distribution function of f and f* defined on [0, c0) by
fH(@) =inflo: pro) <t}, >0, (2.198)

its (decreasing) rearrangement. Details and properties may be found in [BeS88],
[EJEO4] and [Har07]. The Lorentz spaces L,,(2) and the Zygmund spaces
L,(log L),(£2) can be defined for all 0 < p,q < oo, a € R. But we restrict our-
selves to those spaces which are of interest for us.

Definition 2.45. Let 1 < p < o0.
(i) Let Q2 be either R” or an arbitrary domain in R” with Q # R”. Let 1 < g < oo.
Then

Lpq(Q) ={f € LY(Q) 1 |If |Lpq()] < oo} (2.199)
with
12 g dt 1/q
I [Lpq (D] = (/0 M) 7) . (2.200)
(i) Let €2 be an arbitrary domain in R” with |2| < co. Leta € R. Then
Ly(og L)a(@) = {f € Ly(Q) : I/ ILplog L)a(@)] <0} (2.201)
with

9] 1/p
[/ |Lp(log L)a(2)| = (/0 (1 + [logtD® f*(@®)? dt) : (2.202)

Remark 2.46. The above Lorentz spaces L 4(£2) and Zygmund spaces L, (log L), (£2)
are Banach spaces (although (2.200) and (2.202) are only respective equivalent quasi-
norms). Recall that L, ,(€2) can be obtained by real interpolation

Lpq(@) = (Lpo(R). Lp (R)g, . 5 =52+ 2. (2.203)

where 1 < pg < p < p1 < oo, [T78], Section 1.18.6. The above Zygmund spaces
L,(log L)4(£2) can also be reduced by extrapolation to Lebesgue spaces L 5(£2) with
1 < p < oo. Here one needs |2| < oco. This may be found in [ET96], Section 2.6.2,
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with a reference to [EdT95]. It is just this reduction of the above Lorentz and Zygmund
spaces to Lebesgue spaces L,(£2) with 1 < p < oo which paves the way to transfer
wavelet representations for the Lebesgue spaces to Lorentz and Zygmund spaces. As
said we restrict ourselves here to a description referring for details to [Tri08]. We
concentrate ourselves first to u-wavelet bases in domains £ # R” and incorporate
afterwards 2 = R” and Haar bases. We need the straightforward extension of Defini-
tion 2.6 using the same notation as there. In particular, y, is the characteristic function

of the ball B(x{,c»27/) in (2.31).

Definition 2.47. Let Q2 be an arbitrary domain in R” with Q # R” (|2] < oo for the
Zygmund spaces) and let Zg be as in (2.24)—(2.26). Let 1 < p < 00,1 < g < o0,
a € R. Then A,,;(Zg) is the collection of all sequences

A={leC: jeNpr=1....Nj}, NjeN, (2.204)
such that
o N 1/2
12180 @)l = | (XXM 15r(OF) T Lpa(@)] <00 (2:205)
j=0r=1

and A, (log A)g(Zg) is the collection of all sequences (2.204) such that

OON/

118008 Aol = | (30 D2 14 1 (0P) Ly tlog Lya(@)] < oo
= (2.206)
Remark 2.48. Recall that
Ly p(Q) = Ly(log L)o(RQ) = L,(Q), 1< p < oc. (2.207)
Similarly one has
App(Zg) = Ap(log A)o(Zg) = [,5(Zg) (2.208)

according to the above definition and (2.38).

Theorem 2.49. Let 1 < p <ocoandu € N.
(i) Let 1 < g < oo and let Q2 be an arbitrary domain in R™ with Q # R". Let

{®]: jeNo;r=1,...,N;} withN; € N, (2.209)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defini-
tion 2.31. Then L 4() is the collection of all f € LY*(2) which can be represented
as
o Nj
f=Y Y M2l de A, (Za) (2.210)

j=0r=1
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Furthermore, {be} is an unconditional basis in L, 4(2). If f € L, 4(2) then the
representation (2.210) is unique with A = A(f),

M =2 (f0]) =2 [ £ 0] dn @211)
Q
and ‘ ‘
I f e Af) = {272 (f, @)} (2.212)
is an isomorphic map of L, 4(2) onto Apy(Zg),
I/ [ Lpg (N ~ IA) |Apq(Za)ll (2.213)

(equivalent quasi-norms).
(ii) Let a € R and let Q2 be an arbitrary domain in R" with |Q2| < oco. Then
L,(log L)4(S2) is the collection of all f € L(S2) which can be represented as

oo Nj
f=Y 322720, A e Ay(logA)a(Zg). (2.214)
j=0r=1

Furthermore, {CI#} is an unconditional basis in Lp(logL).(R2). If f €
Ly(log L), (82) then the representation (2.214) is unique with (2.211) and I in (2.212)
is an isomorphic map of L,(log L),(2) onto Ap(log A)q(Zg) with a counterpart of
(2.213).

Remark 2.50. This is the extension of Theorem 2.36 from Lebesgue spaces to Lorentz
and Zygmund spaces. Basically one proves the above theorem for the Lorentz spaces
by the interpolation (2.203) of corresponding Lebesgue spaces (and its sequence coun-
terpart). Similarly for the Zygmund spaces using extrapolation. But this requires some
care and is shifted to [Tri08].

Although it is quite clear that there is a counterpart of the above theorem in terms
of Haar bases, generalising Theorems 2.40 (i), 2.44 (i) it seems to be reasonable to
give an explicit formulation. Let H be the orthonormal Haar basis according to
Proposition 2.43 and (2.183). We incorporate now R” identifying H € in this case with
HY ={H &.m ) according to (2.163). We need the Lorentz and Zygmund counterparts
of the sequence spaces fpség in (2.184), (2.186) originating from (2.101), (2.100) with
s = 0and g = 2. Let Q be an arbitrary domain in R” (where 2 = R” is now admitted)
andlet1 < p < 00,1 < g < oco. Then A}s)zq is the collection of all sequences

A={ACeC: (j,Gm)eSY (2.215)

such that

. 1/2
AZE=( X M amIR) L@ <00 @216)
(J,G,m)eS<
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Similarly A,(log A)$! with 1 < p < 00, a € R, || < oo, is the collection of all
sequences (2.215) such that

. 1/2
MApt0z ZL = [( X S imOF) I tlo (@) < oo
(j,G,m)eS?
(2.217)
This is the adapted counterpart of Definition 2.47. Now Theorems 2.44 (i) and 2.49
can be complemented as follows.

Corollary 2.51. Let 1 < p < oo.
(1) Let 1 < g < oo and let Q be an arbitrary domain R" (where Q2 = R" is
admitted). Let
H® ={H[, : (j.G.m) € S¥} (2.218)

be the orthonormal Haar basis in L,(S2) according to Proposition 2.43 and (2.183)
interpreted in the indicated way if @ = R". Then L, 4(2) is the collection of all
S € LY(Q) which can be represented as

f= > MC2IMPHL,. AeAl, (2.219)
(J,G,m)eS<

Furthermore, H is an unconditional basis in Ly (). If f € Lp4(Q) then the
representation (2.219) is unique with A = A(f) as in (2.189) and I in (2.190) is an
isomorphic map of L, 4(S2) onto Af,zq.

(ii) Let a € R and let Q be an arbitrary domain in R" with || < oco. Then
L,(log L)4(K2) is the collection of all f € L1(S2) which can be represented by

f= Y MG2/mrH] . deA,(log M. (2.220)
(j,G,m)eS<?

Furthermore, H is an unconditional basis in Ly(log L)a(S2). If f is contained in
L,(log L)4(S2) then the representation (2.220) is unique with A = A(f) as in (2.189)
and I in (2.190) is an isomorphic map of L,(log L)4(Q2) onto A,(log A)<.

Remark 2.52. The proof of Theorem 2.49 in [Tri08] extends Theorem 2.36 by linear
interpolation, some extrapolation and duality from Lebesgue spaces to Lorentz and
Zygmund spaces. Similarly one obtains Corollary 2.51 from Theorem 2.44 (i). Or-
thogonal wavelet bases in more general rearrangement invariant spaces on R” have
been considered in [S0a97] using sub-linear real interpolation. One may ask whether
our arguments can be based on more general interpolation assertions in order to extend
Theorem 2.49 and Corollary 2.51 to other Orlicz spaces and rearrangement invariant
spaces. Zygmund spaces may be called logarithmic L ,-spaces. There are correspond-
ing logarithmic Sobolev spaces and several extensions based on logarithmic interpo-
lation spaces, closely connected with extrapolation arguments. This theory started in
[EAT95], [ET96], Section 6.2, and has been developed afterwards in [EdT98], [CFT04],
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[CFMMO7]. It remains to be seen whether one can use these techniques also in con-
nection with what follows here to construct wavelet bases in logarithmic versions of
function spaces of type A4y, .

2.5.3 Constrained wavelet expansions for Sobolev spaces

Later on we deal in Section 4.3.2 with constrained wavelet expansions in spaces A4, (€2)
with 0 < p,g < 0o (p < oo for F-spaces) and s > 0 in Lipschitz domains €2 in R”.
There one finds also further discussions about this topic. We describe here a somewhat
curious counterpart for Sobolev spaces in arbitrary domains.

Definition 2.53. Let 2 be an arbitrary domain in R” with Q # R”. Let 1 < p < 00
and k € N. Then

WEQ) ={f e D(Q): |fIWKEQ) < oo}, (2.221)
LA IWE@) = > 1D f |ILp(Q)]. (2.222)
lee| <k

Remark 2.54. Recall that
FY,(R") = WER™Y), 1<p<oo kel (2.223)

Since F;ﬁz(Q)9 denoted temporarily as "Wllf (R2), is defined according to (2.4), (2.5) by
restriction one has the continuous embedding

k k
WE(Q) < WK(Q), 1<p<oo kel (2.224)

The question whether these two spaces coincide might be called the non-linear exten-
sion problem. But more interesting is the (linear) extension problem, which means the
search for linear bounded operators

ext: WE(Q) = WF(R") with ext f|Q = f (2.225)
or
Ext: WH(Q) < WF(R") with Extf|Q = f, (2.226)

where g|€2 has the same meaning as in (2.2). Later on we deal in detail with (linear)
extensions of type (2.225) for all spaces A4y,,(€2). Some of the references given there

apply also to (2.226). For the spaces WII,‘ (£2) one has the Sobolev embedding

Wy(Q) = Lg(Q), k—2>-2 1<p<qg<o, (2.227)
obtained by restriction of a corresponding assertion on R”. It is well known that the
two spaces in (2.224) coincide for large classes of domains. This applies in particular

to bounded Lipschitz domains, where one has also (2.225), (2.226). For arbitrary
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domains €2 in R” one cannot expect that the two spaces in (2.224) coincide and also
the counterpart

WKQ) & Ly(Q). k- L l<p<g<oo (2.228)
of (2.227) need not hold for all ¢, but maybe for some g (near p). Curiously enough
one can address questions of type (2.228) in terms of wavelet expansions.

So far we have for the Sobolev spaces ka’ﬂoc(Q) according to (2.74) both the
equivalent norms in Corollary 2.20 and the orthonormal u-wavelet bases with u > k
in Theorem 2.38. Nothing like this can be expected for ka (2) in arbitrary domains.
However there is a curious substitute.

The elements ®; of any orthonormal u-wavelet basis in L(2) according to Theo-
rem 2.33 and Definitions 2.31, 2.4 have compact supports in £2. This applies also to the
elements H (’;’m of the Haar basis H % in Proposition 2.43 and (2.183). In particular,

D%®/ and D®H[, ., ac NI, (2.229)
have also compact supports in 2. (It does not matter whether one looks at (2.229) as
elements of S’(R") or D'(2).) If f € ka (2) according to Definition 2.53 then one
can apply Theorem 2.36 (and similarly Theorem 2.44 (i)) to each D¢ f € L,(2) with
|| < &,

oo Nj
DYf =Y Y M(D*f)2"* @], (2.230)
j=0r=1
where
A(D® f) = 2/"2 (D2 £, ®]) = (—1)*12/"/2 (£, D*®]). (2.231)

It may happen that D¢ <I>{ are no longer regular distributions, but this does not matter.
Let fork € N,

MO = eRy: jeNgr=1,...,N;} (2.232)
with
MHE =22 3" |(f.D%@])|. (2.233)
| <k

We use the same notation as in Theorem 2.36.

Theorem 2.55. Let Q be an arbitrary domain in R" with Q # R". Let 1 < p < o0,
k € Nandu € N. Let

{®]: jeNo:r=1,....N;} withN; € N, (2.234)
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be an orthonormal u-wavelet basis in L,(S2) as in Theorem 2.33 and Definition 2.31.
Then ka(Q) according to Definition 2.53 is the collection of all f € L,(2) which
can be represented as

o Nj
F=Y 3" MH2"2 el MHF e £(Za). (2.235)
j=0r=1
Furthermore,
1L/ W@ ~ 1A | S @) (2.236)
Proof. This is an immediate consequence of Theorem 2.36 combined with (2.230)—
(2.233). O

Remark 2.56. The wavelet expansion (2.155), (2.158) with A(f) € fp‘fz(ZQ) is now
the subject of the additional constraints A(f)* e fp(fz (Zg). This may justify to call
(2.235) a constrained wavelet expansion of f € ka (€2). It gives the possibility to de-

cide whether a function f € L,(Q) or f € L'*°(Q) belongs to ka (£2) independently
of the quality of 2.

Remark 2.57. As mentioned above one can replace the orthonormal u-wavelet basis
{Cbi } in L>(£2) by the Haar basis H . In other words, f € L, () belongs to ka ()
if, and only if, it can be represented as

f= 2 MENTIPH . M ke Sy (2.237)
(j,G,m)eS<
and
1L W@~ Ak 1 s | (2.238)
in generalisation of Theorem 2.44. Here
MOk = ANk € Ryt (j,G.m) € S9} (2.239)
with ' . -
M8 (fowe =272 Y |(f, DYHE )| (2.240)
|| <k

If |@| > 1 then D*H, é ,n are 8-distributions and their derivatives on faces and edges of
cubes.

Remark 2.58. If 2 is a bounded Lipschitz domain then there is a linear extension
operator according to (2.226), WIIJ‘ (Q) = ka (R2), and (2.227) with ka (£2) in place
of WII,‘ (£2). One obtains by Theorem 2.55 and (2.227) that

A f2Z) | < c IV 1 2 Za)l (2.241)
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for all p,q in (2.227). Let Q be an arbitrary domain in R” with Q # R". Then one
has
WY(Q) = Lg(Q), k—2%>-2 1<p<q<oo, (2.242)

if, and only if, there is a number ¢ > 0 with (2.241) for all f € L,(£2). (Recall that
J € Lp(R2) is an element of ka (2) if the right-hand side of (2.241) is finite.) But it
is not clear (to the author) how (2.241) is related to the geometry of the, say, connected
domain €2 (beyond bounded Lipschitz domains).

Remark 2.59. According to Definition 2.1 we deal here with spaces 43, (£2) defined
by restriction, including the special case WI’,‘ (£2) in the above context. But at least for
Sobolev spaces the intrinsic version according to Definition 2.53 is natural and makes
sense. It attracted a lot of attention since the days of Sobolev, [Sob50], including
questions of type (2.226) and (2.242). The related standard reference nowadays is
Maz’ya’s book [Maz85].



Chapter 3
Spaces on thick domains

3.1 Thick domains

3.1.1 Introduction

Recall that open sets in R” are denoted as domains. In Definition 2.1 we introduced
in arbitrary domains 2 with  # R” the spaces Ay, (§2) and /f; 4(§2) as subspaces of
D’(£2). So far we obtained in Theorem 2.36 common orthonormal u-wavelet bases for
all spaces

Lp(Q) = FL,(R) = F2,(Q) = F3°(2). 1< p < oo, (3.1)

in arbitrary domains based on (2.113). On the one hand there is little hope to extend
this assertion to other spaces A, (§2) and A, (€2). But on the other hand we obtained
in Theorem 2.38 for the refined localisation spaces

F;&rloc(g), 0<p=<o0, 0<qg=<00,5>0p, 3.2)

(q = oo if p = 00) in arbitrary domains 2 satisfactory orthonormal u-wavelet bases.
As described in Remark 2.17 we have so far

F51°(Q) = F3, (). 0< p.g <00, 5> 0pq, (3.3)

(g = oo if p = o0) if Q is a bounded Lipschitz domain in R”. It is our first aim to
extend this assertion to E-thick domains which are more natural for questions of this
type. For this purpose we introduce first several classes of domains which will play a
crucial role in what follows.

3.1.2 Classes of domains

Tacitly we always assume that a domain €2 in R” is not empty, 2 # @. Let [(Q) be the
side-length of a (finite) cube Q in R” with sides parallel to the axes of coordinates and
let | L| be the length of a rectifiable curve (closed path) L in R”. Let / be an (arbitrary)
index set. Then

a; ~b; fori € I (equivalence) (3.4

for two sets of positive numbers {a; : i € [} and {b; : i € I} means that there are two
positive numbers c; and c; such that

ci1a; < b; <cpa; foralli €. 3.5)

Let dist(I'!, I'?) be as in (2.21).
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Definition 3.1. Let 2 be a domain (= open set) in R” with Q # R” and ' = 9€2.

(1) Then 2 is said to be an (&, §)-domain, 0 < ¢ < 00,0 < § < 00, if it is connected
and if for any x € Q, y € Q with |x — y| < § there is a curve L C €2, connecting x
and y such that |L| < &7 |x — y| and

dist(z,I') > e min(|x — z|, |y — z|), z € L. (3.6)

(ii) Then €2 is said to be E-thick (exterior thick) if one finds for any interior cube
Q' C Q with

1(Q) ~27/, dist(Q',T)~27/, j=>joeN, (3.7)
a complementing exterior cube Q¢ C Q¢ = R"\Q with
1(0%) ~277/, dist(Q¢,T) ~dist(Q', 0¢) ~277, j > joeN. (3.8)

(iii) Then €2 is said to be [ -thick (interior thick) if one finds for any exterior cube
Q¢ C QF° with

1(Q¢) ~27/, dist(Q¢,T)~27/, j=>joeN, (3.9)
areflected cube Q' C Q with
1(Q") ~27/, dist(Q',T) ~dist(Q¢, Q") ~277/, j = joeN. (3.10)
(iv) Then 2 is said to be thick if it is both E-thick and I -thick.

Remark 3.2. The equivalence constants in (3.7)—(3.10) are independent of j. In other
words, a domain €2 is called E-thick if for any choice of positive numbers c1, ¢z, ¢3, C4
and jo € N there are positive numbers cs, cg, ¢7, cg such that one finds for each interior
cube Q' C Q with

127 <1Q) <277, 327/ <dist(Q'.T) <27/, (3.1
J = Jjo, an exterior cube Q¢ C Q€ with

527 <1(Q°) =¢27/, 7277 = dist(Q4,T) =dist(Q", Q°) < g2,
(3.12)
J > Jjo. One may think about the Whitney cubes according to (2.22), (2.23) identifying
Q?r or Qllr with Q7 in (3.7) or (3.11) (where now / = j). One checks quite easily
that Q2 is E-thick if, and only if, one has (3.12) for some positive cs, cg, 7, cg for the
indicated Whitney cubes (with related positive c;, ¢, €3, c4). Similarly one can detail
(3.9), (3.10) in case of I-thick domains.

Remark 3.3. In this Chapter 3 we are mainly interested in E-thick domains which
prove to be the natural class of domains in connection with wavelet bases in function
spaces. In the next Chapter 4 we use these results to study the so-called extension
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problem. Then 7 -thick domains are coming in naturally. On the one hand by Proposi-
tion 3.6 below (&, §)-domains are special / -thick domains. On the other hand it is well
known that (g, §)-domains in the plane R? play not only a crucial role in the theory
of quasi-conformal mappings in R? but also in connection with the question of the
extendability of the Sobolev spaces ka (2) according to Definition 2.53 to R?, hence
the problem of whether there exists a linear and bounded extension operator Ext as
indicated in (2.226). What is meant by (&, §)-domains €2 in R” can be seen in Fig-
ure 3.1. In particular (3.6) ensures that with L there is also a surrounding croissant-like

Figure 3.1

Figure 3.2

subdomain 7, C Q. According to [Jon81] for any (e, §)-domain €2 in R” there exists
a linear and bounded extension operator

Exth: WHQ) — WFR"), 1<p<oo keN, (3.13)

with Ext’; [ = f, where Definition 2.53 is naturally extended to p = 1 and p = oo.
But it is not a common extension operator as needed in many applications. However
the method in [Jon81] has been modified recently in [Rog06] such that one obtains
common extension operators of type (3.13). The considerations in [Jon81] have been
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extended in [Chr84], [Miy93] to spaces of fractional order and in [See89], [Miy98] to
the above spaces

Fpu () with0 < p < 00,0 <g < 00,5 > 0pg, (3.14)

according to Definition 2.1. Some assertions beyond (g, §)-domains may also be found
in [Ry00]. In the plane R? the property to be an (g, §)-domain is not only sufficient for
the extendability of intrinsically defined Sobolev spaces but (with some mild additional
assumptions) also necessary. The related literature may be found in [Jon81]. However
the situation is not so simple and a detailed discussion may be found in [Maz85],
Section 1.1.16, §1.5. Our intentions are different. According to Definition 2.1 all spaces
considered in this book are introduced by restriction. In case of irregular domains this
may change the situation substantially. We refer in this context to Remark 2.54. We
return in Chapter 4 to the extension problem but in contrast to the above-mentioned
literature in the framework of wavelet bases. First we complement the above notation
about sets and classes of domains as follows.

Recall that balls in R” centred at x € R” and of radius » > 0 are denoted as B(x, r).
Furthermore for2 <n € N,

R !5 x> h(x) eR (3.15)
is called a Lipschitz function (on R"~!) if there is a number ¢ > 0 such that
|h(x") —h(y)| <c|x' —)'| forall x’ € R*"7! y" e R* 1. (3.16)

Definition 3.4. (i) Let n € N. A closed set I' in R” is said to be porous if there is a
number 7 with 0 < n < 1 such that one finds for any ball B(x, r) centred at x € R”
and of radius r with 0 < r < 1, aball B(y, nr) with

B(y,nr) C B(x,r) and B(y,nr)NT =0@. (3.17)

(i) Let2 < n € N. A special Lipschitz domain (C * domain) in R” is the collection
of all points x = (x’, x,,) with x’ € R"~! such that

h(x") < xp < 00, (3.18)

where h(x”) is aLipschitz function according to (3.15), (3.16) (abounded C *° function).

(iii) Let2 < n € N. A bounded Lipschitz domain (C *° domain) in R” is a bounded
domain 2 in R” where the boundary I' = 92 can be covered by finitely many open
balls B; in R” with j = 1,...,J, centred at I" such that

BiNQ=BNQ; forj=1,...J, (3.19)

where $2; are rotations of suitable special Lipschitz domains (C *° domains) in R”.
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Remark 3.5. Of course we always assume that bounded (Lipschitz or C °°) domains
are not empty. Later one we need the porosity of the boundary I' = 9dQ2 of some
E-thick domains in connection with spaces qu (2) of smoothness zero. A detailed
discussion about porosity (also called ball condition) especially in connection with
fractal measures may be found in [TO1], Section 9.16-9.19, pp. 138-141. If one
knows (3.17) only for balls B(x, r) centred at x € T, then one has (3.17) for all balls
with 1/2 in place of 7, hence I" is porous. In Definition 5.40 we introduce so-called
cellular domains, a class of domains between Lipschitz and C*°.

3.1.3 Properties and examples

We wish to compare the diverse types of domains introduced in the preceding Sec-
tion 3.1.2 and to illustrate the situation by a few examples. Let €2 be a domain (= open
set) in R”. Then ()° is the largest domain w with w C Q. Of course, 2 C (Q)°. We
use the notation as introduced in Definitions 3.1, 3.4.

Proposition 3.6. (i) Let Q be an (&, 8)-domain in R". Then Q2 is I -thick. Furthermore,
02 is porous and |02| = 0.

(ii) Let Q # R”" be an arbitrary domain. Then one has the decomposition of R"
into three disjoint sets

R" = QUIQU (R'\Q) and I(R"\Q) C IQ. (3.20)

Furthermore, : 3
0Q = A(R"\Q) if, and only if, (RQ)° = Q. (3.21)

(iii) If Q is an E-thick domain in R" then (Q)° = Q and R"\Q is I -thick.
(iv) If Q is an I -thick domain in R" and Q2 # R”, then R"\Q is E-thick.

Proof. Step 1. We prove (i). Let Q be an (e, §)-domain and let Q¢ be as in Figure 3.2,
with (3.9) where jy, € N is assumed to be sufficiently large. Recall that €2 is connected.
Then there is a point x € Q with

dist(x, Q) ~ dist(x, Q¢) ~ 27/ (3.22)

and a second point y € Q with |x — y| > 27/. As indicated in Figure 3.2, one finds in
the croissant-domain €27 a cube Q' with the desired properties. This argument proves
also the porosity of d2. Then one obtains |d2| = 0 from [TO01], Sections 9.16, 9.17,
pp- 138-39, where porosity was called ball condition.

Step 2. Sine @ = Q U 9Q the decomposition in (3.20) is obvious. The second
assertion in (3.20) follows from

IRN\Q)CQ and IR"\Q)NQ =0.

If x € 0§ for a domain €2 with (Q)° = Q then x € 8([R”\S:2). Together with (3.20)
one obtains 02 = d(R*\2). Conversely let Q2 = d(R*\2) and x € (2)°. Then
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either x € Q or x € 9Q = J(R*\Q). But the latter is not possible. Hence x € 2 and
(Q)° = Q. This proves (ii).

Step 3. If Q is E-thick and x € 9% then it follows x € d(R”\Q) and by (3.20)
that 9Q = 9(R"\Q). Now one obtains (Q)° = Q by (3.21). Furthermore, R”\ is
I -thick. This proves (iii). Part (iv) follows from Definition 3.1. O

Remark 3.7. The first assertion in part (i) of the above proposition is a cornerstone
of the considerations in [Jon81], [See89] in connection with the extension problems
(3.13), (3.14). In good agreement with Remark 3.2 the arguments in these papers rely
on Whitney cubes with universal equivalence constants. But there exist connected / -
thick domains which are not (g, §)-domains. Let 0 < o < 1 and let locally  C R?
below the curve x, = |x1|%, Figure 3.3. Then € is [ -thick, but not an (g, §)-domain

Figure 3.3

Figure 3.4

(the indicated connecting curves are too long). Furthermore if €2 is locally above the
curve x, = |x1|% as indicated in Figure 3.4, then Q2 is E-thick but not an (g, §)-domain
(possible croissants are not fat enough). But there is an other difference between E-
thick, / -thick domains on the one hand and C *°, Lipschitz, (g, §)-domains on the other
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hand. There are E-thick domains 2 and /-thick domains €2 such that |9€2| > 0 with
the consequences discussed so far in Remark 2.2. We give an example and return for
this purpose to the construction (2.11), (2.12). Let I; be the same intervals as there. Let
J? with I € N be intervals in (0, 1) of length & - 27/ and dist(J,, 0) ~ 27!. Similarly
J ll are corresponding intervals approaching 1. Let € > 0 be small and

o0
Q= Jmurui)). (3.23)
=1

Then Q2 is I -thick with
02 =[0,1\2 and [092] > 0. (3.24)

To construct a corresponding E-thick domain we use the domain 2 in (2.11) now
written as
o0 o0
e=Jn=1. (3.25)
=1 =1

where [ 10 are disjoint intervals. We decompose each / lo into
=1 v ui? (3.26)

where /' is the union of disjoint intervals /', of length ~ 27%|1°|, k € N. Similarly

for 1 12. This can be done in such a way that / ll is E-thick with the related exterior
intervals in / 12 and vice versa. Then

oo oo
Q'=J1' ad @>=[]17 (3.27)
I=1 =1

are E-thick and
0 < [0R] < |aQ'] + |0R2|. (3.28)

Hence there are E-thick domains w with [dw| > 0.

Thick domains, (e, §)-domains and bounded Lipschitz domains have the same
meaning as in Definitions 3.1 and 3.4.

Proposition 3.8. (i) Any bounded Lipschitz domain is thick.

(ii) Any connected bounded Lipschitz domain is an (¢, §)-domain.

(iii) The classical snowflake domain Q in the plane R? according to Figure 3.5, is
a thick (g, 8)-domain.

Proof. Parts (i) and (ii) are more or less obvious. If Q is the indicated snowflake
domain then it is also and (e, §)-domain as can be seen elementary. Then it follows by
Proposition 3.6 (i) that €2 is /-thick. It remains to prove that €2 is also E-thick. This
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Figure 3.5.

follows from a careful examination of the indicated construction in Figure 3.5. Starting
atlevel 37/ it follows by geometrical reasoning that the following construction remains
inside of the triangle A BC, whereas the indicated strip S, vertically translated by 37/,
remains free of points of Q. Hence for Q' with [(Q?) ~ 37/ as shown one finds in
this strip a complementing cube Q¢ with [(Q€) ~ 37/. O

Remark 3.9. The examples in Remark 3.7 make clear that E-thick and 7 -thick domains
may be rather bizarre. Even the more regular (¢, §)-domains cover some domains with
fractal boundary. In connection with the above snowflake domain we refer to [Maz85],
Section 1.5.1, pp. 70-71, where one finds an alternative construction of a snowflake-
like (e, §)-domain in the plane R? based on squares instead of equilateral triangles.
Otherwise we believe that (exterior and interior) thick domains are at the heart of
the matter for problems of the theory of function spaces on domains as considered in
this book: wavelet characterisations, linear extensions to R”, and intrinsic descriptions.
However there is a large variety of similar notation adapted to (other) specific questions.
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Based on [TrW96] and [ET96], Section 2.5, we describe in Remark 4.29 below what
is meant by (exterior and interior) regular domains and what can be said about atomic
representations for related function spaces in these domains. Furthermore we refer to
the corkscrew property for non-tangentially accessible domains introduced in [JeK82]
in order to study boundary value problems for second order elliptic equations. Details
and generalisations (domains of class S) may be found in [Ken94], pp. 4, 8. In
connection with Sobolev and Poincaré inequalities for function spaces (preferably
Sobolev spaces) conditions of the above type play a role resulting in John domains
and plump domains. Details, references, examples and discussions may be found in
[EAE04], Section 4.3.

3.2 Wavelet bases in A 2q ()

3.2.1 The spaces F g ()

In arbitrary domains Q in R” with 2 # R” we have the orthonormal u-wavelet bases

{®/: jeNg;r=1,....,N;} withN; € N (3.29)

in L,(2) according to Theorem 2.33 based on Definitions 2.4, 2.31. We extended this
assertion in Theorem 2.38 to the refined localisation spaces Fpy () with

0<p=<oo, 0<g=o00,s>0p, (3.30)

(g = oo if p = 00) as introduced in Definition 2.14 with (2.56)—(2.58). In particular,
any f € Fg;'°°(2) can be uniquely represented as

oo N;

f=Y Y M2l de fi,(Za). (3.31)

j=0r=1

where f, (Zg) are the sequence spaces according to Definition 2.6 and

M=) =2 (fo) =22 [ fwelwar. 632
Q

It is the main aim of Section 3.2 to extend these wavelet representations (bases, isomor-
phisms onto related sequence spaces) to some spaces /Ij, 4(€2) and A3, () according
to Definition 2.1 where €2 is now assumed to be E-thick. First we prove by direct argu-
ments that the spaces F, zfq (£2) with (3.30) have the same wavelet representations (3.31),

(3.32) as the spaces F;;Iﬂoc(Q) with the consequence that these two spaces coincide.
Proposition 3.10. Let Q2 be an E-thick domain in R" according to Definition 3.1 (ii).

Let
O0<p=<oo, 0<g=<o0, s§>0p, (3.33)
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(g = c©if p = 00). Let Fpsglrloc(Q) be as in Definition 2.14, (2.56)—(2.58), and F:fq ()
be as in Definition 2.1 (ii) (with I::cfooo(Q) = Egooo (2)). Then

FEloc(Q) = F3,(Q). (3.34)

Proof. As indicated above we prove that F g (§2) has the same wavelet representation

as Fpy *(£2) with (3.34) as a consequence. Let f be given by (3.31) where {®/ } is an
u-wavelet system according to Definition 2.4 with u > s. After correct normalisations
one has an atomic representation in F,; (R") (no moment conditions are needed). Then
it follows from Definition 2.6 and Theorem 1.7 that

£ IES, (@ < I f 1F (I = L f |Fgy RO < e A f5,Z)ll.  (3.35)

Conversely let f € ﬁlfq(Q). If p < oo then it follows from (2.71) with 1 < v < oo
and Theorem 2.36 that f can be represented as

oo Nj

F=Y > MH2ivre] (3.36)

j=0r=1

at least in L,(2). If p = oo and, hence, also v = o0, then one has (3.36) at least
locally. But this is sufficient also in case of p = g = oo (recall that all spaces are
considered as subspaces of D’(€2)). We wish to apply Theorem 1.15 (i) with A = 0
and u = B > s to the kernels

ki =2/"2®], jeNg:ir=1,...N;. (3.37)

As for the correct normalisation we refer to Definition 2.4, based on (2.27) and (1.39).
In case of the basic wavelets (2.32) and the interior wavelets (2.33) these kernels have
the required moment conditions as a consequence of u > s and (1.88). This need not
to be the case for the boundary wavelets in Definition 2.4 (iii). Let ki be given by
(3.37) where @ is a boundary wavelet according to (2.34), (2.35). We may assume
that j > jo where j is sufficiently large. Then

suppk! C Q' (3.38)

for a suitable interior cube with (3.7). Let Q¢ be a related complementing cube with
(3.8). Then there is a function k{ € C*(R") with suppk; C Q¢ such that k7,

K (x) = ki (x) + kI (x), xeR", (3.39)

is an admitted kernel having in particular the required moment conditions. The exis-

tence of such complementing functions lgl is quite plausible but not obvious. A detailed
construction may be found in [TrW96], pp. 665-66. Let g € F,,(€2) with g|Q2 = f
and

lg 1 Fpg (R = llg 1y Il < 21 f 155, ()] (3.40)
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Since supp g C Q one has

/ k! (x) g(x)dx = / k/ (x) f(x)dx. (3.41)
R” Q
Now we can apply Theorem 1.15. One obtains that

M) 1 Sy @) < € N1 [ Fpg (R < ¢ 1f [Fpg (). (3.42)

Together with (3.35) it follows that ﬁlfq (R2) is the collection of all f which can be
uniquely represented by (3.36) with

1LF 1Epg @) ~ I1A(F) | fpg @) (3.43)
But according to Theorem 2.38 this is the same as for the corresponding representation
in F3;°°(82). This proves (3.34). O

3.2.2 The spaces A 2qg(2) 1

We are now ready for the main result of Chapter 3. Let A7 (£2) and ffls,q (2) be the
spaces introduced in Definition 2.1 for arbitrary domains € in R” with Q # R”,
considered as subspaces of D’(2). Let

1 ) ( : )
o, =nl—-—1 and o0, =n|——-1}) , 0<p,g<o0, (3.44)
P (p + P min(p.q) /+ P4

with b4 = max(b, 0) if b € R, be the same numbers as in (1.32).

Definition 3.11. Let 2 be an E-thick domain in R” according to Definition 3.1 (ii).
Then

F~Ifq(Q) if0<p<o00,0<g=<00,5> 0y,
Fpy(Q) = {Fp () ifl<p<oo,1<q<o0,5=0, (3.45)
Fp () if0<p<o00,0<g=<o0,s5<0,
and
~ qu(Q) if0<p=<o00,0<g=<o00,s5>0p,
B,,(Q)= (B (Q) ifl<p<o00,0<g=o0,s=0, (3.46)
B, () if0<p=<o00,0<g=<o00,s<0.

Remark 3.12. Recall that all spaces are considered as subspaces of D’(2). As always
Q # R”. By Proposition 3.10 the refined localisation spaces Fy; °*(£2), introduced in
Definition 2.14 in arbitrary domains 2 in R” with Q # R”, coincide with the spaces
szq (Q) = I*:lfq (2) if Q is E-thick and s > 0,4. This assertion has a little history
mentioned briefly in Remark 2.17. In Definition 3.4 we recalled what is meant by
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bounded Lipschitz domains and bounded C *° domains in R”. In [TO1], Theorem 5.14,
p- 60-61, we proved ~(3.34) for bounded C *° domains in R”, called the refined locali-
sation property for F,, (£2). We obtained in [T06], Proposition 4.20, p. 208, the same

N

assertion for F, ¢ (§2) in bounded Lipschitz domains under the additional restriction

q

l<p,g=<oo (gq=o00if p=00), s>0.

This is now valid for all p, ¢, s in (3.33) since bounded Lipschitz domains are E-thick
according to Proposition 3.8 (i). However in [T06], p. 209, Remark 4.21, footnote, we
already indicated that such an extension might be possible. Now we have this refined
localisation property of F,,,(£2) in all E-thick domains. This class of domains seems
to be natural for questions of this type. In other words, beyond E-thick domains the
refined localisation spaces Fpy () according to (2.56)~(2.58) seem to be the right

way to look at spaces of this type.

Letby,(Zg) and f,,(Zg) be the same sequence spaces as in Definition 2.6. One
word about the convergence of the series in the following theorem seems to be in order.
The u-wavelet system {® } according to Definition 2.4 in  can also be considered as
an u-wavelet system in R”. Hence instead of saying that a related series converges in
D’(R2) one could equally say that this series converges in §’(R"). Similarly one can
likewise say that such a series converges locally in /qu (_Q) or locally in A7, (R"). In
particular, if €2 is bounded then convergence locally in A7, (£2) means convergence in
ngq (£2). Hence as far as convergences and other technicalities are concerned (duality
etc.) we are in the same position as in Theorem 1.20 where one finds corresponding
comments in front of this theorem and in the first step of its proof.

Theorem 3.13. Let Q2 be an E -thick domain in R" according to Definition 3.1 (ii). Let
foru e N, ' 3
{@j: Jj € No; rzl,...,Nj} with N; € N, (3.47)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defini-
tions 2.31, 2.4.

() Let F,,(S2) be the spaces in (3.45) and let
u > max(s,opg —5), § #0. (3.48)
Then f € D'(Q) is an element of Flfq () if, and only if, it can be represented as
=YY M2l re f3(Za). (3.49)
j=0r=1

unconditional convergence being in D'(Q2) and locally in any space I*:Ifq (2) with
o < s. Furthermore, if f € I‘:Ifq (R2) then the representation (3.49) is unique with

A =20/),
M=) =22 (f.0]). (3.30)
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and ' '

I: f e A(f) =22 (f.®])) (3.51)
is an isomorphic map of Flfq () onto fp,(Zg). If; in addition, g < oo then {be} is
an unconditional basis in FPS (2).

X q
(ii) Let B;q (R2) be the spaces in (3.46) and let

u > max(s,o, —5), §#O. (3.52)

Then | € D'(Q) is an element of E;q (R2) if; and only if, it can be represented as

oo Nj
f=Y 3 227"l Lebs, (Za). (3.53)
j=0r=1
unconditional convergence being in D'(2) and locally in any spaces qu (2) with
o < s. Furthermore, if f € Els,q (2) then the representation (3.53) is unique with
A = A(f) asin(3.50) and I in (3.51) is an isomorphic map ofE;q () onto by, (Zg).
If, in addition, p < 00, q < 00, then {CD{} is an unconditional basis in Els,q ().
Proof. Step 1. Part (i) with s > 0, is covered by Proposition 3.10. The proof given
there applies also to the spaces B;,(2) with s > 0p. Hence it remains to prove the

theorem for the spaces with s < 0.
Step 2. We prove (i) for the third line in (3.45) in three steps. Let in particular

s <0 and u > opg —s. (3.54)

Recall that the interior wavelets in (2.33) have the cancellation property (2.152). Then
it follows by Theorem 1.7 (ii) that

al =27/67%) =in/2 ¢J (3.55)

are atoms in F, (R") if @] are basic wavelets or interior wavelets according to Defini-

tion 2.4 (neglecting immaterial constants). As for the boundary wavelets CID{ in (2.34),
(2.35) we are in a similar situation as in (3.38), (3.39). By the same arguments one can
complement

@/ with supp®/ C Q' by &ﬂ e C*(R") with supp <CI>>{ C Q¢
such that af,
al (x) = 277075 2712 (@] (x) + B (x)), x € R, (3.56)

is an atom in £}, (R") having the needed moment conditions. Let now f be given by
(3.49). Then

oo Nj

g=>Y > 2/ al. re fy(Za). (3.57)

j=0r=1
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is an atomic decomposition of g in Fj, (R") with g|€2 = f. One has by Theorem 1.7
that

IS 1 Epg (DI = 118 | Fpg (RN = c 1A ] £ (Z2)- (3.58)
Step 3. Next we assume that f* € F (£2) can be represented by
e NJ . . .
f=22 MHanrel. (3.59)
j=0r=1
As in (3.36), (3.37) we interpret
M(f)y=2"2(f,0]) = (fk]), ki =2"70], (3.60)

as local means with respect to the kernels kf . Again the kernels kf have the desired
normalisation (1.39). One can apply Theorem 1.15 with A = u > 0,4, —sand B = 0.
In particular, no moment conditions are required. Then it follows that

IAC) | fpg(Z) < ¢ ILf 1 Fpg (R (3.61)

Let g € F,, (R") with g|Q2 = f. Then A(f) = A(g) and one has (3.61) with g in
place of f on the right-hand side. Taking the infimum over all such g one arrives at
(3.61) with €2 on the right-hand side instead of R”. Together with (3.58) one obtains

IAC) 1 f g (Z) |l ~ 1L 1Fg ()l (3.62)

forall f € F;,(€2) which can be represented by (3.59).

Step 4. In other words, it remains to prove thatany f € F,, (£2) can be represented
by (3.59). Let 1 < p < ocoand 0 < g < co. Then S(R2) = S(R")|2 is dense in
F,,(§2). Since

S(Q) C Lp(Q) — F,,(R) (3.63)
it follows that L, (€2) is also dense in F},,(€2). According to Theorem 2.36 any f €
Lp(2) can be represented by (3.59). Let f € F,, ($2) and let { f;} C Lp(£2) be an

approximating sequence. By (3.62) with f; in place of f and Fatou’s lemma one has
A(f) € fpq(Zg). Then it follows from Step 2 that

oo Nj

g=>Y > M(NH2 /] e F3,(Q). (3.64)

j=0r=1

By the same arguments as in R” one obtains f = g, where details may be found in
[TO6], p. 155. This proves that any f* € F,,(£2) can be represented by (3.59). By

F3o(Q) = F58(Q), >0, (3.65)

one has a corresponding assertion for F;,(€2) with 1 < p < 00,5 < 0. If p < 1 then
one obtains the desired representability from the continuous embedding

Fpu(Q) = F(Q), s-— % =0—-"2,1<r<oo. (3.66)
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This covers all cases and proves part (i) of the above theorem.
Step 5. The proof of part (ii) for the B-spaces is the same at least as long as p < oo.
Let p = oo. If Q is bounded then the representability (3.59) follows from

B3, () — B, (), 0<p<oo. (3.67)

The question of the representability (3.59) in D’(£2) is a local matter (it must be tested
against ¢ € D(2)). Then it follows from the local nature of <I>{ and the above
considerations that f* € B, (€2) can also be represented by (3.59) if €2 is unbounded.

Step 6. By the above arguments it follows that [ is the indicated isomorphism. In
particular if p < oo, g < oo then {d>{ } is an unconditional basis. O

Remark 3.14. So far we have a satisfactory assertion for the spaces Ag 4(§2) of smooth-
ness zero only in case of L,(2) = F;?,z(Q)’ 1 < p < co. We refer to Theorem 2.28.
We return to spaces of smoothness zero in Section 3.2.4. Then it will be clear that one
needs some further properties of the underlying domain €2 to extend the above theorem
to spaces of smoothness zero.

3.2.3 Complemented subspaces

Theorem 3.13 gives the possibility to interpret ffzq (Q)withA = BorA = Fasa
complemented subspace of A4y, (R"). This will be of some use later on in Chapter 4 in
connection with the extension problem.

Asusual T: A — B means that T is a linear and bounded (continuous) operator
(map) from the quasi-Banach space A into the quasi-Banach space B. If T = id is a
linear and bounded embedding then we often shortenid: A < B by A — B.

A subspace B of a quasi-Banach space A is called complemented if there is a linear
and bounded operator P, called a projection, with

P: A< A, PA=B, P?>=P. (3.68)
If b € Band b = Pa for some a € A, then
Pb= P?a=Pa=b, beB. (3.69)

Hence P, restricted to B, is the identity and B = {a € A : Pa = a}. In particular B
is a closed subspace of A. This extends naturally well-known properties of projections
in Banach spaces to quasi-Banach spaces.

The spaces F:fq(Q) with s > 0,4 and E;q(Q) with s > o, are subspaces of
D’(Q2). If Q is E-thick then one has the unique representations (3.49), (3.53) and
the isomorphic map / in (3.51) onto corresponding sequence spaces. In the proof of
Proposition 3.10 and in Step 1 of the proof of Theorem 3.13 we considered (3.36) as
an atomic representation in R” (after correct normalisation of the R”-atoms ®;., where
no moment conditions are needed). In particular,

L [Epg (N~ L [E5g®RIL, - f € Fpg (<), (3.70)
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represented by (3.36), with p, ¢, s as in (3.33). Similarly for E;q (£2). Let temporarily
idA3,(€2) be Ehe spaces A3, ($2) interpreted in this way as closed subspaces of 43, (R").
Recall that A7, (€2) has been introduced in Definition 2.1 as a closed subspace of
AS (R™).

2z

Proposition 3.15. Let Q be an E-thick domain in R" according to Definition 3.1 (ii).
Let fff,q (Q) and /fj,q (2) be the spaces introduced in Definition 2.1 (ii). Let idz‘f‘;q ()
be as above. 5

() Let0 < p < 00,0 < g <00, 5> 0pg. Then idF,(2) is a complemented

subspace both of F, (R") and of flfq (Q). Furthermore,
Fpu(Q) =1dF,, () ® th € F,,(R") : supph C 9%2}. (3.71)

(i) Let 0 < p < 00,0 < g <00, s > 0p. Then idEIS,q(Q) is a complemented
subspace both of B, ,(R") and of E;q (Q). Furthermore,

B; (Q) =idB} () & {h € By, (R") : supph C 9Q}. (3.72)

Proof. Let [ € f;q (2) with p, ¢, s as in part (i) be given by (3.36) now considered
as an atomic representation in F, (R"). If ®/ are boundary wavelets then the related

kernels lgr/ have the same meaning as in (3.39), (3.38), complemented by
ki =2/"2®/  j e N, (3.73)

for basic and interior wavelets <I>{. In analogy to (3.36) with (3.50) we put

oo Nj
Pf=>3 3 "AN(NH27"*®]. feF5 R, (3.74)
j=0r=1
with
AJ(f) =22 / kf (x) f(x)dx. (3.75)
[Rl?

On the one hand, (3.74) is an atomic decomposition in F,, (R") to which Theorem 1.7
can be applied. On the other hand, (3.75) are local means in F,;,(R") having the
necessary moment conditions according to Theorem 1.15. Both together result in

IPf [ Fpg (RN = c 1A | fpg(Zo)l = "I f 1Fg (R (3.76)

Hence, P is alinear and bounded operator in F;, (R"). Furthermore, Pf € idF g (§2)-

If f e idF~Ifq(§2) then (3.74) coincides with (3.59), (3.60). Hence Pf = f. In
particular one has

2 _ . . =
P2=PinFS,(R"), PFS,(R") =idF5 (). (3.77)
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and (3.70). Hence P is a projection of Fj;,(R") onto idﬁlfq (2). Furthermore, one has
Pth € F,,(R"): supph C 0Q} =0 (3.78)

and the decomposition (3.71). This proves part (i). The proof of part (ii) is the same.
O

3.2.4 Porosity and smoothness zero

On the one hand Definition 3.11 applies also to some spaces Ag ,(§2) of smoothness zero
in E-thick domains. On the other hand in Theorem 3.13 we excluded just these spaces.
With exception of the spaces L,(£2), 1 < p < oo, where we have the satisfactory
Theorem 2.36, spaces of smoothness zero require always some extra considerations.
We need some fractal arguments, characteristic functions as pointwise multipliers and
some more or less sophisticated interpolation. But nothing of this will be treated in
this book in detail and for its own sake. So we will be brief, restricting ourselves to
formulations, outline of proofs and references. First we complement Definition 3.1 (ii)
where we introduced E-thick domains and Definition 3.4 (i) where we said what is
meant by porosity. For this purpose we recall that a locally finite positive Radon
measure 4 in R” is called isotropic if there is a continuous strictly increasing function £
on the interval [0, 1] with 4(0) = 0, A(1) = 1, and

w(B(y,r)) ~h(r) withy el =suppu, 0 <r <1, (3.79)

(where the equivalence constants according to (3.5) are independent of y and r). For
details, discussions, and conditions ensuring that Radon measures with these properties
exist we refer to [T06], Section 1.15.1, pp. 95-97 (where we assumed that I' = supp
is compact, but this is immaterial). There one finds also references and examples with

hry=r?, 0<r<1,0<d<n (3.80)

as the most distinguished case (d -sets). We call a closed set I" in R” uniformly porous if
it is porous according to Definition 3.4 (i) and if there is an isotropic Radon measure @
with (3.79).

Definition 3.16. Let 2 be a domain (= open set) in R” with Q # R”. Let ' = 9Q2.

(1) Then 2 is called E-porous if there is a number  with 0 < 1 < 1 such that one
finds for any ball B(y,r), centred at y € I' and of radius r with 0 < r < 1, a ball
B(y,nr) with

B(y,nr) C B(y,r) and B(y,nr)NQ = @. (3.81)

(i1) Then €2 is called uniformly E-porous if it is E-porous and if T" is uniformly
porous.
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Remark 3.17. Porous sets (sometimes also called sets satisfying the ball condition) as
introduced in Definition 3.4 (i) play a role in fractal geometry and also in the theory of
function spaces. We refer to [T06], Definition 9.20, Remark 9.21, p. 393, Remark 2.32,
p- 146, and [TO1], Sections 9.16-9.18, pp. 138—141, where one finds also some prop-
erties. In particular as also mentioned in Remark 3.5, from (3.81) one has (3.17) with,
say, 11/2 in place of . Hence the boundary I" of an E-porous domain is porous. Al-
though porosity and fractal measures are not the subject of this book we collect a few
properties which are related to our intentions. In particular we wish to say a word how
E-porous and E-thick domains introduced in Definition 3.1 are related to each other.

Proposition 3.18. Ler Q2 be a domain (= open set) in R" with Q # R" and T’ = 0Q.
(1) If Q is E-porous then Q is E-thick and |T'| = 0.
(11) If Q is E-thick and if there is an isotropic Radon measure . with (3.79) and

hQ277) < 2P Rl forall j € No, 1 € N, (3.82)

and some positive numbers ¢ and A, then Q is uniformly E-porous.
(iii) If Q2 is E-thick and if there is an isotropic Radon measure p with (3.79), (3.80)
(which means that T is an d -set), then Q2 is uniformly E-porous andn — 1 < d < n.

Proof. Step 1. Part (i) follows easily from Definition 3.1 (ii) and [T01], Section 9.17,
pp. 138-39 (as far as |[I'| = 0 is concerned).

Step 2. We prove (ii). According to [TO1], Proposition 9.18, pp. 13940, (3.82)
is a (necessary and sufficient) criterion for the porosity of I' with (3.79). Since we
assumed that 2 is E-thick it follows that €2 is uniformly E-porous.

Step 3. We prove (iii). If I" is an d-set with d < n then we have (3.82) with
A = n —d. By (ii) it follows that € is uniformly E-porous. It remains to prove
0 <n—1=<d < n. Since Q is E-thick we may assume without restriction of
generality that

On1={x=x,00:0<x;<1;j=1,....n—1} CQ (3.83)

and that on each line {x’, x,} with x’ € Q,—1 and 0 < x, < oo there is at least
one point y € I'. To avoid a contradiction it follows by elementary reasoning that
d>n-—1. O

Let A7, (R") be one of the spaces according to Definition 1.1. Then m € Loo(R")
is said to be a pointwise multiplier for Ay, (R") if

S+ mf generates a bounded map in Ay, (R"). (3.84)

Of course one has to say what this multiplication means. But this is not our topic.
A careful discussion may be found in [RuS96], Section 4.2. We are interested only
in characteristic functions yg of domains €2 as pointwise multipliers. This is a dis-
tinguished case which attracted a lot of attention. One may consult [RuS96], [T06],
Section 2.3, and the literature mentioned there. We rely here especially on [Tri03]. Let
Ay, (£2) and /I;q (£2) be the same spaces as in Definition 2.1.
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Proposition 3.19. Let Q be a domain in R™ with Q # R". Let I' = 02 be uniformly
porous (Which means that T is porous according to Definition 3.4 (i) and that there is a
Radon measure  with (3.79)). Let yq be the characteristic function of 2. Then there
is a number § with 0 < § < 1 such that ygq is a pointwise multiplier in

Fp,(R"), 1<p<oo, 1<g<oo §(z-1)<s<3 (3.85)
and in
By (R"), 1<p<o0,0<qg<oo §(5—1)<s<$. (3.86)
Furthermore, 5
F5,(Q) = F3,(Q) (3.87)

with p, q, s as in (3.85), and
B;q(Q) = Bls,q(Q) (3.88)
with p, q, s as in (3.86).

Proof. The multiplier assertions are essentially covered by [Tri03], Corollaries 3, 4,
where one may choose § = A with A as in (3.82). (There we assumed that € is
bounded, but this is immaterial.) In particular, ext,

fx) ifx e,

@I =100 iy erne

(3.89)

is a linear and bounded extension operator from F,,(£2) with p, ¢, s as in (3.85) into
F,,(R") and from B, (2) with p, g, s as in (3.86) into B, (R"). Then one obtains
(3.87) and (3.88). O

Remark 3.20. Let 43, (R") be either F, (R") in (3.85) or B,,(R") in (3.86). Then
one has as a by-product

{he AS,(R") : supph C 32} = {0} (3.90)

Otherwise we refer for technicalities, more general assertions and the related literature
to [RuS96], [T06] and in particular to [Tri03].

Now one can complement Theorem 3.13 by spaces of smoothness zero. All notation
have the same meaning as there. This applies also to diverse technicalities.

Proposition 3.21. Let Q be an uniformly E-porous domain in R" according to Defi-
nition 3.16 (ii) with Q # R". Let foru € N,

{®]: jeNo;r=1....N;} withN; €N, (3.91)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defini-
tions 2.31, 2.4.
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(1) Then f € D'(R) is an element of
Fp(R), 1<p<oo, 1<g<oo, (3.92)

if, and only if, it can be represented as

oo Nj
f=Y Y M2 el re fh(Za). (3.93)

j=0r=1

unconditional convergence being in D’(2). Furthermore, if f € Flg)q (2) then the
representation (3.93) is unique with A = A(f),

M=) =2 (f.9]) (3.94)

and

I f e A(f) = {272 (f, @)} (3.95)

is an isomorphic map of F 1704 (2) onto fpoq (Zg). Furthermore, { o } is an unconditional
basis in Fy, ().
(ii) Then f € D'(RQ) is an element of

BY,(R). 1<p<o0 0<q<oo, (3.96)
if, and only if, it can be represented as

oo Nj

=YY Mol rebd (Za). (3.97)

j=0r=1

unconditional convergence being in D'(QQ). Furthermore, if f € BI(,)q () then the
representation (3.97) is unique with A = A(f) as in (3.94) and I in (3.95) is an
isomorphic map of ng () onto bl())q(ZQ). If, in addition, ¢ < oo then {CDf} is an
unconditional basis in Bz?q ().

Proof. By Proposition 3.18 (i) the domain €2 is E-thick. Then one can apply Theo-
rem 3.13 to the spaces Fj,, (€2) covered by (3.85), (3.87) with s # 0 (recall that § < 1).
If s > 0 is chosen sufficiently small such that ext in (3.89) is an extension operator
both for F;,(€2) and F,;’(€2) then the complex interpolation

[szq (€2), Fp_qs (Q)]% = Fpoq (€2) (3.98)

follows from the well-known R”-counterpart

[Fpg(R™). Fpf (RM)]y = Fpy(R™), (3.99)

1
2
where 1 < p < 00, 1 < g < co. By real interpolation one obtains

(Bpg (). B ()1, = By () (3.100)
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where 1 < p < 00,0 < g < oo. There are counterparts for the corresponding se-
quence spaces f,,(Zg) and by, (Zg). As far as complex and real interpolation and
applications of common extension operators are concerned we refer to [T06], Sec-
tion 1.11.8, pp. 69-72, where we dealt with problems of this type in case of bounded
Lipschitz domains. A few comments about interpolation may also be found in Sec-
tion 4.3.1 below. The arguments in the Step 2 of the proof of [T06], Theorem 4.22,
p- 213, show how one can incorporate the desired interpolation formulas for the related
sequence spaces. We used this type of argument also in connection with the proof
of [T06], Corollary 4.28, pp. 216-17. Now the isomorphic mapping properties of /
extend from 0 < |s| small to s = 0. This completes the proof. O

Remark 3.22. The proof of Theorem 3.13 relies on the observation that, according to
Theorem 1.7, one does not need moment conditions for atoms if § > 0, or § > 0pyq,
and that, according to Theorem 1.15, one does not need moment conditions for kernels
of local means if s < 0. This excludes in particular spaces with s = 0. The above
considerations might be considered as an attempt to circumvent this handicap. One has
to pay a price: We strengthened the natural class of E-thick domains in Theorem 3.13
by the smaller class of uniformly E-porous domains in Proposition 3.21. On the one
hand the notation of porosity (also called ball condition) is closely related to some
problems in the theory of function spaces, especially to the question under which
conditions the characteristic function yg of a domain €2 is a pointwise multiplier in
spaces of smoothness zero. We refer to [T06], Remark 2.32, p. 146, and in particular to
[Tri02], [TriO3]. On the other hand one may ask whether (first) moment conditions for
atoms or kernels of local means for spaces of smoothness zero are really necessary. But
this is the case. It came out quite recently that (first) moment conditions for atoms in
spaces of smoothness zero are indispensable, even for L, (R"). We refer to [Vyb08al].
Corresponding assertions for spaces with0 < p < land s = n(% - 1) may be found
in [Sch08].

3.2.5 The spaces A- pq (82) 11

It seems to be reasonable to summarise the above considerations and to clip together
Theorem 3.13 and Proposition 3.21. We do not repeat the technicalities preceding
Th602r€:6m 3.13. Let by, (Zg) and f,,(Zg) be the same sequence spaces as in Defini-
tion 2.6.

Theorem 3.23. Let 2 be an uniformly E-porous domain in R" according to Defini-
tion 3.16 (ii) with Q # R". Let foru € N,

{®]: jeNo:r=1,....N;} withN; € N, (3.101)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defini-
tions 2.31, 2.4.



90 3 Spaces on thick domains

(i) Let F3,(S) be the spaces in (3.45) and let
u > max(s, opg — ). (3.102)

Then | € D'(Q) is an element of Flfq () if, and only if, it can be represented as

oo Nj
f= ZZM 272l de fi(Za), (3.103)
j=0r=1

unconditional convergence being in D'(Q2) and locally in any space Fzgq (2) with
o < s. Furthermore, if f € f;q (2) then the representation (3.103) is unique with

A =20/),
M = M) =22 (f.0]), (3.104)

and

I: f e A(f) = {2/"2(f, 0]} (3.105)

is an isomorphic map of I*:Ifq(Q) onto fpsq (Zg). If; in addition, g < oo then {CI#} is
an unconditional basis in Flfq ().
(ii) Let E;q (R2) be the spaces in (3.46) and let

u > max(s, o, — 5). (3.106)

Then | € D'(Q) is an element of E;q (R2) if; and only if, it can be represented as

oo Nj
f=Y 3 22"l Lebs, (Za). (3.107)

j=0r=1

unconditional convergence being in D’'(Q2) and locally in any space qu () with
o < s. Furthermore, if f € qu (2) then the representation (3.107) is unique with
A = A(f) as in (3.104), and I in (3.105) is an isomorphic map of E;q(Q) onto
b_ls]q(ZQ). If, in addition, p < 0o, ¢ < o0, then {Cbi} is an unconditional basis in
B, ().

Proof. By Proposition 3.18 the domain €2 is E-thick. Then the above assertion follows
from Theorem 3.13 and Proposition 3.21. O

Remark 3.24. If u € N is given then / in (3.105) is a common isomorphic map
for all /T;q (£2) with (3.102), (3.106) onto respective sequence spaces. This gives the
possibility to shift mapping problems between these function spaces to corresponding
assertions between sequence spaces where they often can be treated more easily. We
refer to [DNSO06a], [DNS06b], [DNS07] and the literature listed there. In numerical
analysis preference is given (so far) to bounded Lipschitz domains which are covered
by the above considerations.
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Corollary 3.25. Let 2 be either a bounded Lipschitz domain in R" withn > 2 accord-
ing to Definition 3.4 (iii) or the classical snowflake domain from Proposition 3.8 (iii) and
Figure 3.5, p. 76, in R?. Then Q is uniformly E-porous according to Definition 3.16 (ii)
and Theorem 3.23 can be applied.

Proof. By Proposition 3.8 the domain €2 is E-thick in both cases. If €2 is a bounded
Lipschitz domain in R” withn > 2 then I' = 92 is an (n — 1)-set. The boundary I" of
the above snowflake domain is the so-called snowflake curve (Koch curve). Itis an d -set
with d = {gi; (Hausdorff dimension). We refer, for example, to [Mat95], pp. 66—68.
Some relevant calculations may also be found in [T06], pp. 359-60. Then it follows
from Proposition 3.18 (iii) that €2 is uniformly E-porous. In particular, Theorem 3.23

can be applied. O

Remark 3.26. There is little doubt that one can find for any d withn — 1 <d <n
a bounded E-thick domain 2 in R”, n > 2, such that ' = 92 is an d-set. Then it
follows from Proposition 3.18 (iii) that €2 is uniformly E-porous and one can apply
Theorem 3.23. We refer to [T97], Section 16.4, p. 123, based on [T97], Theorem 16.2,
Remark 16.3, pp. 120-22, where we constructed bounded star-like domains €2 such
that ' = 02 is an d-set withn — 1 < d < n. However it was noticed by A. Carvalho
that some arguments given there are not correct. He gave a modified proof in [Car06].
The construction produces (presumably) also an E-thick domain. In Theorem 5.43
we complement the above assertions in case of so-called bounded cellular domains,
covering some spaces so far excluded in Theorem 3.23.

3.3 Homogeneity and refined localisation, revisited

3.3.1 Introduction

We return to Section 2.2. For the spaces /Tj, ¢(Ux) from Definition 2.9 we claimed the
homogeneity (2.43). According to Remark 2.12 we know this property so far for the
spaces F. Ifq (Uy) with (2.45), hence the first line in (2.40), but not for the other cases. It
will be our first aim to seal this gap now. This will be done in Section 3.3.2. It justifies
afterwards the pointwise multiplier Theorem 2.13 for all cases and the assertions about
the refined localisation spaces from Section 2.2.3. This will not be repeated. In

Proposition 3.10 we proved that
F3l(Q) = F3, ()., 0<p,q <00, 5> 0pq. (3.108)

(¢ = oo if p = o0) extending (2.63) from bounded C *° domains, [T0O1], and bounded
Lipschitz domains, [T06], to E-thick domains. It is the second aim of the present
Section 3.3 to prove

F3m(Q) = F3 (), 0<p.g<oo, s<0, (3.109)
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(g = oo if p = oo) for the other spaces in Definition 2.14 if €2 is E-thick, comple-
mented by a corresponding assertion if s = 0. This will be done in Section 3.3.3. Both
(3.108) and (3.109) (complemented by a corresponding assertion for s = 0) cover also
(2.42) what justifies finally the notation used in (2.40).

3.3.2 Homogeneity: Proof of Theorem 2.11

It does not matter whether U, in (2.39) are balls or cubes. To fix the imagination let
us assume that
Uy={xelR": |x| <A}, 0<A<1, (3.110)

are balls. Let U = U,;. Let /TIS,q(U)) with A = B or A = F be one of the spaces
according to Definition 2.9. Then we have to prove that

I A, W)~ 275 | £ 1B, U], 0<A<1, 3.111)

where the equivalence constants are independent of A and of f € /T;Q(U;k). As
mentioned in Remark 2.12 this assertion is known for

F3oe(Uy) = F3,(Uy) = F3,(Up)  withs > 0pq,

hence the first line in (2.40). This crucial observation has been used several times also
after Section 2.2. Itis one of the cornerstones of the theory developed in this book. Now
we prove the remaining assertions which we did not use after Section 2.2, especially
not to obtain the wavelet expansions in Theorems 3.13, 3.23 (Corollary 3.25) on which
we now rely.

Step 1. We begin with a preparation. Let A4y, (€2) be one of the spaces according
to Definition 2.1 (i) in a domain € in R”. Let 0 < ¢; < ¢z < o0, typically ¢; = 1/2
and c; = 2,and letc; < ¢ < ¢,. Let

cQ={yeR": y=cx, xe€Q}. (3.112)

Then
1™ ) 1A (DI ~ 1S A5, (DI, f € A3, (). (3.113)

where the equivalence constants depend on ¢y, ¢3, but not on ¢ and 2. This is known
(and can be checked easily) if 2 = R”. One obtains this assertion for arbitrary
domains €2 by restriction according to Definition 2.1 (i). Similarly for (3.113) with
ffzq (€2) according to Definition 2.1 (ii) in place of A}, (£2).

Step 2. By Step 1 it is sufficient to deal with A = 27% where k € Ny. Let
for brevity U,—« = U* in (3.111) with U = U? (the unit ball). With Q@ = U,
in Definition 3.11 one obtains the spaces in Definition 2.9. Hence we have for all
these spaces wavelet representations which we constructed explicitly in the proofs of
Proposition 3.10 (s > 0,4), Theorem 3.13 (s # 0) and Proposition 3.21 (s = 0). Inall
cases we obtained the same type of representation, say, for example (3.49) with (3.50),
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based on the orthonormal u-wavelet basis {®7 } in (3.47). This gives the possibility to
compare such expansions in two domains which are related to each other by a dilation
of type (3.112). This applies in particular to the unit ball U as a reference domain and
the dilated balls U¥. In this dyadic situation the functions {® } in U are transformed
into the corresponding functions in U k. But this applies not only to the functions (D]}
but also to the complements of the kernels ki in (3.37) by (3.39) and of the atoms
a} in (3.55) by (3.56) if moment conditions are needed. Afterwards one has only
R”-estimates, both for local means and for atoms based exclusively on Theorems 1.7,
1.15. In other words the equivalence constants for the isomorphic map 7 in (3.51) can
be chosen in all cases covered by Theorem 3.13, hence s # 0, independently of k € N.
This applies afterwards also to s = 0 by the arguments in the proof of Proposition 3.21.
In other words it remains to control what happens with the coefficients in the related
expansions if one applies the dilation

Di:x—2"%x, UK=D,U keN. (3.114)

We deal with the case s # 0 covered by Theorem 3.13. One can incorporate s = 0
afterwards by the arguments in the proof of Proposition 3.21 what will not be done in
detail. Let f € AS U k) covered by Theorem 3.13 where again A = Bor A = F.
Similarly aj, (Zk) w1th a=bora = fand Zy = Zyx, where Zy = Zy refers to
the unit ball U Then

L 145, U~ Ak lag, (Zo) (3.115)
with A(f)x = {4} (f)x}, where

M)k =2f'"/2/ fx) &/ () dx, (.r) € Zy, (3.116)
Uk

(appropriately interpreted if s < 0) where <I>{ (- )k refers to the system (3.47) with
Q = Uk. Let ®/(-) = ®/(-)o and AL (f) = AL(f)o. On the other hand we can
expand f(27%.) e fTIS)q (U) according to, say, (3.49) by

e *x)= Y A (fero)2"? ol(x) (3.117)

(J,r)€Zo
with (3.50), hence

lf(f(2_k-))=2j"/2/ f@*x) @/ (x)dx, (j.r) € Zo. (3.118)
U

By the constructions resulting in Theorem 2.33, based on Definitions 2.4, 2.31, the
wavelet bases for L,(U) and L, (U¥) are related by

®J(2Fx) =272 I R (x), . x € Uy, (j.r) € Zo. (3.119)
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with the left-hand side considered as an orthonormal basis in L, (U) and the right-hand
side considered as an orthonormal basis in L, (U*). To stick at the same r it is suitable
to accept an index-shifting in Z for j from Ng to k + Ng. Then one has by (3.118)
that

M(f@F)) =20Hm2 / S @ dx = (. (3.120)
Uk
Using (3.119), (3.120) one obtains by (3.117) that

f = Y M2 ol @kx)
(J.,r)EZo
= Y M2l xeU,
(,r)eZg

(3.121)

where we replaced j + k by j in the last line and used the above index-shifting in Z.
This is the desired representation both for the B-spaces and the F-spaces.

Step 3. After these preparations one can now prove (3.111) with A = 27 and
U,=U k as follows. By Theorem 3.13 (ii) and Definition 2.6 we have

I £ @) B, (W) ~ |A(f@ %)) b5, (Zo) |

o . a/p\'4 3.122
- (oo (S pret)) S
J r
Inserting (3.120) one obtains by the above-mentioned index-shifting
27K N IBS (U)|| ~ 27K A )k 1BE, (Zs
/27" ) B (U) IACH )k bpg (Z i)l (3.123)

—k(s—1 =
~ 276D | £ |BS, (U]

This proves (3.111) for the B-spaces. Similarly it follows for the F-spaces from
Theorem 3.13 (i) and Definition 2.6 that

1F @ Fp @) ~ [T )1 S o)
. . /
=|( X et ) mel) i)

(r)EZo

~2—skH< Z 2 +k)sq W‘Jrk(f)kXHk’r(z—k_)|‘1)1/q|Lp(U)H (3.124)
U.r)€Zo

(X 2ol ILwh)

(,r)eZk

~ 27K6=D) | £ 1ES,UF)).

~ 27K6=E)

This proves (3.111) for the F-spaces.
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3.3.3 Wavelet bases in F, ;Irloc(ﬂ), revisited

After the complete proof of Theorem 2.11 we know now that also all the other asser-
tions in Section 2.2 are valid. This applies in particular to the pointwise multiplier
Theorem 2.13 and the properties of the refined localisation spaces according to Defi-
nition 2.14 and Theorem 2.16. For the spaces Fyg °*(R2) with s > 0,, we have the
wavelet representation in Theorem 2.38. It is the first aim of this Section 3.3.3 to ex-
tend this assertion to other refined localisation spaces F, If;]ﬂoc(SZ) with s < 0. Secondly
we obtain as a corollary (3.109) under the assumption that €2 is E-thick. This can be
rephrased as the refined localisation property of the related spaces Fj,,(£2).
We use the same notation and references as in Theorem 2.38.

Theorem 3.27. Let Q be an arbitrary domain in R" with Q@ # R™. Let F3;*(Q2) be

the spaces as introduced in Definition 2.14. Let {@f } be an orthonormal u-wavelet
basis in L,(2) according to Theorem 2.33 and Definitions 2.31, 2.4 with

u > max(s, opg — ). (3.125)
Then f € D'(Q) is an element of Fy;'**(Q2) if, and only if, it can be represented as

oo Nj

=YY Mol re f5(Za). (3.126)

j=0r=1

Furthermore, if f € Fyy'°(Q) then the representation (3.126) is unique with ). =

ACS),

M(f) =22 (f.@]) =2/ / £(x) ® (x)dx (3.127)
(appropriately interpreted) and Q
I: f e A(f) = {27"2(f, @]} (3.128)
is an isomorphic map of Fy3"*(Q) onto f3,(Zg),
Lf 1 Epg () ~ IA() | frg Zo) (3.129)

(equivalent quasi-norms). If p < 00, ¢ < 00 then {CID{ } is an unconditional basis in
Fs,rloc Q
pa (£2)-

Proof. Step 1. If s > 0p4 (and hence u > s) then the above assertion coincides
essentially with Theorem 2.38. Hence one has to prove the theorem for the remain-
ing spaces with s < 0. As far as formulations are concerned one may also consult
Theorems 3.13 (i) and 3.23 (i).

Step 2. Let s < 0 and let f be given by (3.126). We decompose [ with respect to
the Whitney cubes Q llt in (2.22),

F=Y>"fir with fi =Y Md.0)27/"? o, (3.130)

=0 Jsr
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where each fj; is a partial sum of (3.126) collecting terms subordinated to Q llz by the

construction in (2.22), (2.23) indicated by )L{ (I,t) which are either )L{ or zero such
that there is an one-to-one relation between

(4 and A0}, (3.131)

Lt

By the homogeneity (2.43) with /Tls,q =F ;q (now justified) and Theorem 3.23 (i) with
Fs, = Fj, itfollows that

I fie 1 Fpg Q| ~ AL, 1) | fy (Z ), (3.132)

where A(/, 1) collects the related terms AL (I, t) with equivalence constants which are
independent of / and 7. One has

> s
1t

F3 QU7 ~ AL S (Z)|” (3.133)

(modification if p = g = oc0). Let {0;;} be a resolution of unity as used in Defini-
tion 2.14. Then

o f = o (fir ++) (3.134)

where 4+ indicates some neighbouring terms. By the pointwise multiplier Theo-
rem 2.13 applied to g = g;; one obtains by (2.59) and (3.133), (3.134) that f €
Fp'°°(2) and

Lf [Epg (@I < ¢ 1A ] fpgZa)I. (3.135)

By the orthogonality of {CD{ } one has in the same way as before AL =l (f) with
(3.127).

Step 3. Conversely let f € Fyy'°(S2). Then we have o, f € F3,(Q},) and one

obtains by Theorem 3.23 (i) with I*:Ifq =F Ifq,

A1t )| fpg @)l ~ Nloie f 1 Fpg (1. (3.136)

Again it follows from the homogeneity (2.43) that the equivalence constants in (3.136)
are independent of / and ¢ (explicit calculations may be found in Step 3 of the proof in
Section 3.3.2). But then it follows from (2.55), (2.59) that A(f) € f,,(Zg) and

1A | fpg @) < € L f 1 Epg (). (3.137)

The representability of f € Fpy'®(S2) by (3.126) (with A = A(f)) follows by the
above arguments from the representability of o;, f € F,, (O llt). O

As before we put F3, = B3 .
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Theorem 3.28. (i) Let Q2 be an E-thick domain in R"™ according to Definition 3.1 (ii).
Let
either 0 < p < 00,0 < g < 00,5 > 0pg,

(3.138)
or0<p<o00<g=<o00s5<0

(g = c0if p=00). Let F,f,’lrloc(Q) and I‘:Ifq () be the spaces according to Defini-
tions 2.14 and 3.11. Then
,rloc -
FEMoe(Q) = F2(Q). (3.139)

(ii) Let 2 be an uniformly porous domain in R" according to Definition 3.16 (ii).
Then
F[g)[}rloc(Q) = FI?q(Q), l<p<oo, 1<g<oo, (3.140)

where F,?,}rlOC(Q) has the same meaning as in Definition 2.14.

Proof. If s > 0,4 then (3.139) is covered by Proposition 3.10 as a consequence of the
fact that the two spaces have the same wavelet representations. But this applies also to
all other cases, comparing Theorem 3.13, Proposition 3.21 with Theorem 3.27. O

Remark 3.29. In particular one obtains (3.109) as a special case, complementing
(3.108).

3.3.4 Duality

Recall the well-known duality assertion

' e
BS,(R"Y = B/ (R"), seR, (3.141)
with
1 1 1 1
l<pg<oo, —4+—-=-+-=1, (3.142)
V4 V4 q q

where B;, (R") are the spaces according to Definition 1.1. Here (3.141) must be inter-
preted within the dual pairing (S(R"), S’(R")) or the dual pairing (D(R™), D'(R")).
This requires that S(R”) and D(R") are dense in B;,(R"), what is the case (since we
excluded p = oo and/or ¢ = oo in (3.142)). This is a classical assertion which may
be found in [T78], Section 2.6.1, pp. 198-99, and [T83], Theorem 2.11.2, p. 178. It
can be extended to spaces with p < 1 and also to the spaces Fj, (R"). We refer again
to [T83], Section 2.11. But this is not of interest in the present context. We ask for
counterparts of (3.141) with domains €2 in place of R”. There are assertions of this type
for the spaces E; q () according to Definition 2.1 with respect to arbitrary domains
in [T78], Section 4.8.1, p. 332, with the eipectgd outcome. But this was a little bit too
bold at least as far as the interpretation of Bj, (£2) as a subspace of D’(R2) is concerned.
In some sense we seize the opportunity and return to this point (after more than thirty
years) using now the above wavelet characterisations.
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Theorem 3.30. Let E;q (R2) be the same spaces as in (3.46) where Q is an E-thick
domain in R" according to Definition 3.1 (ii) with

1 1 1 1
0#£seR, 1<p,qg<o0, —+-=-+-=L (3.143)
p p 9 49
Then D(S2) is dense in E;q () and
B;q(SZ)’ = B,y (Q) (3.144)

are the dual spaces interpreted within the dual pairing (D(R2), D' (Q)).

Proof. Step 1. Let s, p,q be as in (3.143). It follows from Theorem 3.13 (ii) that /
in (3.51) is an isomorphic map onto bls,q (Zg) normed by (2.37). Then one obtains
by (3.53) that finite linear combinations of ®; are dense in E;q (). Since & €
C*(R™) has compact support in €2 it can be approximated within Q2 by D(£2)-functions
(Sobolev’s mollification). Hence D(£2) is dense in E; 4(€2).

Step 2. Since D(L2) is dense in E;q (£2) with (3.143) it makes sense to interpret
its dual within the dual pairing (D(£2), D'(€2)). We complement b;, (Zg) in Defini-

tion 2.6 by £, (E;,Vj ) consisting of all sequences

p={puleC: jeNogr=1,....N;}, N;eN, (3.145)
with N
ot J 1/q
N . \4/p
el = (X (L ir)"") " < oo (3.146)
j=0 r=1
If 1 < p,q < oo then one has
() = Ly (L)) (3.147)
for the dual spaces interpreted as usual as the dual pairing
NI N N
(i) =Y D i, melyty)), ) e by (L)) (3.148)
j=0r=1

To adapt I in (3.51) to £, (K;,vj) we put

Jif o u(f) =i(H)} NjeN (3.149)
with
pl(f) =2/6"5+% / f(x) @ (x) dx (3.150)
Q

(usually interpreted if s < 0). Then

TBS,(Q) = (6", (3.151)
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For the dual operator J’ one has the isomorphic map
J': Zq/(ﬁp/) =4{,(L,”) onto B;q(Q)’, (3.152)
interpreting the dual of E; ;(€2) as a subspace of D'(€2). In particular one obtains with

/€ By, (Q) and ' € £y (€)) that

Ufu) =Y 25D [ ) 0o
J.r

= [ o0 o 2D 0w ax (3.153)
Q i
= (£ J'W).
Hence o _
T =Y N2 o) (3.154)
J.r
with . o _ ) ; _
A = 2dG=pm g = oIS (3.155)
One obtains N
1A 1By (Z )| = |1 [ (7). (3.156)
Then (3.144) follows from (3.154), (3.156) and Theorem 3.13. O

Remark 3.31. We excluded s = 0 in Theorem 3.30 because one needs in this case
that the underlying domain €2 is not only E-thick but even uniformly E-porous what
is a stronger assumption according to Definition 3.16 and Proposition 3.18 (i).

Corollary 3.32. Let qu (Q) = ng(Q) be the same spaces as in (3.46) where Q2 is
an uniformly E-porous domain in R" according to Definition 3.16 (ii). If

1 1 1 1
l<p<oo, 1=<¢g<oo, —+—/=—+—/=1, (3.157)
p p q9 4
then D() is dense in ng () and
0 _ po
qu(SZ)’ = B, () (3.158)

are the dual spaces interpreted within the dual pairing (D(2), D'(Q2)).

Proof. One can argue in the same way as in the proof of Theorem 3.30 using now
Proposition 3.21 (ii) instead of Theorem 3.13 (ii). O

Corollary 3.33. The assertions of Theorem 3.30 and Corollary 3.32 apply in particular
to the spaces E;q (2) with (3.143) and qu(Q) with (3.157) if Q is either an uniformly
E -porous domain according to Definition 3.16 or a bounded Lipschitz domain accord-
ing to Definition 3.4 (iii) or the classical snowflake domain from Proposition 3.8 (iii)
and Figure 3.5, p. 76, in R2.
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Proof. By Proposition 3.18 E-porous domains are in particular £-thick. Hence one can
apply both Theorem 3.30 and Corollary 3.32. The corresponding assertions for bounded
Lipschitz domains and the classical snowflake domain follow now from Corollary 3.25.

O

Remark 3.34. The proofs of Theorem 3.30 and Corollary 3.32 rely on the existence
of a common wavelet basis in B, (£2) and its anticipated dual. One can try to apply
this argument to other cases. A distinguished example is the special case

,rloc _ ,rloc
B3Io(Q) = FS°(Q), seR, 1<p<oo, (3.159)

of the refined localisation spaces according to Definition 2.14. We formulate the out-
come.

Corollary 3.35. Let Q be an arbitrary domain in R" with Q # R". Then D(Q) is
dense in the refined localisation spaces B;;IOC(Q) according to Definition 2.14 and
(3.159). Furthermore,

B;;IOC(Q)/ — Bp—/.;;fIOC(Q)’ + % =1, (3.160)

N =

are the dual spaces interpreted within the dual pairing (D(R2), D'(S2)).

Proof. Using Theorem 3.27 one can apply the arguments from the proof of Theo-
rem 3.30 with

15(Za) = b5,(Za) (3.161)
according to Remark 2.7. O



Chapter 4
The extension problem

4.1 Introduction and criterion

4.1.1 Introduction

We introduced in Definition 2.1 the spaces Ay, (£2) on arbitrary domains (= open sets)
in R” with Q # R” by restriction of A, (R") to €2. In particular, A, (€2) is considered
as a subset of D'(2) and re,

reg = g|Q: 4,,(R") — A43,(), 4.1

is the linear and bounded restriction operator according to (2.2). One of the most
fundamental problem in the theory of function spaces is the question of whether there
is a linear and bounded extension operator ext,

ext: A;q(Q) — A;,q([R”), ext f|Q = f. 4.2)
Using (4.1) this can also be written as
reoext =id (identity in Ay, ($2)). 4.3)

A firstdiscussion including relevant references may be found in Remark 3.3. Itis mainly
a question about the quality of the underlying domain €2. The nowadays classical
assertions about extensions may be found in [T92], Theorem 5.1.3, p. 239, where 2
is a bounded C*° domain. The final solution of the extension problem for bounded
Lipschitz domains €2 in R” goes back to [Ry99] where V. S. Rychkov constructed an
universal extension operator which applies to all spaces A4y, (£2). For a corresponding
formulation one may also consult [T06], Section 1.11.5. As we indicated in Remark 3.3
beyond Lipschitz domains the extension problem is rather tricky. It may happen that
the constructed operator, for example Ext]; in (3.13) is not an extension operator for
other spaces. To ensure that there are extension operators is of interest for its own sake,
but there are applications where one needs common extension operators at least in some
(s, p, q)-regions. In contrast to the literature mentioned above and in Remark 3.3 we
deal with the extension problem in the framework of wavelet bases.

4.1.2 A criterion

Let Q2 be a (non-empty) arbitrary domain (= open set) in R” with 2 # R” and let
Q¢ = R" \ Q be its (non-empty) closed complement in R”. Let s, p, g be as in (2.3)
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with p < oo for the F-spaces. Then
A5 (Q°) = {f € A5, (R") : supp f C Q°} (4.4)

is a closed subspace of A; q([R”). This extends (2.6) to arbitrary closed (non-empty)
sets ' = Q¢ in R” with ' # R”. At the beginning of Section 3.2.3 we recalled that a
closed subspace of a quasi-Banach space is called complemented if there is a projection
P with (3.68), (3.69). There we explained also that < means linear and continuous
embedding.

Theorem 4.1. Let Q be an arbitrary (non-empty) domain in R" with Q # R" and let
Ay, (§2) be aspace according to Definition 2.1. Then there exists an extension operator

ext with (4.2) if, and only if, fIIs)q (2€) is a complemented subspace of Ay, (R™).

Proof. Step 1. Let ext be an extension operator for Ay (£2) according to (4.2), (4.3).
Then
P =extore: A,,(R") — A, (R") 4.5)

is a linear and bounded map. By (4.3) one has
P? =extoreoextore = P. 4.6)

Hence P is a projection of 43, (R") onto PA3;, (R"). By P oext = ext it follows that
ext maps Ay, (2) into PA; (R"). If f = PA, (R") then f = ext[re f]. Hence ext
maps Ay, (£2) onto PAy, (R"). From

I/ [Apg (DN ~ llext f Ay, (R ]| 4.7)

if follows that
ext: A, (Q) <= PA,, (R") (4.8)

is an isomorphic map. Since P is a projection one obtains that Q = id — P is also a
projection. Furthermore, since

OfI=fIQ—-PfIQ=0. feA, R, (4.9)

one obtains that supp Q f C Q. Conversely if f € A, (R") with supp /' C €€
then Pf = 0 and hence f = Qf. In other words, 043, (R") = A4;,(2¢). Hence
Ay, (§29) is a complemented subspace of A, (R").

Step 2. Let Ay, (S2¢) be a complemented subspace of A4, (R") and let Q be the
corresponding projection. Let P = id — Q and

ext f = Pg, f€A4,,(2), g€, (R"), g|Q=f (4.10)

Ifh e /I;q (2¢) then Ph = h — Qh = 0. Hence, ext f is independent of the chosen
g with the indicated properties. In particular, ext is a linear operator, and

lext f | Apg (RM)] < ¢ g‘glif g [Apg (R~ 11/ 1454 (). (4.11)
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Furthermore,
ext f1Q = fIQ—0f|Q = f|Q. 4.12)

Hence ext is a (linear and bounded) extension operator. ]
Remark 4.2. If Q is a common projection in, say, B, (R") with
(s, p.9) € Rp C R x (0, 00] x (0, 0], (4.13)

then ext is a common extension operator for the corresponding spaces B, (€2) in the
same region Rp. Similarly for the F-spaces, or both B-spaces and F-spaces. This
follows from the construction. Here common means that, say, ext is defined on the
union of the spaces in questions,

dom(ext) = | J B3, (Q) (4.14)
(s,P.9)€Rp
such that its restriction to each admitted space B, (£2) has the indicated property.

Remark 4.3. In particular one has always extension operators for the Hilbert spaces
H*(Q2) = B3,(R) with s € R in arbitrary domains 2. (Recall that an infinite-
dimensional Banach space is isomorphic to a Hilbert space if, and only if, every closed
subspace is complemented, [AIK06], Theorem 12.4.4, p. 305). But this does not say
very much. We are looking for common extension operators in some (s, p, q)-regions
as explained in the previous remark. We discussed these questions in Section 4.1.1 and
in Remark 3.3 where one finds also some references.

4.2 Main assertions
4.2.1 Positive smoothness

In (4.2) and Remark 4.2 we explained what is meant by an extension operator and a
common extension operator. As in (3.44) we put

1 1
op, =n ——1) and o =n(,——1) , 0<p,g<o0. (415
’ (p + . min(p, q) + P4

The spaces B, (S2) and Fj, (£2) have the same meaning as in Definition 2.1.

Theorem 4.4. Let Q2 be a (non-empty) I-thick domain in R" according to Defini-
tion 3.1 (iii) with Q # R"™ and |02] = 0. Then for any u > 0 there is a common
extension operator exty,,

exty B;q(Q) — B;q([R”), 0<p<o0,0<qg=<o00 0,<s5<u, (4.16)
and

exty : Flfq(Q) > Flfq([R”), 0<p<00,0<qg=<00 0pg<s<u. (417
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Proof. One has by Proposition 3.6 (iv) that o = R" \ Q is E-thick. Furthermore since
Q=R"\Q=0QUw and [02]|=0 (4.18)

one obtains by Proposition 3.15 for the above spaces, abbreviated by 43,

A5 (QF) = A3 (&) = idAS, (). (4.19)

Here we used (3.20), hence do C 92, |dw| = 0, and s > 0p, hence 43, (R") C
L'l"c([R”). We deal with the F-spaces. Let for u € N,

[®]: jeNgr=1,...,N;} (4.20)
be an orthonormal u-wavelet bases now in L, (w) as in Theorem 3.13 and let
Of =) Y MNPl f e B[R, (21)
j=0r=1
with
A(f) =2/"2 f el (x) f(x) dx (4.22)
an

be the adapted counterpart of (3.74), (3.75). By (4.19) and the same arguments as in
the proof of Proposition 3.15 it follows that Q is a projection in Fj;,(R") and

QF;,(R") = F3,(Q°). (4.23)

Now one obtains by Theorem 4.1 and Remark 4.2 that there is a common extension
operator ext,, for all spaces in (4.17) which can be constructed explicitly by (4.10).
These arguments apply also to the spaces in (4.16). O

Corollary 4.5. Theorem 4.4 applies in particular to

(i) bounded Lipschitz domains Q2 in R", n > 2, according to Definition 3.4 (iii), or
to intervals on R,

(i) (e, 8)-domains Q in R" according to Definition 3.1 (i) with Q # R”,

(iii) snowflake domains Q in R?, Figure 3.5, p. 76.

Proof. By Propositions 3.6, 3.8 the above domains are -thick with @ # R” and
|0€2| = 0. This shows that one can apply Theorem 4.4. O

Remark 4.6. The discussions in Section 3.1.3 show that there exist rather bizarre
(disconnected) 7-thick domains 2 even if one assumes that [0€2| = 0. On the other
hand, domains with inwards cusps as in Figure 3.3, p. 74, are I -thick and one can apply
Theorem 4.4, whereas domains with outwards cusps as in Figure 3.4, p. 74, are not
[-thick. Recall that the spaces Aj,,(€2) are defined by restriction. In rough domains
(beyond Lipschitz domains) the question of extendability is different if one deal with
spaces introduced intrinsically. This applies in particular to the Sobolev spaces ka (2)
according to Definition 2.53. We discussed this question in Remark 3.3 where one finds
also some references.
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4.2.2 Negative smoothness

The arguments in the proof of Theorem 4.4 cannot be applied to spaces A3, (£2) with
s < 0. On the other hand we obtained in Theorem 3.13 wavelet bases in spaces
Ay, (§2) with s < 0in a constructive way. This can be interpreted in terms of extension
operators. As before (4.2) and Remark 4.2 say what is meant by common extension
operators. The spaces B,,,(£2) and F,, (£2) have the same meaning as in Definition 2.1.

Theorem 4.7. Let Q be a (non-empty) E-thick domain in R" according to Defini-
tion 3.1 (ii) with Q # R". Then for any € with 0 < & < 1 there is a common extension
operator ext?,

Xt : B;q(Q) s B;q([R"), —l<s5<0,e<p<o0, 0<qg<oo, (424
and
xt®: Fp (Q) — F,,(R"), — e l<s5<0,e<p<oo, e<qg<oo. (4.25)

Proof. We deal with the F-spaces and rely on the arguments in Step 2 of the proof of
Theorem 3.13. Let

{q)'rj:jGD\IO:I’:l,...,Nj}, Opg —S <u €N, (4.26)

be the same orthonormal u-wavelet basis in L»(£2) as in (3.47), (3.54). Let aj be as in
(3.55) (basic and interior wavelets ®7) and as in (3.56) (boundary wavelets ®; ). For
e with 0 < ¢ < 1 and given p, g we choose 0,4 + e~! < u € N. Then (4.26) applies
to all s with —e~! < s < 0. By Theorem 3.13 any f € F,(£2) can be represented by
(3.59), (3.60), hence

oo Nj
=Y 3" MNP el M) =22 (f®)). (4.27)

j=0r=1

Then ext® given by

oo Nj

ext® f =3 > 2D (f)al, (4.28)

Jj=0r=1

is a linear and bounded extension operator. This follows from ext® f|Q2 = f and
(3.57), (3.62). Choosing u > &' + 0, = (n + 1)e~! — n one has a common
extension operator for all spaces in (4.25). Similarly for the B-spaces where the same
extension operator ext® can also be applied to the spaces in (4.24). O

Corollary 4.8. Theorem 4.7 applies in particular to

(i) bounded Lipschitz domains in R, n > 2, according to Definition 3.4 (iii), and
intervals on R,

(i) snowflake domains Q2 in R?, Figure 3.5, p. 76.
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Proof. This follows from Proposition 3.8. O

Remark 4.9. By Remark 3.7 E-thick domains € in R” may be rather bizarre. It
may even happen that |0Q2| > 0. Nevertheless by Theorem 4.7 we have always linear
and bounded extension operators. On the other hand the domains with inwards cusps
as in Figure 3.3, p. 74, are not E-thick, but domains with outwards cusps as in Fig-
ure 3.4, p. 74, are E-thick. Otherwise we refer to our discussion in Remark 4.6 about
intrinsically defined Sobolev spaces ka ().

4.2.3 Combined smoothness

If Q is a thick domain in R” according to Definition 3.1 (iv) (hence both E-thick
and 7-thick) with @ # R” and |0Q2| = 0 then we can apply both Theorem 4.4 and
Theorem 4.7 covering all spaces /T;,q (£2) in Definition 3.11 with s # 0. However the
extension operators from Theorem 4.4 for spaces with s > 0 and from Theorem 4.7
for spaces with s < O are different. There is little hope to find in this way common
extension operators which apply simultaneously to spaces with positive and negative
smoothness s and which include also spaces Ag 4(€2) of smoothness s = 0 covered by
Definition 3.11. But there is a way to extend Theorem 4.7 to some spaces with s > 0
and to some domains with rough boundary. But one has to strengthen the assumptions
about the underlying domain €2.

First we recall some notation and assertions from Section 3.2.4. According to
(3.79), (3.80) a closed set I' in R” is called an d-set, 0 < d < n, if there is a Radon
measure @ with

w(B(y.r)) ~r? wherey € T =suppu, 0 <r < 1. (4.29)

The equivalence constants in (4.29) are independent of y and r (in agreement with
(3.4)). If Q is an E-thick domain in R” with  # R” such that its boundary I' = 92
is an d -set then one has by Proposition 3.18 (iii) thatn — 1 < d < n. Incaseofn = 1
one may incorporate now d = 0. Then (4.29) with d = 0 and the assumption that Q
is an E-thick domain on the real line R show that one may assume (without restriction
of generality) that €2 is an interval.

Theorem 4.10. Let Q2 be a (non-empty) E-thick domain in R* according to Defini-
tion 3.1 (ii) with Q # R" such that its boundary T' = 0Q is an d-set satisfying (4.29)
withn —1 <d < n (in case of n = 1 and d = 0 this means that Q2 is an interval).
Then for any € with 0 < & < 1 there is a common extension operator ext?,

<p<o00, 0<qg<oo —s !l <s<0,
xt®: BS (Q) — BS (Rr), (£ P =000 =d =000 =8 =0 430
peq P4 1<p<oo,0<q§oo,0§s<"p,
and
e<p<oo,e<qg=<o0, —l<s<0,
ext®: F5,(Q) < F3,(R"), { (43D

l<p<oo, 1<g<o0, 0<s<
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Proof. Let ext® be the same extension operator as in Theorem 4.7. Then (4.24), (4.25)
coincides with the upper lines in (4.30), (4.31). Hence it remains to prove that ext® is
also an extension operator for the corresponding lower lines. For /() = r¢ one has
(3.82) with A = n — d. By Proposition 3.18 (iii) and Step 2 of its proof it follows that
2 is uniformly E-porous and that I' is porous. Then we can apply Proposition 3.19
specified to d-sets. As remarked in the proof of Proposition 3.19 one may choose
8 = A = n —d in case of d-sets. We deal with the F-spaces. Since 2 is uniformly
E-porous one has by (3.87) and Theorem 3.23 the representation (4.27) = (3.103),
(3.104), hence

A | fpgZ )N ~ NS [ Fpg (D). (4.32)
On the other hand, ext® in (4.28) is an atomic decomposition in F,, (R") and one
obtains as before with a reference to Theorem 1.7 that

lext® f 1 Fpg (RMI = ¢ [A(f) | fg(Z)- (4.33)
By (4.32) and ext® f|Q2 = f it follows that ext? is also an extension operator for the
lower line in (4.31). Similarly for the B-spaces. O

Remark 4.11. If Q is a bounded Lipschitz domain according to Definition 3.4 (iii)
(or an interval in case of n = 1) then Q is E-thick, ' = 92 is an (n — 1)-set and
one has 0 < s < 1/p in the lower lines of (4.30), (4.31). In case of the snowflake
domain in Figure 3.5, p. 76, one has 0 < s < %(2 - %) in the lower lines in (4.30),
(4.31). Otherwise we restricted ourselves in the above theorem to boundaries I" which
are d -sets according to (4.29). But it is quite obvious that one can generalise (4.29) by
(3.79) with (3.82) for some A > 0. Then one can extend Theorem 4.7 by a counterpart

of Theorem 4.10 using Proposition 3.19 and Theorem 3.23.

Although quite obvious it seems to be desirable to give an explicit formulation
covering both Theorem 4.4 and Theorem 4.10. In Remark 4.2 we said what is meant
by a common extension operator. An extension operator is called universal if it applies
to all spaces A;,(€2) withs € R, 0 < p,g < 0o (p < oo for the F-spaces) in the
understanding of Remark 4.2. The numbers o0, and 0,4 have the same meaning as in
(4.15).

Corollary 4.12. (i) Let Q2 be a bounded Lipschitz domain in R" withn > 2 according
to Definition 3.4 (iii) or an interval on R. Then there is a universal extension operator.
(ii) Let Q be a (non-empty) thick domain in R" according to Definition 3.1 (iv)
with @ # R" such that its boundary T = 0 is an d-set satisfying (4.29) with
n—1<d < n. Then there is for any u > 0 a common extension operator ext, with

exty: B, () — B, (R"), 0<p<o00,0<g=<o00,0,<s<u, (4.34)
ext,: F, (Q) — F, (R"), 0<p<o00,0<qg=<00,0p <s<u. (435
Then there is for any € with 0 < ¢ < 1 a common extension operator ext® with

1

e<p=<o00,0<g=<o0 —¢'<s5s<0,

ned (4.36)

D’

t: BS () — B? IRn,
eX Pq() 1"1( ) l<p<oo,0<g=<o0, 0<s<
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1

e<p<o00,e<qg=<o0 —g <s<0,

4.37
1<p<oo,1§q<oo,0§s<%. ( )

ext®: F,, () — F, (R"),
Proof. As mentioned in Section 4.1.1, part (i) goes back to [Ry99]. Theorem 4.10
covers the assertions about ext®. By Proposition 3.18 with A = n — d > 0 one has
|T'| = 0. Then one can apply Theorem 4.4. This covers the assertions about ext,,. [

Corollary 4.13. Corollary 4.12 (ii) applies to the snowflake domain in Figure 3.5,

p. 76, in R? withd = igig.

Proof. This follows from Proposition 3.8. O

Remark 4.14. A first discussion of the extension problem for function spaces with pos-
itive smoothness on rough domains (beyond Lipschitz) has been given in Remark 3.3.
There one finds also some references which will not be repeated here. But we are
not aware of related assertions in the literature for spaces with negative smoothness as
considered in Theorems 4.7, 4.10 and Corollary 4.12. However we wish to mention
[Miy90] dealing in detail with the extension problem for Hardy spaces H, ~ F 12 5 With
p < linarbitrary domains. The question of extendability is closely connected with the
problem of intrinsic (quasi-)norms and related characterisations. In case of the classical
Sobolev spaces one may consult Remark 2.54. As far as spaces on Lipschitz domains
are concerned we refer to [T06], Sections 1.11, 1.11.10. But also some of the papers in
Remark 3.3 deal with descriptions of function spaces of positive smoothness in more
general domains. We mention in this context [See89] and the most recent substantial
paper [Shv06]. In both papers the intrinsic characterisations of the spaces A, (§2) are
used to prove the existence of extension operators in A7 (R"). The admitted types of
domains are similar to the /-thick domains according to Definition 3.1 (iii). Our way
is different and resulted in Theorem 4.4 in a short, but less constructive proof of the
existence of extension operators. In this book we do not deal with equivalent intrinsic
quasi-norms in general. But we return to this point briefly in Section 4.3.3 and, as far
as classical Sobolev spaces are concerned, in Theorem 4.30.

4.3 Complements

4.3.1 Interpolation

Interpolation is only a marginal topic in this book. Mainly we wish to demonstrate
how overlapping regions of common extension operators, for example ext, and ext®
in Corollary 4.12, can be used to prove far-reaching interpolation results.

We assume that the reader is familiar with the basic assertions of interpolation
theory. Let {Ag, A1} be an interpolation couple of complex quasi-Banach spaces.
Then

(Ao, A1)y, 0<8<1,0<gq <00, (4.38)
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denotes, as usual, the real interpolation method based on Peetre’s K-functional. Let
[Ao, A1]g, 0< 0 <1, (4.39)

be the classical complex interpolation method for complex Banach spaces. Basic
assertions about these interpolation methods may be found in [T78] and [BeL.76]. One
may also consult [T92], Section 1.6.

Proposition 4.15. Let I be either the real method (4.38) or the complex method (4.39).
Let Ag(R™) and A1(R"™) be two admitted spaces according to Definition 1.1 such that

I(Ao(R™), A1 (R™)) = A(R") (4.40)

results in a space A(R™) again covered by Definition 1.1. Let Q2 be a bounded Lipschitz
domain according to Definition 3.4 (iii) in R", n > 2, or an interval in R. Let Ao(R2),
A1(R2), A(R) be the corresponding spaces on 2 as introduced in Definition 2.1 (i).
Then

1(Ao(2), A1(R2)) = A(Q). (4.41)

Remark 4.16. This coincides essentially with [T06], Section 1.11.8. There one finds
also a proof, further explanations and examples. In particular the classical complex
interpolation method in (4.39) which is naturally restricted to Banach spaces can be
extended to a class of quasi-Banach spaces which covers the spaces A4y, (S2). Then
(4.41) as a consequence of (4.40) remains valid also for this extended complex inter-
polation method which goes back to [MeMOO0]. Further information may also be found
in [Tri02]. The proof that one can transfer (4.40) from R” to (4.41) in bounded Lip-
schitz domains €2 relies on the existence of a universal extension operator as indicated
in Corollary 4.12 (i). This is not available in more general domains. But the method
works for those domains €2 and those spaces, say, A;,(£2) or ffj, 4(§2), for which one
has common extension operators from €2 to R”. Even more, if two (s, p, ¢)-regions in
which one has common extension operators for some spaces A3, (€2) or /IIS, 4(€2) have a
non-empty overlap then one can combine related interpolation formulas. We describe
a typical example which makes clear what is meant and how to proceed in other cases.
We rely on the common extension operators in Corollary 4.12 (ii).

Theorem 4.17. Let 2 be a (non-empty) thick domain in R* according to Defini-
tion 3.1 (iv) with Q # R such that its boundary T = 9 is an d-set satisfying (4.29)
withn —1 <d < n (incase ofn = 1 and d = 0 this means that Q is an interval).
Letl < p<ooand0 <0 < 1.

(i) Let g0, 41,9 € (0,00]. Let —00 < 59 < 81 < 00 and

§ = (1 — 9)S0 + 9S1. (442)
Then

(Bpao (@) By, (D), = (Fpgo(R): Fpg, (D), = By (). 4.43)
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(ii) Let go,q1 € (1,00), so € R, 51 € R, and

1 1-6 0
= + —. (4.44)
q q0 q1

Let s be given by (4.42). Then

[ B30 (). By, (D] = By, (Q) (4.45)
and
[Fpio (), Fpgy (D] = Fpg (). (4.46)
Proof. Step 1. Since
B;,min(P,q)(Q) - Flfq(sz) - B;,max(p,q)(Q) (447)

it is sufficient to prove (4.43) for the B-spaces. By [T83], Theorem 2.4.2, one has

(Bpgo (R"). Byy (R™))g , = By (R"). (4.48)
We put temporarily
(Bpyo (). Byy (), = Bo (). (4.49)

Let 0 < sop < s1 < u. Then we can apply ext,, in (4.34) to all three spaces in (4.49)
where we used the interpolation property as far as Bg(2) is concerned, hence

exty: Bo(Q) <> B, (R"). (4.50)

Let re be again the restriction operator, hence re o ext, = id. Then one obtains by
(4.50) that
id: Bg(Q) = B, (). (4.51)

Conversely, using (4.48) and the interpolation property applied to re one obtains
id: B,,(2) = B,,(R") < By(Q). (4.52)

Then (4.51), (4.52) prove (4.43) under the assumption 0 < 59 < 5.
Step 2. Based on (4.36) one has by the same arguments

(B () Bogy () g4 = Bpg(R) (4.53)
if —o0 <59 <81 < ”;d. Note that
{(%,s): 1<p<oo,0<s<%} (4.54)

is a non-empty overlap of the admitted (p, s)-region with the corresponding one from
Step 1. Then one can apply Wolff’s interpolation theorem in [Wol82]. To extend (4.43)
to all admitted p, g, s in part (i) of the theorem one may assume that go, g € (1, 00)
or even o = g1 = p. Otherwise one could use afterwards the reiteration theorem
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of interpolation theory and what has been said so far to extend (4.43) from qg, g1 €
(1,00) or g0 = q1 = ptoall gg,q1 € (0,00]. In particular we may assume that
S(R) = S(R")|L, the restriction of S(R") to €2, is dense in the spaces considered.
Let for fixed p with 1 < p < oo,

Aj = Bpp().

—d
”p , (4.55)

such that
A2 = (A17 A3)91,pa A3 = (A2a A4)92,pa (456)

covered by the two interpolation regions above. Then one obtains by [Wol82] that
Ay = (A1, A4)oy,p. Az = (A1, A4)e,,p (4.57)

for naturally calculated 0 < 03 < 64 < 1. This proves (4.43) for the full range of the
admitted parameters.

Step 3. Similarly one can argue for the complex interpolation formulas using a
corresponding assertion for the classical complex interpolation method in [Wol82].
For a more general version of Wolff’s interpolation assertion one may also consult
[JNP83]. O

Remark 4.18. To fix p in the above theorem is convenient but not necessary. Any
interpolation formula in R”, real, classical complex, or generalised complex as in
[MeMOO0], can be transferred from R” to Q2 as long as one has a common extension
operator. This applies to the admitted (p, s)-regions in Step 1 and Step 2 based on
Corollary 4.12. Similarly one can rely on Theorems 4.4, 4.7 and their Corollaries 4.5,
4.8. However if one wishes to clip together two such admitted (p, s)-regions for some
spaces A, (§2) then one needs an overlap as in (4.54) and that the desired interpolation
fits in the scheme of (4.56), (4.57). We describe a further scale of spaces to which the
above method can be applied.

There are several good reasons to ask for a counterpart of Theorem 4.17 with B g (§2)
and Fs ;(€2) as introduced in Definition 3.11 in place of ;q (€2) and F,,(£2). On the
one hand we have the common wavelet characterisations in Theorems 3.13, 3.23. On
the other hand for bounded C*° domains €2 and fixed 1 < p < 00,1 < g < o0,

{B,(2): s €R} and {H3j(Q)=F;,(Q): seR} (4.58)

are scales with lifting operators imitating I, in (1.15) for spaces on R”. This can be
found in [T78], Section 4.9.2. There is also a related natural duality theory. An ex-
tension of these assertions, including duality and interpolation, to bounded Lipschitz
domains has been given in [Tri02], Section 3.3 (there are also a few relevant com-
ments in [T06], Section 1.11.6). Now we apply the above interpolation method to the
corresponding spaces. As in Theorem 4.17 we restrict ourselves to typical examples.

Theorem 4.19. Let Q be a (non-empty) E-thick domain in R" according to Defini-
tion 3.1 (ii) with Q # R" such that its boundary T' = 0 is an d -set satisfying (4.29)
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withn —1 < d < n (incase of n = 1 and d = 0 this means that 2 is an inter-
valon R). Let1 < p < ocoand0 < 6 < 1. Let B;,(?) and F,,(2) (now with

F2(Q) = F)(Q) for all 0 < g < o0) be as in Definition 3.11.
(1) Let o, q1,q € (0,00]. Let —00 < 59 < 51 < 00 and

s = (1—0)sg + s;. (4.59)
Then
(Bpgo (). By () g, = (Fpgy (). Fj, (R), = Byy (). (4.60)
(ii) Let g9, q1 € (1,00), 5o € R, 51 € R and
1 1-6 0
- = + —. 4.61)

q qo q1
Let s be as in (4.59). Then

[Bso, (). Byl (R)], = By, () (4.62)
and ~ ~ B
[Froo(R), Fyp ()] = Fpy (). (4.63)

Proof. By Proposition 3.18 with A = n — d the domain £ is uniformly E-porous with
|T'| = 0. We follow the arguments from the proof of Theorem 4.17. Let 0 < s < s7.
We have (4.48) and replace (as a definition) B in (4.49) by B. By Proposition 3.15
one can identify Eliq (Q) = qu (2) with E;q (Q). Then the extension ext by zero
as in (3.89) is a linear and bounded extension operator from Els,q (€2) into By, (R")
and we have (4.50) with ext in place of ext, and By (£2). With the projection P as in
Proposition 3.15 we have re o P o ext = id. Now one can argue as in (4.51), (4.52).
This proves (4.59), (4.60) under the assumption 0 < 59 < s1. By Theorem 4.10 we

have (4.53) for —oo < 59 < 51 < ”;d. We can apply Proposition 3.19. This gives as

before the desired overlap (4.54). The rest is now the same as in Steps 2 and 3 in the
proof of Theorem 4.17. O

Corollary 4.20. Theorems 4.17, 4.19 apply to bounded Lipschitz domains in R with
n > 2 according to Definition 3.4 (iii), to an interval on R, and to the snowflake domain
in Figure 3.5, p. 76.

Proof. This follows from Proposition 3.8 with d = }gﬁ in case of the snowflake curve.

3
* O
4.3.2 Constrained wavelet expansions in Lipschitz domains

All wavelet expansions for function spaces in domains €2 considered so far are based
on the u-wavelet systems {Cbi} according to Definition 2.4. The building blocks ®;
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have compact supports in £2. This suggests that one cannot expect wavelet expansions
based on {@i} for spaces A3, (€2) having boundary values on I' = 9. Then one
needs wavelets at the boundary in addition. We return to this problem in Chapter 5
below. On the other hand we described in Section 2.5.3 for Sobolev spaces ka (RQ)
in arbitrary domains so-called constrained wavelet expansions. These considerations
relied on the specific structure of the norm in (2.222) reducing the question of whether
f e ka (2) to D* f € L,(R2) with || < k. One may ask for counterparts in case
of the spaces Ay, (£2) which can be used to argue as in Section 2.5.3. In arbitrary
domains there is little hope for such a reduction. But the situation is much better if €2
is a Lipschitz domain.

Proposition 4.21. Let 2 be a bounded Lipschitz domain in R" with n > 2 according
to Definition 3.4 (iii) or an interval on R. Let Ay, (S2),

O<p<oo, 0<g<oo, s=o0+kwitho e Randk € N (4.64)
(p < oo for the F-spaces), be the spaces as introduced in Definition 2.1. Then
Ay, () = {f € Ay, (Q): D*f € A7 (Q), |a| < k} (4.65)
and
L 145, @] ~ Y 1D* £ 145, ()| (4.66)
loe| <k

(equivalent quasi-norms).

Proof. Recall that for g € A4}, (R"),

lg 145, (R ~ D 1D%g |45, (RM)] (4.67)

loe|<k

(equivalent quasi-norms). We refer to [T83], Theorem 2.3.8, pp. 58-59. Then one
obtains by Definition 2.1 that

S AIDYf1AG (@) < c|lf 145, ()] (4.68)
lee| <k

for some ¢ > 0 and all f € A3;,(2). As for the converse we rely on Rychkov’s
universal extension operator extg according to [Ry99], Theorem 4.2, p. 253. By the
convolution structure of this operator it follows from

f €A, Q) g=extq f € 4,,(R") (4.69)
that
D f € A,,(Q) &= D%g =extq D* f € A, (R"), (4.70)
where 0 < || < k. In particular one obtains by
L 145, (@) ~ llg |45, RM)] ~ > D [A5, (R™)| ~ Y [|ID* f |45, ()l
la|<k lo| <k

4.71)
the converse of (4.68) and the characterisation (4.65), (4.66). O
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Remark 4.22. By (4.67) the counterpart of (4.66) with R” in place of Q is known.
Furthermore characterisations of type (4.65), (4.66) for the half-space

[RZ_ = {X ceR": x = (x/,xn), x' = (xl,...,xn_l), Xp > O} (472)

in place of 2 and for bounded C*° domains €2 according to Definition 3.4 (iii) may be
found in [T83], Section 3.3.5, pp. 202-03. The arguments used there are similar as in
(4.70). The above proposition remains valid for special Lipschitz domains according
to Definition 3.4 (ii).

After these preparations we are now in a similar position as in Section 2.5.3 where
we dealt with constrained wavelet expansions for Sobolev spaces in arbitrary domains.
Instead of L,(€2) as there we use now

qu(Q), 0<p=<o0,0<g=<o0,0<0, (4.73)

(p < oo for the F-spaces) in bounded Lipschitz domains €2 as basic spaces. By
Proposition 3.8 bounded Lipschitz domains are thick and hence E-thick. Then we can
apply Theorem 3.13 to the spaces in (4.73). Let

®={®/: jeNgr=1,....,N;} withN; € N, 4.74)

be the same orthonormal u-wavelet basis in L,(£2) according to Theorem 2.33 and
Definitions 2.31, 2.4 as in (3.47) with

op+lol<ueN and op; +|o| <ueN, (4.75)

for the B-spaces and F'-spaces, respectively. Let by (Zg) and f,,(Zg) be the same
sequence spaces as in Definition 2.6 and as used in Theorem 3.13 now abbreviated by
a,,(Zg) with a € {b, f}. Combining Proposition 4.21 with Theorem 3.13 one can
argue as in Section 2.5.3. In particular if

feAIS)q(Q), s=0c+k,0<0, keN, (4.76)
then D f € A7, (), |a| < k, can be expanded by

oo Nj
DYf =Y "3 AD* )27/ D] (4.77)
j=0r=1
where ‘ ‘ A ' ‘
MDY f) =272 (D% £.9)) = (=122 (£, D*®]) (4.78)
with
M(f) =22 (f ®)) = 2/'"/2/ F(x) @7 (x)dx (4.79)
Q

as before (appropriately interpreted). Similarly as in (2.232), (2.233), we put
AR = eRy: jeNgsr=1,....N;} (4.80)
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with . . .
A (f)k =2/n/? Z |(f. D*®1)|. (4.81)
lo|<k
Theorem 4.23. Let 2 be a bounded Lipschitz domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval on R. Let A, (S2),
O<p<oo, O0<g=<oo, s=0+kwitho <0andk € N, (4.82)

(p < oo for the F-spaces) be the spaces as introduced in Definition 2.1. Let ® be
the orthonormal u-wavelet basis in L,(2) with (4.74), (4.75). Then f € D'(Q) is an
element of Ay, (S2) if, and only if, it can be represented as

oo Nj
F=YY M2 el AN eag,Za). (4.83)
j=0r=1
Furthermore,
£ 145, ~ A lag, (Z o) (4.84)

(equivalent quasi-norms).

Proof. If f € D’'(R2) can be represented by (4.83) then it follows from Theorem 3.13
that D*f € A7, (2) for |a| < k. One has by Proposition 4.21 that f € A3,(<).
Conversely if f € A}, (2) then D f with |a| < k can be expanded in A7 (£2) by
(4.77), (4.78). Then (4.83), (4.84) follows from Proposition 4.21. O

Remark 4.24. Asin Theorem 3.13 the representation (4.83) converges unconditionally
in AS ¢(§2) with § < o and if, in addition, p < 00, ¢ < oo in A7, (£2). Since the
coefficients A7 (f) are subject to the constraints A(f)¥ € a, (ZQ) it follows that
the outcome belongs even to Ay (£2) with (4.84). There is the somewhat curious
possibility to reduce the coefficients in (4.78) to linear combinations of the original
coefficients in (4.79) at least if u in (4.75) is sufficiently large. Let again p, g, s be as
in (4.82). Let u > k in addition to (4.75). Then D®®/ with |«| < k are continuous
functions with compact supports in 2. They can be expanded, say, in L,(£2) by
o N;
D*®] =3 "% " (D*®}, ;) P} (4.85)
1=0t=1
Inserted in (4.78) one obtains
oo N
MDf) = (=D12m2 % S (D], ) (f. D))
1=0t=1
oo N;
= (—=D)/2U=D2 NN (D D], @) AL(f) (4.86)
1=0t=1
oo N;

=22 M ()

[=01t=1
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where
Mg = {m((xj,r;l,z)}’ m?j,r;l,t) = (_I)M 2(j—l)n/2 (DQCD{’ @i) (4.87)
are the transition matrices from ® in (4.74) to
P* ={D*®/: jeNo;r=1,....N;}, |o| <k. (4.88)
Then (4.86) can be abbreviated in the usual way as
AMDOf) = ME-A(f). el <k. (4.89)

Corollary 4.25. Let Q2 be a bounded Lipschitz domain in R* with n > 2 according
1o Definition 3.4 (iii) or a bounded interval on R. Let Ay, (S2) be the same spaces as
in Theorem 4.23 with (4.82). Let ® be as above the orthonormal u-wavelet basis in
Ly(2) with (4.74), (4.75) and u > k. Then f € D'(Q) is an element of A}, () if,
and only if, it can be represented by

oo Nj
f=2 0 M el (4.90)
Jj=0r=1
with
DM - A(f) lag,(Ze)| < oo (4.91)
lo|<k
(equivalent quasi-norms).
Proof. This follows from Theorem 4.23 and the above considerations. O

Remark 4.26. At first glance the outcome is somewhat surprising. The entries of the
transition matrices Mg in (4.87) depend only on the (sufficiently smooth) u-wavelet

basis ®. By the support properties of CDZ the matrices Mg in (4.87) are band-limited.

One needs only a knowledge of the coefficients A/ () in (4.79) to use the criterion
(4.91) and to decide whether f belongs to A3, (€2) or not. If, say, I < p < oo and
s > 1/pthen f € A}, (2) has boundary values at I' = 92. This seems to contradict

the representation (4.90) with (4.91) since all building blocks ®; have compact supports
in € and, hence, they vanish at I". But one must have in mind that (4.90) converges
only in qu(Q) where o0 < 0 (and, say, p < 00, ¢ < 00). The constraint (4.91) does
not improve this convergence. Furthermore the entries of the matrices Mg in (4.87)
are real and (apparently) violently oscillating. Since €2 is bounded, (4.90) makes sense
for any polynomial f = P. By (4.86) it follows that

Mg-A(P) =0 ifdegree(P) < |x| < k. (4.92)

One has the impression that the terms with |¢| > 0 in (4.91) are the counterparts
of the terms with AZi of 1n (2.19) or corresponding terms involving oscillations as,
for example, in [T92], Section 3.5. But so far it is not so clear what is the use of
Theorem 4.23, Corollary 4.25 and also for the corresponding assertions for the classical
Sobolev spaces in arbitrary domains in Section 2.5.3 (if there is any).
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4.3.3 Intrinsic characterisations

According to The New Shorter Oxford English Dictionary on historical principles,
Vol. 1 (Clarendon Press, Oxford, 1993), p. 1405, the word intrinsic has been in use in
mathematics since the mid 19th century as not involving reference to external coordi-
nates. In our context one may replace coordinates by quantities to make it sufficiently
nebulous.

The classical Sobolev spaces ka () with 1 < p < oo and k € N in arbitrary do-
mains €2 are undoubtedly defined intrinsically by (2.221), (2.222). Itis also acceptable
to call the wavelet characterisations of these spaces in Theorem 2.55 intrinsic. On the
other hand all spaces of type A4y, (2) we are dealing with in this exposition originate
from A3, (R") by restriction or decomposition. This cannot be called intrinsic with
respect to a domain 2 # R”. Then the question arises to find intrinsic descriptions
where, according to the above quotation, the a somewhat vague notation intrinsic refers
to, say, characterisations of these spaces on domains €2 where all ingredients (building
blocks, quasi-norms etc.) are restricted to €2. The orthonormal u-wavelet bases

®={®/: jeNpr=1...N} (4.93)

in L,(€2) according to Theorem 2.33 and Definitions 2.31, 2.4 fit in this scheme. This
applies also to diverse sequence spaces of type a,,, (Zg) witha € {b, f}. This justifies
to call the following wavelet representations intrinsic.

(i) The characterisation of the refined localisation spaces Fgy °°(§2) in arbitrary
domains 2 in R” with Q # R” according to Definition 2.14 in Theorem 3.27.

(i) The characterisation of the spaces E; ¢(€2) in E-thick domains €2 with # R”
according to Definition 3.11 with s # 0 in Theorem 3.13.

(iii) The characterisation of the spaces /T; q (2) in uniformly E-porous (and hence by
Proposition 3.18 E-thick) domains 2 with Q2 # R” according to Definitions 3.11,
3.16 in Theorem 3.23.

(iv) The characterisation of the spaces Ay, (€2) in bounded Lipschitz domains ac-
cording to Definition 2.1 (i) in Theorem 4.23.

Remark 4.27. These are far-reaching characterisations in terms of common intrinsic
wavelet bases, wavelet isomorphisms (onto sequence spaces of type a,,(Zg)), and
constrained wavelet expansions. Parts (i)—(iii) apply not only to bounded Lipschitz
domains but also to some domains with fractal boundaries covered by Propositions 3.8,
3.18, for example the snowflake domain in Figure 3.5, p. 76. The search for intrinsic
characterisations of function spaces has a long history. But despite the above quotation
from the Oxford English Dictionary it remains a matter of taste what one accepts to be
called intrinsic. We return to this point in Remark 4.29 below. To some extent intrinsic
characterisations are related to the extension problem. But this does not mean that
the existence of a linear and bounded extension operator results automatically in an
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intrinsic characterisation and vice versa. For example, ext,, in Theorem 4.4 originating
from (4.10) is hardly more than a non-constructive existence proof. It cannot be used to
find an intrinsic characterisation of corresponding spaces A4y, (€2) in /-thick domains.
Or? On the other hand intrinsic characterisations of function spaces have been used
in literature to construct extension operators. Although this is not our subject here we
add a few further comments and give some references.

Remark 4.28. As far as the classical Sobolev spaces ka (2) are concerned we com-
mented on the extension problem in Section 2.5.3 and in Remark 3.3. There one finds
also the relevant literature. Both extension problems and intrinsic characterisations for
the Sobolev spaces and the classical Besov spaces

By (Q). 1=p.q=00 5>0, (4.94)

including the Holder—Zygmund spaces, and some forerunners such as the Slobodeckij
spaces B, (£2), have been studied since the 1950s and early 1960s. In [HaT08], Note
4.6.1, p. 112, we tried to clarify the historical roots, including relevant references. This
will not be repeated here. We only mention that detailed discussions and corresponding
results may be found in the two outstanding Russian books [Nik77], [BIN75]. One may
also consult [T78] as far as the situation in the middle of the 1970s is concerned. For
bounded C* domains €2 the extension problem had been solved for all spaces 43, (£2)
around 1990. This applies also to satisfactory intrinsic descriptions of the correspond-
ing spaces By (2) with s > op and Fj,(2) with s > 0,4 in terms of differences,
means of differences and oscillations. It may be found in [T92]. The solution of the
extension problem and intrinsic characterisations in terms of convolutions and local
means for all spaces A3, (£2) in bounded Lipschitz domains €2 goes back to [Ry98],
[Ry99]. Intrinsic characterisations both of B;(£2) and F,,(£2) in bounded Lipschitz
domains for s > o, or s > 0p, in terms of differences and means of differences
may be found in [T06], Theorem 1.118, p. 74, with references to [Dis03], [DeS93]
for the B-spaces. A special case of these characterisations has been mentioned above
in Remark 2.3. Intrinsic descriptions and extensions of (anisotropic) spaces F,,,(£2)
with s > 0,4 in (anisotropic) (g, §)-domains as in Definition 3.1 (i) are the subject of
[See89]. The most recent and also most advanced paper in this connection is [Shv06]
where the author studies intrinsic characterisations and extensions for spaces

WE. Fs,. B, withl<p<oo, 1<qg=<oo, 5s>0 keN,

on n-sets in R” as in (3.79) with h(r) = r".

Remark 4.29. In order to prepare what follows we first recall of what we said so far
about intrinsic characterisations for spaces on domains. As mentioned above with a
reference to [Dis03], [DeS93] one has for the spaces Bls,q (2) with (2.17) or, more
generally, (2.20), in bounded Lipschitz domains the equivalent quasi-norms (2.19).
According to Theorem 2.18 the refined localisation spaces Fyy °(£2) with (2.69), in
particular s > 0,4, can be described in arbitrary domains by ball means of differences.
As aspecial case we obtained in Corollary 2.20 a corresponding characterisation for the
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related Sobolev spaces ka’rloc (€2). We return to this point below. Some discussions
about the extendability of Sobolev spaces including relevant references may be found in
Remark 3.3, complemented by Remark 3.9. A discussion about the extension problem
in thick domains inclusively related references has been given in Remark 4.14. Finally
we recall the rather general intrinsic characterisations of the spaces A3, (€2) in terms
of atoms as it has been developed in [TrW96] and described in [ET96], Section 2.5.
Let Q be a bounded domain in R” with Q = (2)° (which means that Q coincides with
the interior of its closure as considered in connection with Proposition 3.6). Then €2 is
called interior regular if there is a positive number ¢ such that

[NQ|>c|O| (4.95)

for any cube Q centred at 02 with side-length less than 1. It is called exterior regular
if there is a positive number ¢ such that for any cube Q centred at 02 with side-length /
less than 1 there exists a subcube Q¢ with side-length ¢/ and

0¢°cCcONR"\Q). (4.96)

The above domain €2 is called regular if it is both interior and exterior regular. These
notation are similar but not identical with I -thick, E-thick and thick domains as in-
troduced in Definition 3.1. Somewhat roughly the multiplication of the (s, p)-atoms
in R" according to Definition 1.5 with the characteristic function of 2 are called £2-
(s, p)-atoms. Similarly one adapts the sequence spaces a4 in Definition 1.3 to 2 in the
same way as in Definition 2.6, now denoted as a,q4(Zq). For details and more precise
formulations we refer to [TrW96] and [ET96], Section 2.5.2. Then it makes sense to
ask for intrinsic characterisations of the spaces A, (£2) as introduced in Definition 2.1,

oo Nj
=YY Majr. r={A}eap(Ze) (4.97)

j=0r=1
with Q-(s, p)-atoms a;, and
I [Apg () ~ inf | |apg (Za) |l (4.98)

where the infimum is taken over all representations (4.97). This is the question for an
intrinsic 2-counterpart of Theorem 1.7. The outcome is the following. Let 0, 0,4 be
the same numbers as in (1.32). There is a characterisation (4.97), (4.98),

(a) for the spaces
B,, (), 0<p<o0,0<q=o00,s>0, (4.99)
in all bounded domains Q with Q = (Q)°,
(b) for the spaces
B;q(Q), 0<p=<o0,0<g=<oo,seR, (4.100)

in exterior regular domains,
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(c) for the spaces
Fpu (), 0<p<o0, 0<q=00,s>0p, (4.101)
in interior regular domains, and
(d) for the spaces
F,y(R), 0<p<oo, 0<q=<oo seR, (4.102)
in regular domains.

Greater details and further explanations may be found in [ET96], Section 2.5. As for
proofs we refer to [TrW96]. Nowadays the arguments given there may be simplified
a little bit (but presumably not very much) by using wavelet isomorphisms for the
spaces Ay, (R") according to Theorem 1.20 as the starting point instead of atomic
representations as described in Theorem 1.7. But there is a difference between the
intrinsic wavelet characterisations as recalled in (i)—(iv) at the beginning of this section
and the above descriptions (4.97), (4.98) for the spaces in (a)-(d). On the one hand the
wavelet coefficients A ( f) according to (3.127) are known (more or less) explicitly and
one has to check whether {1/ ( f)} belongs to some sequence spaces of type a,,(Zg)
or not. But there are no constructive counterparts for optimal coefficients and atoms in
(4.97), (4.98) and one may even question whether these representations are entitled to
be called intrinsic. But this is a little bit like the unsolvable riddle, who was first, the
hen (H) or the egg (E)?

(H) Given f € D'(Q) or f € §'(Q) = S(R")|Q. Decide intrinsically to which
spaces Ay, (2) it belongs.

(E) Given A, (2). Find an intrinsic description of all of its elements.

Functions have been for ages, are, and will be for ever the favourite subject of mathe-
maticians independently of whether a few of them are recruited to serve as members
of function spaces. The above wavelet characterisations (i)—(iv) fit both in (H) and (E)
whereas (4.97), (4.98) in (a)—(d) are restricted to (E).

Finally we wish to demonstrate how wavelet bases can be used to obtain intrinsic
equivalent norms for Sobolev spaces in E-thick domains which in the case of bounded
smooth domains are more or less known. We introduce the notation

WKQ) = Ffy(Q). keN, 1<p<oo, (4.103)
where FZ" ,(£2) are the same spaces as in Definition 2.1 (ii). Let as in (2.67),

§(x) = min(1, dist(x,T)), T =9, x € Q. (4.104)
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Theorem 4.30. Let 2 be an E-thick domain in R" according to Definition 3.1 (ii) such
that |02] = 0 and

[{reQ: 8(x)=277} <oo, jeN. (4.105)

Let ka(Q) withk € Nand 1 < p < o0 be as in (4.103). Then D(R2) is dense in
ka (R2), the embedding

id: WHQ) = Lp(Q) (4.106)
is compact, and
Lf Wy (@)l = le 157 D £ 1L, (@), (4.107)
L Wy (@)ll2 = lZ_jk ID* £ 1Ly (@)1 + 11575 £ 1L, ()], (4.108)
£ W) = |Z_k 1D £ 1Lp()]I. (4.109)
£ IWE@)s = |X_jk 1D £ 1Ly (Q)]I. (4.110)

are equivalent norms in ka ().

Proof. Step 1. By Proposition 3.10 and Corollary 2.20 it follows that (4.107) and
(4.108) are equivalent norms on ka (2).

Step 2. By Theorems 3.13 and 2.36 one has for ka (2) and L,(£2) common

wavelet bases {@f} and related expansions

oo Nj
f=2 0 M el (4.111)
Jj=0r=1
with
1F V@~ 2 155Z)l 1S Ly @I ~ 1A 2 Z)ll. (4112)

The assumption (4.105) ensures Ny < oo for any J € N. In particular, idy,

J N;

idyf =Y > M(H2 e, (4.113)

j=0r=1
is a linear operator of finite rank. By (2.38) one obtains

I f —ids f Ly <27 | fIWEQ).  f e WHEQ). (4.114)
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Now it follows by standard arguments that id in (4.106) is compact. Since each function
q){ can be approximated, say, in the norm in (4.107) by functions belonging to D(£2)
(Sobolev’s mollification method) one obtains as a by-product that D(£2) is dense in
Wk ().

Step 3. Since |d€2| = 0 one sees by Proposition 3.15 that one can identify VT/pk ()
with ka (), a subspace of ka (R™). This proves that both (4.109) and

1F ITE@s = £ 1Ly + S ID“F Ly @115)
la|=k

are equivalent norms in ka (£2). To show that even (4.110) is an equivalent norm it
remains to prove that there is a positive constant ¢ such that

Lf L@ < ¢ Y IID*f[Ly(R)] forall f € Wy(Q). (4.116)
la|=k

This will be done by contradiction assuming that there is no positive constant ¢ with
(4.116). Then one finds a sequence { f; ;”;1 - ka (2) with

L= 15 1Ly@1 > j D ID*fi 1Lp()]. (4.117)
o=k

In particular, {f;} is bounded in Wp]‘ (2). Since id in (4.106) is compact we may
assume that f; converges in L, (£2),

i = felp(), |fILp(R)[ =1 (4.118)

Then it follows by (4.117) that { f;} converges even in I/T/pk () to f. By (4.117) one
has D% f = 0 for |a| = k. We may assume that 2 is connected. As a consequence,
f is a polynomial of degree less than k in €2,

f= > apxP e WEQ). |f|Ly(Q)] =1 (4.119)
1Bl<k—1
Applying again Proposition 3.15 one obtains
ag e WHQ)., |Bl=k-1 (4.120)

For fixed [ € N the number of Whitney cubes Q?r needed in (2.83), (2.84) is larger
than ¢ 2/@=1 for some ¢ > 0 which is independent of / € N. This follows also from
the arguments in Step 3 of the proof of Proposition 3.18. Then one has

o0
/ §7P(x)dx = ¢! Y 2P 2l pTIn = oo, (4.121)

@ I=1
where we used p > 1. We apply (4.108) with k = 1 to (4.120) and obtain ag = 0
for |B| = k — 1. Iteration gives ag = 0 for all || < k — 1. Hence f = 0. But this
contradicts (4.119). ]
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4.3.4 Compact embeddings

If Q is an E-thick domain in R” with (4.105) then the embedding (4.106) is com-
pact. This observation is based on the wavelet representations (4.111), (4.112) and
the approximation of the identity id by the finite rank operators idy in (4.114). If one
knows the dimension of the range of id; then one obtains by (4.114) an estimate of the
so-called approximation numbers of id in (4.106). It is the main aim of what follows
to have a closer look at this type of argument and to make clear what is new compared
with already existing results. But we restrict ourselves to a few comments. First we
recall some definitions and quote related assertions. Let

Uy={acA: ||lalA| <1} (4.122)

be the unit ball in the (complex) quasi-Banach space A. If A, B are two (complex)
quasi-Banach spaces then L (A, B) is the collection of all linear and bounded operators
T: A — B quasi-normed by

IT|l = sup{|Ta [B| : a € Us}. (4.123)

Furthermore, rank 7" denotes the dimension of the range of 7. Recallthat T € L(A, B)
is called compact if T Uy is precompact in B.

Definition 4.31. Let A, B be quasi-Banach spaces and let T € L(A, B).
(i) Then for all k € N the k-th entropy number ey (T') of T is defined as the infimum
of all € > 0 such that
ok—1

T(Uy) C U (bj +eUp) forsomeby,...,by—1 € B. (4.124)
i=1

(i) Then for all k € N the k-th approximation number a (T') of T is defined by
ap(T) =inf{||T — L||: L € L(A, B), rank L < k}. (4.125)

Remark 4.32. Neither entropy numbers nor approximation numbers and their relations
to the spectral theory of compact operators play any role in this book. This may justify
that we refer to [T06], Section 1.10, for further comments, properties, and the relevant
literature. Recall that we explained in (3.4), (3.5) what is meant by the equivalence
ag ~ bg. Let B, (§2) be the spaces as introduced in Definition 2.1 by restriction of
B, (R") to 2. Let% + # =1ifl < p<ooand p’ = 0 if 0 < p < 1. Recall that
b4+ = max(b,0) for b € R.

Theorem 4.33. (i) Let Q be an arbitrary bounded domain in R". Let py, p1,q0,q1 €
(0, o] and

-0 <S5 <S5 <00, SO_£>S1—£. (4126)
Po P1
Then the embedding
id: Bpog, (Q) = Bjlg () (4.127)
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is compact and
SO —S l

ex(id) ~k—~ 7, keNl. (4.128)

(ii) Let 2 be a bounded Lipschitz domain in R", n > 2, according to Defini-
tion 3.4 (iii) or a bounded interval in R if n = 1. Let po, p1,490,41, 50,51 be as in
part (i) and let

1 1
8+=S0—S1—n - — s (4129)
Po  DP1/+
- 1 1 1 1
A:u—max(———,———). (4.130)
n 2 prpo 2

Let id be as in (4.127). Then for k € N,

either 0 < py < p1 <2,

ap(id) ~ k4" if Lor 2= py < p1 < oo, (4.131)
or 0 < p1 < po < o0,
ar(id) ~k™ if0<py<2<p <o, A>1/2, (4.132)

and

_ 84 min(p(.p1)

ar(id) ~ k= 2 fO<pg<2<p<oo, A<1/2. (4.133)
Remark 4.34. All equivalences are independent of ¢o and ¢;. Then it follows from
B;,min(p,q)(fz) — F,(Q) — B;’max(p’q)(fz) (4.134)

that one can replace B in (4.127) by F or A € {B, F'}. Both (4.128) and the corre-
sponding assertions for ay (id) have a long history. We only mention that for bounded
C°° domains (4.128) goes back to [EAT89], [EAT92] and [ET96], Section 3.3, and
(4.131), (4.132) to [ET96], Section 3.3, complemented in [Cae98] by (4.133). There
one finds also the history and further references. As for more recent comments one
may also consult [T06], Sections 1.11.2, 1.11.7. The main reason for incorporating the
above theorem is the following. Both for entropy numbers and approximation numbers
it is assumed that €2 is bounded; in case of the approximation numbers one relies in
addition on Corollary 4.12 (i) ensuring that there is a common extension operator for
the spaces on €2 into corresponding spaces on R”. Then multiplication with a suitable
cut-off function shows that it is sufficient to deal with embeddings

ido: {f € B, (R"): supp f C U} < B3, (R") (4.135)

where U = {y € R" : |y| < 1} is the unit ball in R”. Then one can apply the wavelet
isomorphisms in R” according to Theorem 1.20. This reduces the study of entropy
numbers and approximation numbers for id in (4.127) or idg in (4.135) to equivalent
problems for sequence spaces. This reduction is quite standard nowadays. It had been
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used for the first time in [T97] and afterwards in [TO1], [T06] and the related literature
mentioned there. We describe the outcome of this reduction and adapt the sequence
spaces bls,q according to Definition 1.18 and Theorem 1.20 to the notation as used in
[T97], [TO1] and more recent in [T06], Section 6.3. Let

A={AjyeC: jeNyr=1,...,M} M ~29 (4.136)

ford > 0. With§ > 0,0 < p < 00,0 < ¢ < oo let Zq(Zj‘SZglj) be the space of all
sequences A in (4.136) such that

oM 00 150 M; o\l 1/q
[116 276 ) | = (322720 (D 12 17) < 0, (4.137)
Jj=0 r=1

(usual modification if p = oo and/or ¢ = 00). By Theorem 1.20 it is now quite
clear that the embedding (4.135) and the study of related entropy and approximation
numbers can be reduced to corresponding equivalent questions for related sequence
spaces with d = n. All this has been done in detail in the above-mentioned literature.
But this observation paves the way to apply the above common wavelet bases to study
embeddings of type (4.127) now for more general situations and modified spaces. We
restrict ourselves to a few examples and comments.

Theorem 4.35. Let Q be an E-thick domain in R" according to Definition 3.1 (ii) with
|Q2] < oo. Let po, P1,90,91 € (0, 0] and

o0 <8 <50 <0, So— >t (4.138)
Po P1
Then the embedding
id: B;gqo(Q) — B;‘lql(Q) (4.139)

is compact. Furthermore one has (4.128) for the related entropy numbers and (4.131)—
(4.133) with 6+ and A as in (4.129), (4.130) for the related approximation numbers.

Proof. Since sy < 59 < 0 one can apply Theorem 3.13 (ii) to the two spaces in (4.139).
By construction one has N; ~ 2/". This reduces the spaces by (Zg) in (3.53) to the

above sequence spaces £ (2/ 86;,% ) with M; = N; in the same way as outlined in
Remark 4.34 in connection with idg in (4.135). Then one obtains the above theorem
as a corollary of Theorem 4.33. O

Remark 4.36. The main point is the direct transfer of (4.139) to corresponding em-
beddings between sequence spaces by using the common wavelet basis according to
Theorem 3.13. One needs that |2] < oo but not that Q is bounded. Under these
circumstances a reduction of id in (4.139) to idg in (4.135) is not always possible. But
this was essential for the proof of Theorem 4.33. By Proposition 3.8 the above theorem
can be applied to the snowflake domain in R? according to Figure 3.5, p. 76.
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Remark 4.37. One has now two possibilities to extend the assertions about approx-
imation numbers according to Theorem 4.33 (ii) from bounded Lipschitz domains to
more general domains. Let idy be the same reference embedding as in (4.135). If Q is
bounded and if there exists a linear and continuous extension operator

ext: B, (Q) < B2, (R") (4.140)

for the source space then one obtains by the arguments indicated in Remark 4.34 that
ag(id) ~ ax(idg), k € N, (4.141)

where id is the same embedding as in (4.126), (4.127). Secondly one obtains the same
result if |Q2] < oo (but £ not necessarily bounded) and if both the source space and
the target space have a common wavelet basis. It seems to be reasonable to fix some
assertions which can be obtained in this way as a corollary both to Theorem 4.33,
Remark 4.34 on the one hand and Theorem 4.35 and its proof on the other hand. Let
0p and 0,4 be as in (4.15). As before ay are the approximation numbers according to
(4.125).

Corollary 4.38. (i) Let 2 be a bounded I-thick domain in R" according to Defini-
tion 3.1 (iii) with |02| = 0. Let po,qo, P1,491, S0, 1 be as in Theorem 4.33 and let in
addition sg > 0p,. Then id in (4.127) is compact with

ar(id) ~ ay(ido), k € N, (4.142)

where idg is the reference embedding (4.135).
(ii) Let Q2 be an E -thick domain in R" according to Definition 3.1 (ii) with | 2| < oo.
Let po,qo, P1,91, 50,51 be as in Theorem 4.33 and let in addition

so €[0,0p,] and s1 &0,0p,]. (4.143)
Let E; 4(§2) be the spaces according to (3.46). Then

id: B, (Q) < B3, () (4.144)

is compact with (4.142) where idy has the same meaning as there. One can replace

By0a(R) by Lpy(Q) withl < po < oo, =2 > 5 — I, (4.145)
or
Byl () by Lp(Q) withl < pi<oo, so=g0>—7.  (4146)

(iii) Let Q2 be an arbitrary domain in R™ with |Q2| < oo. Let po, qo, P1, 41, S0, S1
be as in Theorem 4.33 and let in addition

50 €10,0p0q0], 51 €10,0p,4,], (4.147)
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go = 00 if po = oo and q; = o0 if py = oc. Let Fyy'* () be the spaces according
to Definition 2.14. Then

:q-. ,rloc ,rloc
id: Fiotloe(Q) e FS1I0¢(Q) (4.148)

is compact with (4.142) in the cases covered by Theorem 4.33 (ii) and idg as in (4.135).
One can replace

Foae(Q) by Lpy(R) with1 < py <00, =2 > sy — 2 (4.149)
or
Fla(Q) by Lp(Q) withl < p1 <00, 50— 2= > =1 (4.150)

Proof. 1t is sufficient to complement the arguments in Remark 4.37 by the necessary
references. Since €2 is bounded one obtains part (i) from Theorem 4.4 and (4.140),
(4.141). Theorem 3.13 complemented by Theorem 2.36 ensure the existence of com-
mon wavelet bases in E-thick domains for the spaces considered. Since |Q2] < oo one
obtains part (ii) by the same arguments as in the proof of Theorem 4.35. Similarly for
part (iii) where one can rely on Theorem 3.27. Then one needs the F-counterpart of
(4.142). But by Remark 4.34 this is the same as for the B-spaces excluding limiting
cases. O

Remark 4.39. By (4.134) one can incorporate the F'-spaces in parts (i) and (ii). As
far as spaces of smoothness zero are concerned we restricted the above formulation to
L,(2) with 1 < p < oco. This can be extended to some other spaces qu (£2) under
some restrictions for the parameters and domains. One may consult the theorems
mentioned in the above proof.

Remark 4.40. As in Theorem 4.35 one can replace the approximation numbers aj in
the above corollary by the corresponding entropy numbers e with (4.128). This is of
interest for parts (ii) and (iii) but not for part (i) where we have by Theorem 4.33 (i) a
better assertion. Furthermore one can ask to which extent one can replace approxima-
tion numbers a; and entropy numbers ey by other s-numbers or diverse types of widths
measuring compactness. In the first line one may think about Kolmogorov numbers and
Gelfand numbers. But there is a plethora of other numbers and widths. The abstract
theory of s-numbers and widths in Banach spaces may be found in [Pie80], Section 11,
[Pie87], Chapter 2, [Pie07], Section 6.2, and [Kon86]. There are some specifications
of the abstract theory to sequence spaces and function spaces. We refer in this context
also to the recent report [Vyb07b], filling also some gaps as far as approximation num-
bers for compact embeddings between function spaces in bounded Lipschitz domains
according to Theorem 4.33 (ii) are concerned. If one wishes to use what is known so far
for some widths, denoted by {/; : k € N}, for the above purposes then the following
ingredients are desirable.
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e The numbers {hy(T)} are defined for compact maps 7: A — B between
(complex) quasi-Banach spaces and

ITI|=hi(T) == hp(T) = - (4.151)
(monotonically decreasing).
* They have the multiplication property
he(Tyo T o Ty) < | Ta]l - hi(T) - | Tl k € N, (4.152)
where

Ti: A — Ay, T:A; — Bjycompact, T,: By — B. (4.153)

¢ One knows /i (idg) for reference mappings of type (4.135),

ido: {f € A0, (R"): supp f C U} — A1, (R"). (4.154)
Afterwards one can switch from a counterpart of Theorem 4.33 (ii) with & in place
ay (if exists) to the corresponding counterparts of Theorem 4.35 and Corollary 4.38 by
the same arguments as above.

Remark 4.41. So far we replaced the assumption that €2 is bounded in Theorem 4.33
by |R2] < oo in Theorem 4.35 and in the parts (ii) and (iii) of Corollary 4.38. Then
one has the sequence spaces in (4.136), (4.137) with d = n. But there is an elaborated
theory for compact embeddings between sequence spaces of this type for all d > 0
covering at least equivalence assertions for the corresponding entropy numbers. We
refer to [T06], Section 6.3, and the literature given there. If, for example, Q2 is E-thick
with [Q2| = oo and

{xeQ:8(x)=277}|~29, jeN, (4.155)

for some ¢ > 0, where §(x) has the same meaning as in (4.104), then it seems to
be possible to obtain equivalence assertions at least for the entropy numbers of id in
(4.139). As far as sequence spaces are concerned there are far-reaching generalisations
of the above sequence spaces of type (4.136), (4.137) for which one has equivalence
assertions for entropy numbers of related compact embeddings. We refer to [T06],
Remark 6.18, pp. 278-79, where we collected corresponding papers. It remains to be
seen to which extent these results can be used in the above context. One may even ask
for inverse assertions. For this purpose it might be useful to convert the decreasing
sequence {ey} of entropy numbers of a compact embedding between two function
spaces into a decreasing (which means non-increasing) function on [0, co),

e(t)y=e, fork—1<t<k, kel (4.156)
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Of course, e(t) — 0if ¢t — oo. Let g(¢) be a, say, continuous, positive decreasing
function on [0, co) with g(¢) — 0 if 1 — oo. Then the inverse entropy problem is the
question whether there is a compact embedding, say, of type (4.139) such that

g(t) ~e(t), 0=<t<oo. (4.157)

Having (4.128) in mind one may suppose that g(¢) > ¢t~ X for some ¢ > 0, K > 0.
Similarly one can formulate an inverse approximation problem replacing the entropy
numbers {e } in the above comments by the approximation numbers {ay }.



Chapter 5
Spaces on smooth domains and manifolds

5.1 Wavelet frames and wavelet-friendly extensions
5.1.1 Introduction

All wavelet expansions in function spaces on domains €2 in R” considered so far
originate from the u-wavelet basis

{®/: jeNo;r=1,....N;} withN; € N (5.1

according to Theorem 2.33 and Definitions 2.31, 2.4. The wavelets CD{ have compact
supports in €2, _
supp &/ C Q. (5.2)

This makes clear that wavelet expansions as considered, for example, in Theorem 3.13
cannot be expected for spaces Ay, (£2) having boundary values at I' = 9. We
discussed this point at the beginning of Section 4.3.2. Nevertheless we obtained in
Theorem 2.55 for the Sobolev spaces ka (£2) in arbitrary domains and in Theorem 4.23
for all spaces Ay,,(€2) in bounded Lipschitz domains so-called constrained wavelet
expansions characterising the corresponding spaces in terms of sequence spaces. But
these are not wavelet expansions converging in the spaces themselves. We have now a
closer look at problems of this type assuming preferably that €2 is abounded C *° domain
in R” with n > 2 according to Definition 3.4 (iii) or a bounded interval 2 = (a, b)
with —oo < a < b < coifn = 1. But at the end of this Chapter 5 we deal briefly with
spaces on so-called cellular domains and comment on spaces in Lipschitz domains and
(e, 8)-domains. In Section 6.1 below we return to cellular domains in greater detail.
To avoid any complications in connection with traces we restrict ourselves mostly
to the spaces
A;q(Q) withs >0, 1 < p<oo, 1 <¢ < o0, (5.3)

according to Definition 2.1. If p < 1 then the trace problem is rather delicate. We
return to this point in Section 6.4 below. Otherwise we assume that the reader is familiar
with basic facts about traces of, say, Sobolev spaces and classical Besov spaces on the
boundary I' = 92 of a smooth domain 2. We fix some notation. As usual, I is
furnished with the (n — 1)-dimensional Hausdorff measure p (the standard surface
measure). Then L,(I") with 1 < p < oo is the usual Banach space of all complex-
valued p-measurable functions f on I' such that

1/p
If 1Lp(D)] = ( /F If(y)l”u(dy)) 5.4)
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is finite. Since we excluded p = oo and ¢ = oo in (5.3) the restriction S(2) =
S(R™)|2 of S(R") on €2 is dense in the space A, (S2). If ¢ € S(£2) then the pointwise
trace ¢(y) = (trr ¢)(y) with y € I" makes sense. Let Ay, (§2) be as in (5.3). One
asks whether there is a positive number ¢ such that

ltrr @ [Lp(D)|| < ¢ [lg |4y, ()] forall ¢ € S(<). (5.5)
If this is the case then one defines the trace operator trr,
trr: Ay, (2) = Ly(D) (5.6)

in the standard way via Cauchy sequences. This is the usual point of view to say what
is meant by traces which is sufficient for our (and almost all) purposes. But one can
give a more direct (albeit quite often less effective) pointwise definition. It is based on
the theory of Lebesgue points asking for which x € R” one has

g0 = tim (Bl [ gay. 57)
r—0 B(x,r)
where B(x,r) stands again for a ball centred at x € R” and of radius r and g is
locally integrable in R”. Let g be the distinguished representative of the corresponding
equivalence class with (5.7) in all points x € R” for which the right-hand side of (5.7)
converges. If one has (5.5) (where one can replace €2 on the right-hand side by R”) then

one obtains for f* € A, (2) and the above distinguished representative g € Ay, (R")
with f = g|<, that

(e ) = F0) = 8) = lim B0 [ giay 59
r—>0 B(y,r)
p-a.e. (uptoasetof u-measure zeroon I'). But thisis arather sophisticated observation
based on the theory of capacity which will not be needed here. Some details can be
found in [TO1], pp. 260—61, with a reference to [AdH96]. One may also consult in this
context [HeNO7].

Let v = v(y) with y € ' = 9 be the outer normal at the boundary I" of the
above bounded C* domain 2 in R” (bounded interval if n = 1). Let A} (£2) with
A € {B, F}beasin (5.3). If a € R then [a]™ is the largest integer strictly less than a.
Let

trrp f— {trp ™ f 0<j< [s— %]_} (5.9)
(empty if s < 1/p). By the references given later on trj2”
[s—1/p]™
wr? By, (Q) = ]_[ qu (5.10)
and
[s—1/p]™

—*—]

wr? Fi(Q) = ]_[ B,,” (5.11)
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are linear and bounded maps onto the indicated (vector) spaces. Let ffls,q (R2) be the
spaces introduced in Definition 2.1 (ii) with s, p,q and 2 as above. Again by the
references and the precise interpretations given in Theorem 5.21 and Remark 5.22
below one has

[s—1/p]~ )
B3,(Q) = BS,(Q) x ]_[ qu (5.12)
and
[s—1/p]~
F5,(Q) = F3(Q) x ]_[ B,,p (5.13)
if X
—l<s——¢&Ny, 1=<p,qg<oo. (5.14)
p

If—1<s— % < 0 then (5.13), (5.14) means
A5(Q) = A3(Q) (5.15)

where again a reference will be given later on. But it is essentially also covered by
Proposition 3.19 where one may incorporate p = 1 and choose any § with § < 1.
Although (5.12), (5.13) require a precise interpretation one can imagine that these
decompositions pave the way to construct wavelet bases and wavelet frames for the
spaces A3, (€2) under consideration. Wavelet bases for the spaces /f; 4(§2) are covered
by Theorems 3.13, 3.23 and Corollary 3.25. Next one needs wavelet expansions for the
spaces A7 (I") on compact C* manifolds I'. This will be done in Section 5.1.2. Then
one has to transfer the wavelet decomposition for spaces on I to 2 which is the subject
of Section 5.1.3 where we construct wavelet-friendly extension operators which might
be of interest for its own sake. The rest of Section 5.1 deals with the combination of
these wavelet expansions resulting in wavelet frames for the spaces in (5.3). In some
cases these frames are bases. This is the subject of Sections 5.2 and 5.3. Finally we
describe in Section 5.4 some alternative constructions.

5.1.2 Wavelet frames on manifolds

Let ' be a compact metric space furnished naturally with a topology. Let n € N.
Then T is called a compact n-dimensional C*° manifold if for some M € N there is
an atlas {V},, wm} —; consisting of open sets V}, in I' such that U 1 Vm =T and
homeomorphic maps ¥,

Um: Vm = Un =VYm(Vn) CR", m=1,....M, (5.16)
of V;, onto connected bounded open sets Uy, in R” such that y o ¥,

Vi o VUt Um(Vin O Vi) = Y (Vin N Vi) if Vin N Vi # 0, (5.17)
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are diffeomorphic C° maps with positive Jacobians. Here (5.17) are the usual com-
patibility conditions for overlapping open sets V;,. Essentially we are only interested
in compact (n — 1)-dimensional C °° manifolds which are boundaries of n-dimensional
bounded C*° domains according to Definition 3.4 (iii). Then one has natural atlases.
This may justify that we do not discuss the above definition on an abstract level. The in-
terested reader may consult [BrLL75], Section 1.1, [Hel78], §1, or [Tri86], Section 29.1.
We furnish the above n-dimensional compact C* manifold with the n-dimensional
Hausdorff measure . Details may be found in [Mat95], Section 4. Of course the im-
age measure V,,[u] restricted to V;, is equivalent to the Lebesgue measure in U,,. As
before, L,(I') with 0 < p < oo is the collection of all complex-valued jt-measurable
functions on I'" such that

1/p
If 1Ly = ( [ If(V)Ipu(dV)) (5.18)

is finite (usual modification if p = oco). Otherwise one can lift via the above mappings
¥, functions, distributions and function spaces from R” to T'. This applies in partic-
ular to the space of test functions D(I") = C°°(T") and its dual D’(T"), the space of

distributions on I'. Let {y, },A,:[:l C D(I') be a resolution of unity such that

M
supp ym C Vin  and Z m(y)=1 ifyel. (5.19)
m=1
If f € D'(T) then
(tmf)ov,t € D'(Uyn) C S'(R"), m=1,...,M. (5.20)

Definition 5.1. Let I be a compact n-dimensional C *° manifold. Let A € {B, F} and
lets € R,0 < p < o0 (p < oo for the F-spaces) and 0 < g < oco. Then

AT ={feD'T): (tmf)ov, €Ay, R, m=1....M} (521
and

M
LS 1A (D= Y 1Gm f) o ¥ 145 (R (5:22)

m=1

Remark 5.2. It follows by standard arguments (diffeomorphic maps, pointwise multi-
pliers) that these spaces are independent (equivalent quasi-norms) of compatible atlases
(local charts) and related resolutions of unity.

We wish to transfer the wavelet expansions for spaces on R” according Theo-
rem 1.20 to spaces on I'. For this purpose one needs counterparts of the wavelets in
Theorem 1.20 and of some sequence spaces. It is reasonable to ask for I'-counterparts
of Definitions 2.4, 2.6. The sequence spaces fit in this scheme. But the cancellations
of the interior wavelets in (2.33), going back to (1.87)—(1.91), are not preserved if mul-
tiplied with C*° cut-off functions and the subject of diffeomorphic distortions. The
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cancellations for the wavelets originate from the corresponding cancellations of the
(s, p)-atoms in R” according to (1.31). But there is a suitable modification. For this
purpose one replaces (1.31), now for all j € Ny, by

[ v amear] = pa Bl S ipey ). 523)
dem

le|<L

where the supremum is taken over all y € dQ,,. Here D is a positive constant. In
other words, we modify Definition 1.5 and the explanations given in Remark 1.6 as
follows.

Lets, p, K, L, d be as in Definition 1.5 and let D > 0. Then the L -functions
ajm: R" = C with j € No, m € Z", are called (s, p)*-atoms (more precisely
(8, p)k,L.,4.p-atoms) if one has (1.29), (1.30), and (5.23) for all functions
having classical derivatives up to order L in dQ jm.

In other words, one replaces (1.31) by (5.23) for given D > 0 and all . Expanding
¥ in its Taylor polynomial with remainder term of order L and off-point 27/ m then
(5.23) follows from (1.31) for all

D>D@m,L), neN, LeN, (5.24)

where D(n, L) is some positive constant depending only on n and L (which can be
calculated explicitly). Then any (s, p)k,1,q-atom according to Definition 1.5 and
Remark 1.6 is an (s, p)k 1.4, p-atom if D satisfies (5.24).

Proposition 5.3. Theorem 1.7 remains valid if one replaces (s, p)-atoms (more pre-
cisely (s, p)k.L.4-atoms) by (s, p)*-atoms (more precisely (s, p)k.L.d,p-atoms with
D > D(n, L) according to (5.24)).

Remark 5.4. One has to show that (1.34), (1.35) and (1.34), (1.37) remain valid for
the larger class of (s, p)*-atoms according to the above definitions. This has been done
in detail in [Skr98b]. Multiplications with smooth functions and (local) diffeomor-
phic maps of (s, p)*-atoms preserve essentially the crucial assumptions (1.29), (1.30),
(5.23).

After these preparations one can now introduce the I"-counterpart of Definitions 2.4
and 2.6. Let I" be again a compact n-dimensional C°*° manifold. Let B(y, o) be a ball
centred at y € I" and of radius ¢ > 0 (with respect to the metric on I'). For some ¢ > 0
let

Zr={y/ el: jeNpr=1..,N;}, NjeN, (5.25)
with (typically) N; ~ 27" such that
vl € B(yi.c277), jeNo,r#r. (5.26)

This is the counterpart of (2.24), (2.25). Of interest later on are sets Zr with
Nj
= JBW.c277). jeN,. (5.27)

r=1
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for some ¢’ > 0. Let C*(T") be the usual space of complex-valued functions having
classical derivatives up to order # € N inclusively. Since I' is compact there is no need
to bother about invariantly defined derivatives. We simply write D® f for f € C*(T")
and

I£1C* I~ Y sup [D* £ ()] (528)

el <u V€T

in the interpretation via local charts. Recall that p in (5.18) is the n-dimensional
Hausdorff measure on I'.

Definition 5.5. Let I' be a compact n-dimensional C°° manifold and let Z be as in
(5.25), (5.26). Letn € N.
(i) Then the collection

' ={®/: jeNgr=1,....,N;} CcC*T) (5.29)
of real functions is called a u-wavelet system if for some positive numbers c1, ¢z,
supp®/ C B(y{.c1277), jeNogir=1,....N;, (5.30)
and for all @ € Ng with || < u,
|DY®) (y)| < 2273419l e Ng:r=1,....N;. (5.31)

(i1) The above u-wavelet system is called oscillating if, in addition, for some c3 > 0,

' [y oo utan| < a2 i g i, (5.32)

J€Ng;r=1,...,N;.

Remark 5.6. This is the counterpart of Definition 2.4 based on (2.32), (2.33), (2.27). As
there we prefer for wavelets (in contrast to atoms) an L,-normalisation. This explains
the factors 2/%/2 and 27/"/2 = 2/7/2.27i" in (5.31), (5.32). Furthermore we rely on the
same coupling of smoothness and cancellation as in (1.87)—(1.91) expressed by u € N.
The above wavelets are more qualitative than there counterparts in Definition 2.4 and
there is no need to distinguish any longer between basic wavelets as in (2.32) and
interior wavelets as in (2.33). It is obviously immaterial whether one requires (5.32)
for j € Nor j € Ny (including the starting wavelets). In terms of local charts, (5.32)
reduces to (5.23) with L = u (having in mind the different normalisations).

Definition 5.7. Let I" be a compact n-dimensional C* manifold and let Zr be as in
(5.25), (5.26). Let x,, be the characteristic functions for the balls in (5.26). Let s € R,
0 < p <00,0<gq =< oo. Then by, (Zr) is the collection of all sequences

A={leC: jeNpr=1....N;}, NjeN, (5.33)
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such that

1/q

I N;
: n . q/p
II/\Ib;‘,q(Zr)Il:(sz(s—p)q(ZWV’) ) < o, (5.34)
j r=1

and f5,(Zr) is the collection of all sequences (5.33) such that

oo Nj
@0l = (222 1) M| <00 639

j=0r=1
(obviously modified if p = oo and/or ¢ = 00).

Remark 5.8. This is the direct counterpart of Definition 2.6 where the quasi-norm
in L,(I") is given by (5.18) independently of local charts. As mentioned there if v/,
in (5.16) is applied to p (image measure) then V,,[1] is equivalent to the Lebesgue
measure in U,. Then one has the same situation as in Remark 2.7 making clear
that f,,(Zr) is independent of the admitted characteristic functions y,;» and admitted
atlases. The Hilbert space L,(I") is furnished with the scalar product

(f.g)r = fr £) 20 (dy). (5.36)

The corresponding scalar product with V;,, in place of I" can be transferred by (5.16)
to Uy,

(o = [ (£ o) om0 Lwar. 63

One may assume that the Radon—-Nikodym derivative ‘;—’; is a C* function in U,

with j—‘;(x) > ¢ > 0if x € Uy,. This can be justified by transferring the Lebesgue
measure in Uy,, multiplied with a smooth resolution of unity, to I". Then one obtains a
measure with the desired property which is at least equivalent to the above Hausdorff
measure (. We identify p with this measure. (Recall that in what follows we are only
interested in C *° manifolds which are boundaries of bounded C *° domains according
to Definition 3.4 (iii) where the above assertion can be justified directly).

After these preparations one obtains now the following counterparts of Theo-
rem 1.20 for spaces on R” and of Theorem 1.37 for spaces on T”. The numbers
0p and 0,4 have the same meaning as in (4.15). We use ~ as in (3.4), (3.5).

Theorem 5.9. Let I' be a compact n-dimensional C* manifold. Let Ay, (") be the
spaces as introduced in Definition 5.1. For any u € N there are two oscillating
u-wavelet systems {@i} and {lllf } according to Definition 5.5 (ii) with the following
properties.

() Lets e R, 0< p <00, 0<gq <o0,and

u > max(s, opg — ). (5.38)
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Then f € D'(T) is an element of F,,(T') if, and only if, it can be represented as

oo Nj

f=Y Y M2l re f3(Zr). (5.39)

j=0r=1

unconditional convergence being in F,,(T') if ¢ < oo and in F,*(T') for any e > 0
if ¢ = oo. Furthermore,

I/ 1 Fpg (DI ~ inf |3 |/ (Zr) (5.40)

where the infimum is taken over all admissible representations (5.39). Any f € F,, (I')
admits the distinguished representation (5.39),

oo Nj
F=Y 30Nl M) =22 (L)) (5.41)
j=0r=1
with
IS 1 Epg M~ A | fpg (ZD)] (5.42)

(u-wavelet frame).
(i) Lets e R,0< p <00, 0 < g < o0and

u > max(s, o, — 5). (5.43)
Then f € D'(T') is an element of By (') if, and only if, it can be represented as

oo N;

=YY M2l rebs, (Zr). (5.44)

j=0r=1

unconditional convergence being in B, (T') if p < 00, ¢ < oo and in B, *(I') for
any ¢ > 0 if p = oo and/or q = oo. Furthermore,

I/ 1Bpg ()| ~ inf |4 by, (Z1) (5.45)

where the infimum is taken over all admissible representations (5.44). Any f € B, (')
admits the distinguished representation (5.41), (5.44), with

I [Bpg (D ~ IA(f) [bpg (Zr) I (5.46)
(u-wavelet frame).

Proof. Step 1. Let A € {B, F'} and correspondingly a € {b, f}. Let f € D'(T') be
given by (5.39), (5.44) for some u-wavelet system {Cbi} with (5.38), (5.43). We rely
on (5.21). One has

UmS) o V' =D A 2772 (s @) 0 ¥, (5.47)

Jsr
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Adapting the normalising factors one has by Definition 5.5 that (5.47) is an expansion
in terms of (s, p)*-atoms to which Proposition 5.3 can be applied. Then one obtains

that (m /) © ¥;," € A5, (R") and

I/ 145 = ¢ A ]ay, (Zr)]. (5.48)
Step 2. As for the converse one expands
- X 1N A— j
UmS) eV = D A (m S 0¥y ) 277/"2 W, (5.49)
J,G,l

according to Theorem 1.20 with respect to the wavelet basis {\IJ’G l}’ where

G a _ B .
A Gmf o ') =22 /[R (mf 295" () g (x) dx. (5.50)
One may assume that supp \I/é ; C Un according to (5.16) for all \Ilé ; with
supp \I/é’l N supp (xm © w,;l) # 0. (5.51)
We transfer (5.49) from U, to I'. Then (5.37) and summation over m give (5.41).
Using (5.22) one obtains (5.42), (5.45). O

Remark 5.10. We proved a little bit more than stated. One has (5.48) for any expan-
sion by appropriately re-normalised (s, p)*-atoms according to Proposition 5.3 and
transferred from R” to I'. In other words there is a full counterpart of Theorem 1.7
in the version of Proposition 5.3 for spaces Ay, (I") on compact n-dimensional C*>
manifolds T'.

Remark 5.11. In (1.100), (1.101) we recalled what is meant by a (unconditional) basis
in quasi-Banach spaces. The notation of a frame in quasi-Banach spaces is not so fixed
but in common use nowadays. We explain our understanding of this notation taking

B;q (') as a proto-type. A countable system {<I>{} is called a (stable) frame in B;q ()
if it has the following two properties.

1. (Stability) There is a natural sequence space, b, . (Zr), such thatany f € Bj (I')
can be represented by (5.44) with (5.45).

2. (Optimality) There are linear and continuous functionals
A € By, (I): f € B3, (T)—Al(f) €C, (5.52)
such thatany f* € B; (I") can be represented by

oo Nj
f=2 2 MH2 el Af) € by, (), (5.53)

j=0r=1

with (5.46).



5.1 Wavelet frames and wavelet-friendly extensions 139

To avoid any misunderstanding we recall that (5.46) means that there are two numbers
0 < C; < (5 < 00 such that

Cillf 1By (M = IA() 1bpg (ZD)|| = C2ll f By (D)l (5.54)

forall /' € B, (). If the underlying space is a separable Hilbert space, then {5 is the
natural related sequence space. If one starts with a Banach space or even quasi-Banach
space then the search for a suitable sequence space is part of the task. Unconditional
convergence of (5.44) or (5.53) can only be expected if the underlying space is separa-
ble, this means p < 00, ¢ < oo in case of B, (I'). If the given space is not separable,
for example B, (I') with max(p,q) = oo, then convergence takes place in a larger
space, for example B *(I') with ¢ > 0, but the outcome belongs to the given space.
Furthermore (5.52), (5.53) and suitable counterparts for other quasi-Banach spaces
require that the space considered has a sufficiently rich dual space. But this is not
always the case. Since, for example, L,(R")" = {0} if 0 < p < 1, nothing like (5.53),
(5.52) can be expected. But this unpleasant effect happens also for some other more
interesting spaces. We return to this point in Section 6.2.

Remark 5.12. One may ask whether there are u-wavelet systems according to Defi-
nition 5.5 which are not only frames but even (unconditional) bases. In general this is
not so clear. But it is possible in some cases and for some modified u-wavelet systems.
This will be the subject of Sections 5.2, 5.3.

Remark 5.13. As described in Introduction 5.1.1 itis the main topic of Chapter 5 to find
wavelet frames and wavelet bases for spaces A, (€2) using the decompositions (5.12),
(5.13). For this purpose we need the above considerations applied to the compact
(n — 1)-dimensional C*° manifold ' = 9. But it would be desirable to study
wavelets (frames and bases) on more general C > manifolds I'. In [T92], Chapter 7,
and the underlying papers we introduced and studied spaces B, (I') and F,, (I') on
(non-compact) n-dimensional Riemannian manifolds with positive injectivity radius
and bounded geometry and on Lie groups. The further development of this theory is
mostly due to L. Skrzypczak, [Skr97], [Skr98a], [Skr98b], [Skr03]. In these papers
one finds in particular an elaborated theory of atomic decompositions based on atoms
of the same type as used in Proposition 5.3, where conditions of type (5.23) play a
decisive role. Wavelet frames in these spaces have been studied in the recent paper
[SkrO8].

5.1.3 Wavelet-friendly extensions

In Introduction 5.1.1 we outlined our method in this chapter. We reduce the question
of wavelet frames and wavelet bases for the spaces A;q (£2) in (5.3) to corresponding
assertions for the spaces in the decompositions (5.12), (5.13). By Theorem 3.13 we
have interior wavelet bases for all spaces /f; ,(€2) of interest. As for the spaces By, (I")
on the boundary I' = 92 we wish to use the wavelet frames (or related wavelet
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bases discussed later on) according to Theorem 5.9. One has to shift the wavelets on
the compact (n — 1)-dimensional C*° manifold I to the n-dimensional bounded C*°
domain  creating wavelets in Q having all the expected properties of wavelets in
Q, but no compact supports in 2. This will be done by constructing wavelet-friendly
extension operators which might be of interest for its own sake. For this reasons we
prove the corresponding assertion in full generality. First we adapt some formulations
from Introduction 5.1.1.

If p > 1 then one can replace L,(I") in (5.5), (5.6) by L{(I"). Hence we ask for a

positive constant ¢ such that
It @ Ly < cllg |4y, ()] forall g € S(K). (5.55)

This does not change to say what is meant by traces for the spaces in (5.3) and also
not the discussion in (5.7), (5.8) which is essentially an L -matter. But we extend now
(5.55) to spaces A3, (€2) with p = oo and/or ¢ = oo and to spaces with p < 1. For
givenr € Ng and u € N with r < u, we will ask for common trace operators (from €2
to I'), now denoted by trf., and for common extension operators (from I to £2), now
denoted by ext:”, in natural (s, p, g)-regions

1
0<p<oo, 0<g=<oo, r+—+oy ' <s<u, (5.56)
p

where |
ol’}_lz(n—l)(——l) , 0<p<oo0,2=<meN, (5.57)
p +

is the (n — 1)-dimensional version of o, in (4.15) indicating the dimension n — 1
to avoid any misunderstanding. Furthermore, if {B; : [ = 1,..., L} are (complex)
quasi-Banach spaces then the collection of all b = {b;,...,br} with b; € B; and
quasi-normed by

L L
> | |By|| isdenotedas ] B (5.58)
I=1 =1

Instead of trp2” in (5.9) we write now
wfp: f o {ur 2L 0<j <r). (5.59)
Then we obtain by [T83], Theorem 3.3.3, p. 200, that

r _l_ .
uf B, (@) = [ Bpg” (D) (5.60)
Jj=0

if
1
O0<p=<oo, 0<gq=<oo, r+—+oI’,’_1<s, (5.61)
V4
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and

r s—i—j
trf Fy () = [[ Bpp” " (D) (5.62)
j=0

if :
0O<p<oo, 0<g=<oo, r+—+oy " <s. (5.63)

pr
We add a comment how (5.55) is related to these trace assertions. First we remark that
L,(T) — Li(I') ifl<p=<o0. (5.64)

By (5.60)—(5.63) it follows that it is immaterial to replace (5.5) by (5.55) if p > 1. If
0 < p < 1 then one has for § > 0,

1 1
s=8+—+(n—1)(——1)=1—n+1+5. (5.65)
P P P

Then it follows from well-known embedding theorems as one may found in [T83],
Theorem 3.3.1, p. 196, that

B3, (Q) — B{1(Q) — Li(I). (5.66)

Again (5.55) makes sense. If p < 00, ¢ < 00, then S(£2) is dense in 43, (£2) and, as
said, trr, and then also trT,, are defined by completion. If p = oo then B, ,(€2) with
s > 0is embedded in the space of continuous functions and trr makes sense pointwise.
If ¢ = oo then one has

By »o(Q) = B, *(2) foranye > 0. (5.67)

Let & > 0 be small such that one has (5.61) with s — € in place of s. Now one can define
trr for B, ,(§2) by restriction of trp for B;’]Q(Q) to B -, (£2). Hence (5.55) is always
meaningful. As far as (5.60)—(5.63) is concerned we have nothing new to add. The
assertions in [T83], Theorem 3.3.3, p. 200, cover also the existence of corresponding
extension operators. But this is based on Fourier-analytical arguments and of little
use for our purpose. In [T92], Section 4.4, we returned to the trace problem, based
on atoms. Although nearer to our recent intentions it does not cover our needs. For
this reason we construct explicitly a wavelet-friendly extension operator ext;:u, where
r € No and u € N have the same meaning as in (5.56), (5.61).

Let Q2 be a bounded C* domain in R” according to Definition 3.4 (iii) with
2 <n e Nandlet' = 9 be its (n — 1)-dimensional boundary considered as
an (n — 1)-dimensional compact C*° manifold. We recalled at the beginning of Sec-
tion 5.1.2 what is meant by compact C° manifolds (without boundaries). We need
some preparations. Let v be the outer normal at I" and let

dist(x, ") if x € Q,

d(x) ~ ) :
—dist(x, ") ifx e R"\ Q,

(5.68)
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be a C*° function in a tubular neighbourhood

I, ={xeR": dist(x,T) < &} (5.69)
of I" for some (small) € > 0. We may assume that
o o
—d'(x)=0if I £k and — d¥(x)=k! (5.70)
vk vk

Then I'; can be furnished for small ¢ > 0 with curvilinear coordinates
Ieox=y=( .yn) withy €T andy, =d(y) (5.71)
pointing in the v-direction in agreement with (5.70). Let y(¢) be a real function on R
with
x € D(R), suppy C (—se,8), x(t)=1if|t] <e/2. (5.72)

For given L € Ny one may assume in addition that

/X(t)t’dt:O, I=0,...,L—1, (5.73)
R

(no condition if L = 0). This is of some service in the following theorem for spaces
F3,(2) with ¢ > 0 small. It will not be indicated. Let {®]} and {¥]} be two real
u-wavelet systems according to Definition 5.5 (i) on the compact (7 — 1)-dimensional
manifold I". Let

Ay =273 (hwl), =205 fr KW Y pdy) (574

where (-, -)r is the scalar product (5.36) on I" (recall that \IJ‘I/ is real). Then we put for
some r € No and {gx};_, C L1(D),

g = EXt?u{gO’ cer gr}
d e Nj 1 i n—1 : i
=20 ) M@ @) @[ ()
k=0j=01=1 (5.75)
r oo Nj

D D) 3D DA RLER UL Ht)

k=0j=0[=1
with A/ (gx) as in (5.74) and
o/ (y) = 2 yk x @y 272 0] (). (5.76)

Each term in (5.75) makes sense. Under the restrictions for g in the theorem below
it follows that (5.75) is an atomic decomposition in the related spaces Ay, (R"). This
ensures the convergence of (5.75) in the same way as in Theorem 1.7, Remark 1.8 and
the references given there. We will not stress this point in the sequel. In Remark 4.2
we said what is meant by a common extension operator. This will be used, obviously
adapted. Let req = re be the restriction operator according to (4.1).
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Theorem 5.14. Let Q be a bounded C*° domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Let Ay, () and A, (I') be the
spaces as introduced in Definition 2.1 (1) on Q2 and in Definition 5.1 on the compact
(n — 1)-dimensional manifold ' = 92 (the two endpoints of the interval if n = 1).
Letr € Nog,u € Nwithr <uande € RwithO) < e < 1. Let trf‘ be the trace operator
(5.59) with (5.60), (5.61) and (5.62), (5.63). Let Ext;’" be given by (5.75) with (5.74),

(5.76) where {CD{ } and {\IJIJ } are the two u-wavelet systems on I from Theorem 5.9
and L > n(L —1) in (5.73). Then

ru __ r,u
extp” = req o Extp

with
Ext;": {go..... 8} > & (5.77)

according to (5.75) is a common extension operator for

r 1
s———k
extp: l_[ Byg” (T) < By (Q).
k=0

(5.78)
0<p<oo, 0<g<oo, r+%+01’,’_1<s<u,
and
ru fj s—5—k s
ext:”: B,,? (') — F; ()
T pp pq ’
k=0 (5.79)
0<p<oo, &=<gqg=<o0, r+%+0;’_l<s<u,
with .
_1_p
ufoextp =id, idensityin [| Bpg? (D). (5.80)

k=0

Proof. Step 1. We prove the theorem for the B-spaces. For p, ¢, s as in (5.78) we need
now only the weaker version

r _1_4
uf: BS,(Q) = [[Bpg” (D) (5.81)
k=0

of (5.60) based on [T83], Theorem 3.3.3, p. 200. Let for the same p, ¢, s,

—1_r
g €Bpy” (). k=0...r (5.82)

Sinceu > s — % —k > 0;’_1 fork = 0,...,r one can apply Theorem 5.9 to all spaces
on the right-hand side of (5.82) based on common u-wavelet systems {CD{ } and {\I’lj }
One has by this assertion and (5.34) that

oo Nj

g =33 (@2 T @j(). y el (5.83)

Jj=01I1=1
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with
N.
s—1_k > e A a/p\ /4
v 5o~ (20509 Y o)) (5.84
Jj=0 =1
(usual modification if p = oo and/or ¢ = ©0),
Mo =27 [ w90 uay) (5385)

having in mind thgt I is (n — 1)-dimensional. By (5.30), (5.31) (with y’ in place of y)
one obtains for CD{ k in (5.76) that

supp @7 € 051 = B(y/,c1277) x [— 627/, 6277 (5.86)

centred at ylj = (yl/j ,0) with diameter ~ 27/ and

D@ *(y)| < c2/3 k. jeNg I =1,...,N;, (5.87)
for all « € Njj with || < u (in R"). With
, » . . 1 . .
al, =272 /% and pl, = M @2 (5.88)
one can re-write (5.75) as o
g= 2 MG (5.89)
k,j,l

where a,/( ; are Loo-normalised atoms in BIS, q (R™) (no moment conditions are required).
Here one needs that

1
n;—1)+=01’,’:op<s<u, (5.90)

covered by (5.78) and (5.65). Then it follows from Theorem 1.7 and (5.84) that

roee L N\ Ve
I8185, @1 < e 3 (Y20 90( 3 1))
k=0 j=0 =1

1/q

ro, Ny
<!y (Z2f(s_k_%)q(zIlf(gk)l”)q/p) (5.91)
=1

k=0 j=0
" - s=5—k

=" gk 1Byg” F (DI
k=0

In particular, g € B;, (R"). The coefficients in (5.89), (5.88) depend linearly on gg.
Hence Extp" is (5.77), (5.75) is a linear and bounded map,

r 1y
ExtR: [ Bpg” (1) = B3 (R"). (5.92)
k=0
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We check that Ext;’" is an extension operator. Taking the derivative with respect to the
normal v then one obtains by (5.70)—(5.72), (5.75) and (5.83) that

g / _OOij —j L &
(87)<y,0>—ZZA,(gk)z /() 599

j=0i=1
=g(y), k=0,....r

Hence,

r 1y
tf oExtR =id, identityin [ Bpg” (D). (5.94)

k=0
Since the traces for spaces on R” and on €2 are the same one obtains now (5.78), (5.80)
for extp = req o Extp".

Step 2. 1t is well known that traces for F;,(R") and Fj,,(2) on T', if exist, are
independent of ¢, hence they coincide with the traces of B;,(R") and B, ,(€2). This
applies in particular to (5.62), (5.63). It is also covered by [T83], Theorem 3.3.3,
p- 200, based on Fourier-analytical arguments. But the main point is not so much the
smoothness of I" but its porosity according to Definition 3.4 (i). With g as in (5.89) we
re-write the first estimate in (5.91) as

g 1By, (R < ¢ Y Nl by, (O)] (5.95)

k=0

with puy = {“ljc.l} and the collection of cubes Q = {Q;} as in (5.86). Since ¢ > ¢ in
(5.79and L > n (% —1) in (5.73) one obtains by Theorem 1.7 and Proposition 5.3 that

a,/d in (5.88) are also Loo-normalised atoms in F,, (R"). The counterpart of (5.95) for
the spaces F,, (R") according to Theorem 1.7 and the L oo-normalised atoms in (5.89)
is given by

g 1Fgy (RO < ¢ Y Nl | £ (O] (5.96)
k=0

with

. ; /
e @1 = [ (229l 10 019) 1L, @0 597)
Jsl

where x; is the characteristic function of Q j; in (5.86). But this is the point where the
specific nature of Q;; comes in. It follows by [T06], Proposition 1.33, Example 1.35,
p- 19, that

ke | fpg (O~ Nt [ fpp (O ~ Nl 16, (D). (5.98)

One may also consult [T06], Proposition 9.22, pp. 393-94, for this type of argument.
This proves (5.79) by reduction to (5.78) with g = p. O
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Remark 5.15. By [T83], Theorem 3.3.3, p. 200, and the references in [T83], Sec-
tions 2.7.2, 3.3.3, it is known since some 30 years that tr. with (5.59)-(5.63) is a
retraction. This means that there is a linear and bounded operator, called co-retraction,
with (5.80) (in the above notation). In particular [T83], Theorem 3.3.3, coincides with
[Tri78], Theorem 2.4.2, p. 105. Trace theorems for the classical Besov spaces B, (£2)
with p > 1 and Sobolev spaces H,(2) = F,,(£2), 1 < p < oo, are known since the
late 1950s and 1960s. This may be found in [BIN75], [Nik77], [T78]. The main aim
of the above theorem is not so much to give a new proof of this well-known assertion
but to construct explicitly extension operators in terms of wavelets. This will be used
in what follows.

We recalled at the beginning of Section 3.2.3 what is meant by a complemented
subspace of a given quasi-Banach space and a related projection. Let trf. and ext;’“ be
as in the above theorem. Then P"™%,

P = extP o trfo: A3, (Q) < A5.(Q). (5.99)

with A} (€2) = B, () asin (5.78) or A, (§2) = F,,(£2) asin (5.79). By (5.80) one
has
(P™)* = extp o trf. o extp o trf. = P, (5.100)

Hence P"" is a projection of A}, (£2) onto its range, denoted by P"* Ay, (S2).

Corollary 5.16. Let r € Ng andu € N withr < u. Let Q be a bounded C*° domain
in R™ with n > 2 according to Definition 3.4 (iii) or a bounded interval in R if n = 1.
Let Ay, (S2) be either By, (§2) with (5.78) or F,,(§2) with (5.79). Then P™" according
10 (5.99) is a projection in Ay, () and ext;’” is an isomorphic map onto the range of
Pru,
N
extp [[Bpg” (1) = P By, (Q).
k=0 - (5.101)
s—1_
extt’ [[Bpp” () = P™*F3,(Q)
k=0

(equivalent quasi-norms).

Proof. By (5.100) it remains to prove that ext;’u generates the indicated isomorphic
map. Let 43, (€2) = B, (£2). We use temporarily the abbreviation

_1 r _1_
Bpg " (D) =[] Bpg” ‘). (5.102)
k=0

naturally quasi-normed as in (5.58). Then one has by (5.78) and (5.80), (5.99),

1
s—1
lexti™ g [Bpg (DI < c llg |Bpg ” (T) | (5.103)
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and
extp’ g = P [extp" g] € P By (). (5.104)

If f € PP""B;, (), hence f = P"" f, then

_1
f=exti*g withg =th f € Bpy " (T) (5.105)

and
s—1 -
g 1Bpg " ()| < c|lf |Bp, (DI = cllexts g B, (). (5.106)

Then one obtains the isomorphic map (5.101) for the B-spaces. Similarly for the
F-spaces. O

5.1.4 Decompositions

As indicated in Introduction 5.1.1 we wish to clip together the (orthonormal) u-wavelet
bases for the spaces /fj, 4(§2) according to Theorem 3.13 with the u-wavelet frames for
related spaces on I' = 92 as described in Theorem 5.9 with Theorem 5.14 as the
decisive vehicle. For this purpose we need the decompositions (5.12)—(5.15) which
we are going to discuss now in greater detail. In the next Section 5.1.5 we combine all
these ingredients to construct wavelet frames (and later on also wavelet bases) in the
corresponding spaces Ay, (€2). First we complement Definition 2.1.

Definition 5.17. Let 2 be an arbitrary domain in R”.

(1) Let p, ¢, s be as in (2.3) with p < oo for the F-spaces. Then X;q (2) is the
completion of D(£2) in A43,,(€2).

(ii) Let u € Ng. Then C*(2) is the collection of all complex-valued functions f
having classical derivatives up to order u inclusively in € such that any function D¢ f
with |a| < u can be extended continuously to Q and

LFIC“ @) = Y sup [D* f(x)] < oc. (5.107)

lor|<u ¥ €<

Furthermore C(Q) = C°(R) and

C®Q) =) C“). (5.108)
u=0

Remark 5.18. Whereas the notation A g (§2) is in common use, the situation for spaces
of type C*(£2) is different. The above version coincides with [HaTO0S8], Definition A.1.
Of course, C*(2) is a Banach space. If Q2 is a bounded C *° domain in R” then C*(2)
can be recovered from C¥(R") by restriction in the same way as in Definition 2.1 for
the spaces A3, (2). We refer to [HaT08], Theorem 4.1, p. 89.
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We are mainly interested in the relations between ffj, 7(€2), AO; 4(§2), and subspaces
of A3, (§2) with zero traces. All that we need is available in the literature.

Proposition 5.19. Let Q be a bounded Lipschitz domain in R*, n > 2, according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Let

1 1 1
O0<p<oo, 0<g<oo, max(——l,n(——l))<s<— (5.109)
p p p
with ¢ > min(p, 1) for the F-spaces. Then
A;q(Q) = A;q(Q) = Azq(Q). (5.110)
Remark 5.20. This coincides with a corresponding assertion in [T06], Section 1.11.6,

p- 66, where we referred in turn to [Tri02], Proposition 3.1, p. 494. In [T06], p. 67, we
quoted

fi’;q(ﬂ)=4§,q(9), 0<p<o0, 0<gq<oo, (5.111)
for bounded C°° domains 2 and
1 1
S>Up:”(——1) . §——¢ No, (5.112)
P + )4

with a reference to [TO1], p. 6970, and the literature mentioned there. But this is a
somewhat tricky assertion. We need only (5.110) with 1 < p < oo.

Let €2 be a bounded C*° domain in R” (a bounded interval in R if » = 1) and let
P7¥ be the same projection as in Corollary 5.16 and (5.99). Then Q™ = id — P"*
is the projection of A4y, (£2) onto the kernel of P"*,

Q"M AL (Q) = {f € A5, (Q): uf f =0l (5.113)

If b € R then [b]” € Z denotes the largest integer strictly less than b. If p > 1
in (5.78), (5.79) then r = [s - %]_ is the largest admitted r € Ng. As before, the

corresponding trace operator tr&f »l is given by (5.59),

—11- j
ey 7 e (i B 0< < [s— 1)) (5.114)

11—-1

Let extgf_;] * be the same as in (5.78), (5.79) with (5.101).

Theorem 5.21. Let Q be a bounded C*° domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Let I' = 0. Let

1 0 , B- ,
l<p<oo, —l<s——dNg, 1 94500 Z-paces (5.115)
P

1 <g<oo, F-spaces,
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andu € N with s < u. Then

o [ _L]f
By, (2) =By, (Q) ={f€By (Q): up 7 [ =0},
(5.116)
° [s—51~
FI;‘q(Q) = FIfq(Q) = {f € FI;‘q(Q) st P f = 0}
interpreted as (5.110) if —1 + % <s< %. Furthermore,
[s—L1-
- k
B, (Q) = B3,(Q) x extF 7] ]_[ qu ),
(5.117)
[s—f
F5,(Q) = F5,(Q) x extF 7] ]—[ B,,,,
Proof. By Proposition 5.19 we may assume s > %. Letr = [s - %]_ = [s - %]

Then it follows from (5.101) and (5.113) that B, (£2) can be decomposed as

B3 (@) ={f € BS,(Q): th f =0} xextf [ Bpg” (1) (5.118)

with
IS 1Bpg (I ~ [1P7* f By (I + 107" f 1By (D). (5.119)
By [T83], Theorem and Corollary 3.4.3, p. 210, and the related proofs one has

(f € B3, (Q): tf f =0} = BS,(Q) = B,(Q) (5.120)

and an F-counterpart. This proves (5.116) and also the B-part of (5.117). In case of
the F'-spaces one has to use the F-part of (5.101). O

Remark 5.22. Quite obviously, (5.117) is the precise version of (5.12)—(5.15). Some-
what in contrast to Theorem 5.14 and Corollary 5.16 we restricted p in Theorem 5.21
to p > 1. By the above arguments and [T83], Theorem and Corollary 3.4.3, p. 210,
one can extend Theorem 5.21 to A4y, (2) with

1
0<p<l, n(——1)<s—r<—, (5.121)
P

p

1 0 <qg < oo, B-spaces,
p <gq < oo, F-spaces,

where r € Ng. In contrast to the above theorem where for p > 1 only the values
s — % € No are not covered, one must exclude for p < 1 large s-intervals. This is
not very satisfactory, but unavoidable. In Section 6.4 we discuss which curious effects
can happen for traces of spaces A4y, (R") if p < 1. On the other hand, one can replace
1 < g < ooin (5.115) for the F-spaces by 0 < g < co. We refer to Corollary 6.24
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and Remark 6.25. We add some comments about the spaces A4y, (€2) with s — LeNg
making clear that assertions of type (5.110), (5.111) and (5.116), (5.117) cannot be
expected. Let again €2 be a bounded C*° in R” andlet0 < p < 00,0 < g < co. Then
it follows from [Tri07d], also subject of Section 6.4 below, that

lg’;él’(Q) = B;ép(Q) if, and only if, min(1, p) < ¢ < oo, 5.122)
© 1/ _ 1/ . . :

F,yP(Q) = F,,?() if,andonlyif, p > 1,0 < g < oo.
On the other hand, according to [T01], Sections 5.7, 5.9, pp. 51, 53, and the references
given there one has for

1
O0<p<oo, 0<g<oo, s>op=n(——1) (5.123)
p +

the Hardy inequalities

|f(x)[?
Q d°P(x)

dx < c|lf |1F,(RD|P.  f € F3,(Q). (5.124)

where again d(x) = dist(x, I') is the distance of x € Q to I, and

00 q/p dt -
[T ([ rera) T scrs g @ f e By@, 6129

with Q = {x € Q : d(x) < t}. It follows that the characteristic function of Q does
not belong to any of the spaces /Ill,ép (£2) with (5.123), hence

AP(R) # AYP(Q), 0<p<o0,0<q<o0, >0 (5.126)

This shows that for s = 1/p nothing like (5.110), (5.116) and (5.117) with empty
second factors on the right-hand side, can be expected in cases covered by (5.122),
(5.126). Let

1
O0<p<oo, O0<g<oo, s=r+—>0, and reN. (5.127)
p

Then one has

BS (Q) # B® (Q) ifmin(l, p) < ¢ < oo,
c)pq( ) # ~pq( ) (I,p) <q (5.128)
Fpu(Q) # Fp () ifp>1,0<g <oo.

This follows from 1 1
g€dp " (Q) and g¢ A" (Q) (5.129)
with g € C*°(Q2) according to (5.108) and g(x) ~ d”(x) near I". One obtains the

second assertion in (5.129) from (5.124), (5.125) with s = r + %. The first assertion
is covered by the arguments in [Tri07d]. This makes clear that assertions of type
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(5.116) cannot be expected for the exceptional cases s = r + % with r € Npg. As a

consequence we prove in Section 6.2.2 that the spaces /i);q (2) in (5.127), (5.128) do
not have an (interior) wavelet frame or basis in contrast to the corresponding spaces

~S (Q) according to Theorem 3.13. Assertions of type (5.126), (5.122) and (5.128) for
related classical Besov spaces B, with 1 < p,g < oo and Sobolev spaces H, = F, ,
with 1 < p < oo are known s1nce the 1960s and 1970s. This may be found in [T78]
Section 4.3.2, pp. 317-20, and the references given there.

5.1.5 Wavelet frames in domains

As far as wavelet frames are concerned we complete now the programme outlined
in Introduction 5.1.1 and recalled at the beginning of Section 5.1.4. We need the

counterparts of the u-wavelet system {CI){ } in Definition 2.4 and of the sequence spaces
in Definition 2.6.

Definition 5.23. Let 2 be a bounded domain in R” and let
Z%={x] €Q: jeNo I =1,..,N} (5.130)
typically with N; ~ 2/7_ such that for some ¢; > 0,
X/ —x)|=c1277, jeNog, I #1. (5.131)

Let yx;; be the characteristic function of the ball B (xlj ,c2277) C R (centred at xlj
and of radius ¢, 2_/) for somecy > 0. Lets € R,0 < p < 00,0 < g < o0. Then
by, (Z*%) is the collection of all sequences

A={A eC:jeNgl=1..,N;} (5.132)
such that
n a/p\ /4
12163 (Z9)] = (22’““”(ZWI”) ) < 00, (5.133)

=1

and f7.(Z £ is the collection of all sequences (5.132) such that

11 5@ = | (X ZSZ”‘IM{Xﬂ(-)lq)l/qle(sz)H<oo (5.134)

i=01=1
(obviously modified if p = oo and/or g = 00).

Remark 5.24. Roughly speaking, Z complements Zg according to (2.24)—(2.26)
by points near the boundary. This is the almost obvious modification of Definition 2.6.
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In what follows we are interested in bounded C*° domains and bounded Lipschitz
domains. If p < oo then one can replace y;; in (5.134) by the characteristic function
of B(xlj ,Ch 277) N Q with ¢4 > 0 (equivalent quasi-norms). This is well known and
covered by [T06], Section 1.5.3, pp. 1819, and the references given there.

Recall that in this Chapter 5 we are mainly interested in spaces Aj,(£2) accord-
ing to (5.3) where 2 is a bounded C* domain. Then related atoms as described in
Definition 1.5, Theorem 1.7 need not to have moment conditions. But it remains to be
a desirable property, also in connection with numerical applications in terms of poly-
nomial approximations. The interior wavelets in (2.33) have this property, for basic
wavelets (2.32) it is not needed, and for the boundary wavelets (2.34) not necessarily
valid. This can be preserved in what follows. But this has to be complemented now by
wavelets of type (5.76). The product structure of these building blocks combined with
a mild modification results in wavelets with some qualitative cancellations of the same
type as in (5.32). Then we speak about oscillation instead of cancellation. This may
justify to introduce wavelets in Q in modification of Definitions 2.4, 5.5. The spaces
C"(£2) have the same meaning as in Definition 5.17.

Definition 5.25. Let Q be a bounded domain in R” with T' = 92 and let Z% be as in
(5.130), (5.131). Letu € N.
(i) Then
<I>:{d>;: jel]\lo;lzl,...,Nj}CC”(Q) (5.135)

is called a u-wavelet system in Q if for some ¢3 > 0 and ¢4 > 0,
supp®/ C B(x],c327)NQ, jeNgl=1,...N;, (5.136)
and
|D*®] (x)| < ca2/3H jeNg I=1,....N;, x € Q, (5.137)
fora € N with 0 < || < u.
(i1) The above u-wavelet system is called oscillating if there are positive numbers
cs, Cg, C7 With ¢g < ¢7 such that

dist(B(x),c3),T) > ¢, [ =1,...,No, (5.138)

and

‘ /Q Y(0) ®f (1) dx| < es 275y [CHQ) ¥ eCH®). (5.139)

for all dD{ with j € N and

dist(B(x],¢3277),T) & (c6 277, ¢7277). (5.140)
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Remark 5.26. In other words, the oscillation condition (5.139) is not required for the
terms with j = 0, for which we assume (5.138), and for wavelets CDIJ with j € N and,
roughly speaking,

dist(x, T') ~ dist(supp @], T') ~ 277. (5.141)

These are the basic wavelets CID? in (2.32) and the boundary wavelets CD{ in (2.34) with

(2.26), (2.35). On the other hand, one requires (5.139) in particular for all wavelets CD{
with supports having non-empty intersection with I".

As before we use Ay, (2) with A € {B, F} and correspondingly a,,(Z*) with

a € {b, f} according to Definitions 2.1 and 5.23. Equivalences ~ must be understood
asin (3.4), (3.5).

Theorem 5.27. Let Q be a bounded C*° domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Letr € Ng and u € N
with r < u. Then there is a common oscillating u-wavelet system ®, according to
Definition 5.25 (ii) for all p, q, s with

1 1 0< < ) B' 3
l<p<oo, ——l<s—r<-—, 4 = 00, D-spaces (5.142)
P )4 1 <qg <oo, F-spaces,

and A € {B, F} such that an element f € D'(S2) belongs to Ay, () if, and only if, it
can be represented as

oo Nj
=YY 22", rea), @, (5.143)
j=01=1

unconditional convergence being in Ay, (). Furthermore,

K . K Q
I/ 14pq ()| ~ inf |[A |ay, (Z*)]. (5.144)

where the infimum is taken over all admissible representations (5.143) (equivalent
quasi-norms). Any f € Ay}, (2) can be represented as

oo Nj
=YY e (5.145)
j=01=1
where l{ (+) e Ay, () are linear and continuous functionals on A, (S2) and

LS 1 A5 ()1 ~ IA(S) lapg (ZD)] (5.146)

(u-wavelet frame).
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Proof. Step 1. Letr = 0andu € N. Then p > 1ifs < 0. The orthonormal u-wavelet
basis as used in Theorem 3.23 is oscillating. Then one obtains the desired assertion
from this theorem and Proposition 5.19.

Step 2. Letr € N and u € N with u > r. First we construct a suitable oscillating
u-wavelet system in Q consisting of the interior orthonormal u-wavelet basis in L (£2)
as used in Theorem 3.13, now denoted by

@={o}%: jeNgl=1..N2 NEeN, (5.147)

(where N J.Q ~ 2/™) and a boundary u-wavelet system
o = {0/ jeNk=0,....r—1;1=1,....,NF} (5.148)

with I' = 99 (where N[ ~ 2/(=1)y gpecified below. By Definition 2.4 and Re-

mark 5.26 the system ® is oscillating and fits in our scheme. The construction of
O relies on the decomposition (5.117) with

L1
[s——} =r—1, reN, (5.149)
p
and (5.77), (5.75) now with r — 1 in place of r. Furthermore we adapt (5.74)—(5.76)
notationally to Definition 5.25 (ii) by shifting j to j 4+ 1, hence j € N in place of
Jj € Ng. We give an explicit formulation. Indicating now I' = dQ2 we let again

o' = {o/T) and W' = {w/"} (5.150)

be two real u-wavelet systems according to Theorem 5.9 on the compact (n — 1)-dimen-
sional manifold I', where now j € N. Then
L0
Al’ r(h) = 2/ (h \IJ’ )

r= 7T ) rdy’)  (5.151)

is the adapted counterpart of (5.74), j € N. Similarly we replace (5.75), (5.76) by

r—1,u

g_Eth" {gOa---’gr—l}

r—1 oo NJ . Lk (5.152)
= ZZ Mg 2 2 el (y)

with
O (r) = 2%y 1@y 272 T (), (5.153)

We choose now y in (5.72) such that

o0
[ x)t!de =0, 1=0,...,u—1. (5.154)
0
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Recall that y = (y/, y,) are C™ curvilinear coordinates in a tubular neighbourhood
of I'. Then it follows that one has (5.136), (5.137) and (5.139) with QDIJ’k in place of
CD{. With ®T" as in (5.148) based on (5.153) one obtains that

o, = {<1>{ D jeNg I=1,....,N;} =% Ul N; ~2/" (5.155)

is an oscillating u-wavelet system according to Definition 5.25 (ii). According to Theo-
rem 5.14 and its proof, (5.152) is an extension operator

r—1 1
-1k
Exti " [ Bpg? (D) = B3, (R") (5.156)
and

r—1 1
lg 1BS, R <c S ek |Brg” (D)
k=0 (5.157)

X (3 2’“"_“‘1(2 eteor)”’”)

k=0 j=0

Step 3. We prove that the oscillating u-wavelet system @, in (5.155) has the desired
properties. We deal with the B-spaces. The necessary modifications for the F-spaces
are the same as in Step 2 of the proof of Theorem 5.14 where now the additional
assumption (5.73) with e = 1 and L = 0 is empty. Let f € D’(Q2) be given by
(5.143) with a = b. Then 2-/7/2 <I>j with either @; = CDJ A2 o CID; = CD” are Lo
normalised atoms in R” (no moment condltlons are needed) We have by Theorem 1.7
that /' € B,,(R") and

Ireq / B () < I/ 1B, R < cIA B, ZD)].  (5.158)

It remains to prove that any f € B;,(£2) can be represented by (5.145) with CD{
according to (5.155) with (5.147) and (5.148), (5.153). We decompose f € B;q(Q)
by

f=Prf+0"f (5.159)
with (5.119). By (5.113) and (5.120) one can expand Q" f according to Theorem 3.13
by the system & in (5.147),

oo Nj

QM =33 "2 )2 o) (5.160)

j=01=1
with

ARQr ) =272 [ (0 ) @) dv (5.161)
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and

IAR(Q7 £) b3, (Z)ll ~ |17 f By, ()] < c || f By, (). (5.162)
In modification of (5.99) one obtains by (5.152) and (5.151) that

r—1 oo j

P =y Y 3 AT (o f)2 ety (5.163)

k=0j=1[=1
with B} ”
. 0 f 1 . f .
,r k
A (trp 8\)_k) = Mr (trp ka)2 ik, (5.164)

Recall that I" is considered as an (n — 1)-dimensional compact C *° manifold. We may
identify the boundary part of Z® with Z in (5.34) with n — 1 in place of 7. Then one

obtains by (5.164),
. 8kf p\4q/p
J.T
A (o 52

- sz(s k—1 1= 1)q(X:

ka|Bs k-1
oy k pq

<cllf By ().

where we used Theorem 5.9 and (5.59), (5.60). Now one obtains by (5.159), (5.160),
(5.163) and (5.162), (5.165) the representation (5.145) with

IA) 1B (ZH < e ILf 1By ()] (5.166)

[ele] NjF
Z Y ( Z
pard

p\4q/p
) (5.165)

trr

This proves also (5.146). By construction the coefficients /X'{ (/) are linear continuous
functionals on By (£2). O

Remark 5.28. We explained in Remark 5.11 what is meant by a frame. This justifies
to call also the u-wavelet system {CD{ } in the above theorem a frame characterised by
the stability (5.144) and the optimality (5.146). The question arises whether this frame
is even a basis. This can be reduced to a corresponding question for the frames on "
according to Theorem 5.9. As mentioned in Remark 5.12 we deal with these problems
in Sections 5.2, 5.3. The dual system {\I/l] } of the wavelet frame {CD{ } for compact
C° manifolds in Theorem 5.9 is again a wavelet system of the same type. Nothing
like this can be expected for the system {(Dl] } in the above theorem. In case of the
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boundary functionals )L{ (f) originating from (5.164) it follows from (5.165) with R"
in place of 2 and (5.151) that
M (f) = (£¥)) with ¥/ € B,S (R"), supp ¥ C T, (5.167)

in the framework of the dual pairing (S(R"), S'(R")). In particular, lIJlJ is a singular
distribution.

Remark 5.29. In Theorems 3.13 and 3.23 we described common wavelet bases for
large regions {s, p,q} and A € {B, F}. By Theorem 5.9 we have a similar assertion
for spaces Aj,(I') on compact C > manifolds now in terms of wavelet frames. The
wavelet frames in the above Theorem 5.27 depend on r € Ny and they are restricted
to the (s, p)-strips in (5.142). The problems for spaces Ay, () with s — % € Ng or
p < 1 are the same as in Remark 5.22.

The above theorem can be extended to some subspaces

- J .
A QT ={feA, @) ur L =0 j=r.....n} (5.168)
of 43,(<2) with

r={ry,....r; C{0,....r=1}, reN,

being integers between 0 and r — 1, where p, g, s and A € {B, F} as in Theorem 5.27.
Then A, (£2)" is a complemented subspace of A4, (£2). Let t = {t1,...,tm} be the
complementary integers between 0 and r — 1, hence

0,...,r=1}={r1,...,re}U{t1,....tm}, keN, meN, k+m=r, (5169)
excluding 43, () and 43 (Q) in
A5 (Q) C 45,(Q) C 45, (Q). (5.170)

Corollary 5.30. Let Q be a bounded C*° domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Letr € Nandu € N
withr < u. Let p, q, s be as in (5.142) and A € {B,F}. Letr = {ry,..., 1}
be as in (5.169). Then there is a common oscillating u-wavelet system according to
Definition 5.25 (ii) depending only on © and u such that an element f € A3 (S2)

belongs to Ay, ()7 if. and only if, it can be represented as
o N _
=YY 22", rea), @, (5.171)
j=0]=1

unconditional convergence being in Ay, (). Furthermore,

LS 1 A45q (@)1 ~ inf |4 |ap, (Z)] (5.172)
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where the infimum is taken over all admissible representations (5.171) (equivalent
quasi-norms). Any f € Ay, ()" can be represented as

oo Nj
£=Y3"2Hrinr e, (5.173)

j=01=1
where l{ (+) € A45,(R) are linear and continuous functionals on Ay, () and

L 145 @ ~ IA(f) lag, (ZD)] (5.174)
(u-wavelet frame).

Proof. We indicate the necessary modifications of the proof of Theorem 5.27 restricting
us to the B-spaces. Let {t1,...,t,} be as in (5.169). Then the extension operator in
(5.152) must be replaced now by

m o0 NIF
_ 1 L ”
SN N O ZZZFA,{F(g,U)z Jto =inl2 ot () (5.175)
v=1,=1]=1 """

with (5.153). With an appropriate modification of ®!" in (5.148) one can now follow
the arguments from the proof of Theorem 5.27. O

Remark 5.31. Spaces of type (5.168) play arole in boundary value problems for elliptic
operators. It remains to be seen whether one can take advantage of the existence of
oscillating u-wavelet frames in this context.

5.2 Wavelet bases: criterion and lower dimensions

5.2.1 Wavelet bases on manifolds

One may ask under which circumstances the u-wavelet frame &, in Theorem 5.27 is not
only a frame but a unconditional basis as describe in (1.100), (1.101) in the respective
spaces. Recall that @, is given by (5.155) consisting of ® in (5.147) and ®T" in
(5.148) (depending on r and u). Whereas &< is the interior orthonormal u-wavelet
basis in L, (£2) as used in Theorem 3.13, the system ®!*" is given by (5.153) based on
the u-wavelet system ®' in (5.150) on T = 9. It turns out that the u-wavelet frame
in Theorem 5.27, given by (5.155), is a basis if, and only if, the underlying u-wavelet
frame ®T according to (5.150) with a reference to Theorem 5.9 is a basis. This will
be justified in Sections 5.2.1, 5.2.2 and applied to concrete situations afterwards. But
first we return to abstract compact n-dimensional C°° manifolds and to the u-wavelet
frame _

o ={@)": jeNg: I=1.....NI'} c C*(I) (5.176)
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according to Theorem 5.9 (notationally adapted to our later needs). If, in addition, ®T
is a basis in L, (I"), then (5.41), (5.42) can be written as

o0 NJF
= ZZ(ﬂ ‘I’zj’r)p ‘D{’F7 f € Ly(I), (5.177)
j=01=1
with s
1 1L~ (A ) (5.178)
Jsl

Hence ®! is a Riesz basis in L,(T"). Recall that we may assume that CD{ T and ‘IJZJ T are
L,-normalised. A discussion about Riesz bases in (separable complex) Hilbert spaces
may be found in [GroO1], p. 90. In particular, ®T is the isomorphic image of the
standard basis in £,. Inserting f = CD{ T in (5.177) one obtains from the uniqueness

the well-known property
T T 1 ifj=j,1=1,
(/"4 ), - |

. (5.179)
0 otherwise.

If ®F in (5.176) is both a u-wavelet frame according to Theorem 5.9 and a basis in
L>(T') then one has the same situation as in Theorem 1.20. Let again A, (I') be either
B;,(I') or F; (I') and correspondingly a;,(Zr) be either b, (Zr) or f,.(Zr).

Proposition 5.32. Let I' be a compact n-dimensional C > manifold and let Ay, (I")
be the spaces as introduced in Definition 5.1. Let ®T in (5.176) for u € N be both
a u-wavelet frame according to Theorem 5.9 with the dual system {\I/l] ’F} as above,
and a basis in Lo(I"). Let 0 < p < oo (with p < oo for the F-spaces), 0 < g < 00,
s € R, and

u > max(s, o, —5) B-spaces; u > max(s,opq — ) F-spaces. (5.180)

Then f € D'(T) is an element of Ay, (L) if, and only if; it can be represented as

o0 er
f=Y 32272l Aead, (@), (5.181)
j=01[=1

unconditional convergence being in Ay, (I') if p < 00, ¢ < 00, and in Ay *(I') for
any ¢ > 0 if p = oo and/or q = oo. The representation (5.181) is unique,
A =2 () =22 (L)), (5.182)
and . _
s f e 22 (fw)T) (5.183)
is an isomorphic map of Ay, (') onto ay,,(Zr). If, in addition, p < 00, ¢ < 00, then
®T in (5.176) is an unconditional basis in Az, ().
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Proof. The smoothness properties both for ®T and its dual system {¥; T }, and also
the bi-orthogonality (5.179) are essentially the same as in R”. Then one obtains the
proposition by the same arguments as in the proof of Theorem 1.20 and the references
to [T06] given there. O

Remark 5.33. If ®T in (5.176) is a basis in L, (T") then it is a Riesz basis with (5.177),
(5.178). But it need not to be an orthogonal basis in contrast to all correspondmg
wavelet bases in the preceding Chapters 1-3. But the dual system {\IJJ } has the
same smoothness and localisation properties as ®T. This ensures that ®T is a basis
(isomorphic map) in the same spaces where it is a u-wavelet frame. Examples will be
discussed later on.

5.2.2 A criterion

For bounded C* domains in R” we obtained in Theorem 5.27 common oscillating
u-wavelet frames @, for spaces Ay, (€2) with (5.142). Here r € N (excluding now
r =0)and u € N with r < u are given, where ®, comes from (5.155) with @9 as in
(5.147) and ®T" as in (5.148), (5.153). This shifts the question of whether @, is not
only a frame but even a basis from € to its boundary I' = 9. For all admitted k£ with
k=0,...,r—1weusedin (5.148), (5.153) the same boundary system ®T in (5.150).
But this is not necessary. One may choose for each k an individual admitted boundary
system ®T, say CIDF Then one has to replace CDJ = 1w()/’) in (5.153) by <I>’ L F()/’)
without any changes in the arguments based on (5. 148) (5.155). Furthermore one does
not need that the system ®T or, now, the systems & are oscillating on I' according
to Definition 5.5 (ii). These modifications are immaterial for the above considerations,
but they will be of some use later on when we apply the following criterion.

Proposition 5.34. Let Q be a bounded C*° domain in R" with n > 2 as in Defini-
tion 3.4 (iii). Let r € N and u € N with r < u. Then the oscillating u-wavelet frame
according to Theorem 5.277 and (5.155) is a basis in Ay, (2) with (5.142) if, and only
if, the underlying systems

={®f% : jeNo: I =1...N}ccC“r) (5.184)

onT' = dQ withk = 0,...,r — 1 according to Definition 5.5 (i) and the above
explanations are bases in L,(T).

Proof. Step 1. Let CI> in (5 184) be bases in L, (I"). By Proposition 5.32 they are also

bases in all spaces qu (F) of interest, k = 0,...,r — 1. In order to prove that ®,
is also a basis it suffices to show that the representatlon (5.143) is unique. Let

oo Nj

0=>Y Y "AM2/"20] Lea, (9. (5.185)

Jj=01I1=1
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We use the projections Q"* and P™* = id — Q™" as in Step 3 of the proof of
Theorem 5.27. We apply Q"** to (5.185). By (5.159) and the equality Q"% P"** =
0% (id — Q™") = 0 one obtains as in (5.160)

oo NJQ
=N a2l (5.186)
Jj=01=1
But &% is a basis. Hence A/* = 0. If one applies trr ¢ with k = 0,....7 — I

to (5.185) then one has the k-term in (5.163) and by (5.153) with y,, = 0 (in obvious
notation) that

TN, (5.187)

o0
O—ZZA’FZ

j=1l=1

By assumption, @} isabasisin L,(T"). Hence )LI/IE = 0, and finally A] = 0in (5.185).
Consequently @, is a basis.

Step 2. Let ®, be a basis. We wish to prove that d>£ in (5.184) are bases in L, (T").
First we prove that CDII; with k = 0 is a basis in, say, the trace space

HE(T') = B; ,(I') = trp B (Q) 0<e<l. (5.188)
Again it is a matter of uniqueness. Let

(o.¢]

ZZA”z It cpf SN, A ebs,(Zr). (5.189)

j=1l=1

1
Extending expansions in H®(I") by (5.152), (5.153) with k = 0 to B;;z(Q) one

. . . . e+i . . .
obtains an admitted expansion in B, ,*(2). Since we assume that de is a basis one

has )L{’F = 0. Hence CI)g is a basis in H®(I"). As a consequence one has the bi-
orthogonality (5.179). But now one is in a similar position as in Proposition 5.32 with
HE(I") in place of L,(I"). By the same arguments and references as there it follows
that @g is a basis in all admitted spaces and, in particular, in L,(T"). Similarly for
k=1,....,r —1. O

5.2.3 Wavelet bases on intervals and planar domains

Domains in the plane R? are called planar domains. We deal with wavelet bases on
bounded intervals on R = R! and on bounded planar C * domains in R? according to
Definition 3.4 (iii). Let 45, (2) with A € {B, F'} and correspondingly a Z9) with
aelb, f}beas introduced in Definitions 2.1 and 5.23.

Pq(
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Theorem 5.35. Let Q2 be either a bounded interval on R (n = 1) or a bounded planar
C>® domain in R? (n = 2). Letr € Noandu € N withr < u. Then there is a
common oscillating u-wavelet system ®, according to Definition 5.25 (ii) for all p, q,
s with

1 1 0<qg < . B )
I<p<oo, ——l<s—r<-—, q <o spaces
P

(5.190)
p 1 <gqg <oo, F spaces,

and A € {B, F} such that an element f € D'(Q2) belongs to Ay, (2) if, and only if, it
can be represented as

oo Nj
f=Y Y 427" Aea), (z9. (5.191)

j=01=1

unconditional convergence being in Ay, (). The representation (5.191) is unique,

oo Nj
F=Y3"2Hrinre], (5.192)

j=01=1
where )&{ (-) e Ay, () are linear and continuous functionals on Ay, (2) and
f {/\; (f)} is an isomorphic map of A, () onto ay, (Z%) (5.193)
(u-wavelet basis).

Proof. Step 1. As mentioned in Step 1 of the proof of Theorem 5.27 there is nothing
toproveif r = 0and u € N.

Step 2. Let Q2 be a bounded interval, say the unit interval 2 = (0,1). Letr € N,
hence s > 1/p. In this case, (5.152), (5.153) reduces to

vk

r—1
g =Exti g0, grad = x(6) D 5 &k (0) + (1), (5.194)
k=0

where (1) indicates a corresponding term at x = 1. Now one can argue as in the proof
of Proposition 5.34.

Step 3. The boundary I' = 9Q2 of a bounded C*° domain in the plane consists of
finitely many closed C*° curves I';. For each such curve there is a tubular neighbour-
hood (strip)

Iy = {x € R? : dist(x,T;) < e} forsome e >0 (5.195)

and a diffeomorphic map ¥; onto a tubular neighbourhood of

YT ={yeR: |y|=1}=T, (5.196)



5.3 Wavelet bases: higher dimensions 163

interpreting the unit circle as the 1-torus T!. By Theorem 1.37 there are orthonormal
wavelet bases with the desired properties in all spaces A4y, (T1). Both these spaces
and also the bases can be transferred by the above diffeomorphic maps ¥; to I';. Then
one has a u-wavelet basis on I". Application of Proposition 5.34 proves the theorem in
case of planar domains. O

Remark 5.36. The above method works in higher dimensions only in exceptional
cases. For example, let Q be a tube (torus of revolution) in R3 such that its boundary
I’ = 92 can be identified with the 2-torus T 2. Then one has by Theorem 1.37 a wavelet
basis on I'. Application of Proposition 5.34 gives a wavelet basis for the spaces 47, (€2)
with (5.142).

5.3 Wavelet bases: higher dimensions

5.3.1 Introduction

In dimensions one and two we have the satisfactory Theorem 5.35. In higher dimen-
sions, n > 3, the situation is less favourable. According to Remark 5.36 one has a full
counterpart of Theorem 5.35 for the torus of revolution M3 in R3 with M3 = T?
(the 2-torus) with the same exceptional values s — % € No. In particular it remains

open whether the distinguished Sobolev spaces
H*(M?) = B3 ,(M?) withs — 3 € No (5.197)

have a u-wavelet basis. However it comes out that this is not an artefact produced by
the method but it lies in the nature of the problem. For example, since D(M?) is dense
in H'/2(M?3) it is natural to ask whether there are u-wavelet bases in H/2(M?3) with
compact supports in M3. The answer is negative. We return to the problem of non-
existence of wavelet bases (and wavelet frames) in Section 6.2.2. Asking for wavelet
bases in balls

B" ={xeR": |x|] <1} (5.198)

or on spheres
" ={xeR": x| =1} (5.199)

the situation is even worse. It comes out that we do not obtain u-wavelet bases by our
method in some exceptional spaces including

H*(S") and H*(B"), n=>3,s€Nands—3 € Ny. (5.200)
In particular it remains open whether the classical Sobolev spaces
H*S") = wk") and HM®") = WFB"), n>=3 keN, (5201

have u-wavelet bases. There is a remarkable difference between the exceptional values
in (5.197) and in (5.200) with n = 3. But it is at least questionable whether this has
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something to do with the different topology of M3 and $3 or B3. It depends on our
method which is based on induction by dimension. As for other methods one may
consult the references given at the beginning of Section 5.3.3. We deal in Section 5.3.2
first with spheres and balls. But the method itself works apparently on a much larger
scale. It is based on some surgery cutting manifolds and domains in more handsome
pieces. The resulting wavelet bases are glued together afterwards. One obtains in this
way rather final results for the some classes of domains of the same type as for spheres
and balls. But this requires not only some topological considerations (known as the
domain problem) but also the study of traces and related extensions for some types of
non-smooth domains, the finite union of diffeomorphic distortions of cubes. This will
be done in Sections 5.3.3, 5.3.4 and in greater detail in Section 6.1.

5.3.2 Wavelet bases on spheres and balls

The sphere I' = $” in (5.199) is a compact n-dimensional C * manifold as introduced
at the beginning of Section 5.1.2. Let 43, (I') = A3,(5") be the spaces according
to Definition 5.1. With Zr as in (5.25)—(5.27) the sequence spaces aj,,(Zr) with
a € {b, f} have the same meaning as in Definition 5.7. As for the u-wavelet system
ol = {@{ ’F} we refer to Definition 5.5 (i) indicating now I'. In contrast to Theo-
rem 5.9 we do not care any longer whether the corresponding u-wavelet frames are
oscillating. The procedure on which we rely now is characterised by some surgery or
domain decomposition. In tubular neighbourhoods of the cutting surfaces one cannot
guarantee a qualitative cancellation of type (5.32), called oscillation. Although this
property remains valid outside these cutting surfaces this may justify to abandon this
property. Furthermore, the induction by dimension produces additional exceptional
(s, p) values and it is no longer reasonable to ask for common u-wavelet bases in
(s, p)-regions. In other words, we ask for u-wavelet bases in a given space 43, (I")
and, later on, in 43, (2).

Theorem 5.37. Let I' = S” be the n-sphere (5.199) withn > 2. Let
1 m
I<p<oo, s>——1, s——¢&Ng form=1,...,n—1, (5.202)
p p

and 0 < g < oo for the B-spaces, 1 < q < oo for the F-spaces. Let u € N with
u > s. Then there is a u-wavelet system

o = (o' jeNpI=1...N}cc¥D) (5.203)

according to Definition 5.5 (i) such that f € D'(T") belongs to Ay, (L) if, and only if,
it can be represented as

o] Nf
f=Y3"22/"2e)" real,(Zr), (5.204)

Jj=01I1=1



5.3 Wavelet bases: higher dimensions 165

unconditional convergence being in Ay, (I'). The representation (5.204) is unique,
0o er
F=Y Y Mot (5.205)
j=01=1

where k{ (+) e A, (') are linear and continuous functionals on Ay, () and

f {)t{ (f)} is an isomorphic map of A, (') onto ay, (Zr) (5.206)
(u-wavelet basis).

Proof. Step 1. We decompose $2 = 9B> as
$2=%3 US2U{xeR: xf+x3=1, x3=0} (5.207)

where
S2={xeR®: |x|=1, x3 >0} (5.208)

and similarly $2 . We contract the northern hemisphere Si with the North Pole (0, 0, 1)
along the meridians such that the C*° dilation is 1 near the North Pole (no contraction)
and, say, 1/2 at the equator. Then one obtains a diffeomorphic map

Yy:Si > {xeR: x|=1L0<c<x3<1} =52 (5.209)

which can be extended to a diffeomorphic map of a tubular neighbourhood of S%r onto
a tubular neighbourhood of $2. But $2 can be represented as

§2 {x e R3: (x1,x2) € By, x3 = h(xl,xz)} (5.210)

c =
with
B;={y€eR*: |y|<d} forsomed >0andh e C>®(By). (5.211)

Any wavelet basis for /Y;q (Bg) according to Theorem 3.23 can be transferred to the
corresponding spaces Z;q ($2) and afterwards by the inverse ¥~ ! of ¥ in (5.209) to
A3,(5%). Similarly for A3 ($2). The third set on the right-hand side of (5.207)
is a circle, the equator. But now we are in the same situation as in Theorem 5.35
for planar domains with a reference to Proposition 5.34 which in turn relies on the
wavelet-friendly extension (5.152), (5.153). But this extension works on both sides
of the equator. All other technicalities are covered by Theorem 5.27. This proves the
above assertion for n = 2.
Step 2. Let n = 3. Then

=5 US2U{xelR": x{+x5+x3=1 x4 =0} (5.212)

is the counterpart of (5.207), (5.208). As in Step 1 one has wavelet bases in /T;q (‘51)
and /Tj]q ($3). The last set in (5.212) can be identified with $2. We may assume
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s > 1/p (otherwise there is nothing to prove as mentioned in Step 1 of the proof of
Theorem 5.35). Then one obtains by Step 1 a wavelet basis in

_1
By " (3% ifs—2=s5s—1_1gN, (5:213)

_1_r
In other words for the boundary spaces B;q ?" 7 (%2) underlying Proposition 5.34 and
its proof one has the additional restriction (5.213). Hence one needs now not only

1 2
s—— & Ng, butalso s— — & No. (5.214)
4 p

But otherwise one can argue as in Step 1 where we now benefit from the possibility
that the boundary systems CD}; may be different for different values of k. This proves
the theorem in case of n = 3. The rest is now a matter of induction. O

However the arguments on which the extension from %2 to $3in (5.212), (5.213)
relies can also be used for the step from $? = 9B3 to B3. By iteration one has the
counterpart of Theorem 5.37 for B” with n > 3 in place of $”. (In case of n = 2
one has Theorem 5.35.) Although everything is largely parallel to the above theorem
it seems to be reasonable to give an explicit formulation switching to a slightly more
general situation. The boundary I' = 92 of a bounded C *° domain in R” consists of
finitely many connected components. We say that such a component is diffeomorphic
to 5”71 = 9B” if there is a diffeomorphic map of a tubular neighbourhood of this
component onto a corresponding tubular neighbourhood of $”~1 = 9B". Let Ay, (S2)
with A € {B, F} and correspondingly asq(ZQ) witha € {b, f} beasinDefinitions 2.1

P
and 5.23. Equivalences ~ must be understood as in (3.4), (3.5).

Theorem 5.38. Let Q2 be a bounded C*° domain in R" withn > 3 according to Defi-
nition 3.4 (iii) such that each of its connected boundary components is diffeomorphic
to S"1 as explained above. Let

1 m
l<p<oo, s>——1, s—— &Ny form=1,...,n—1, (5.215)
V4 V4

and 0 < g < oo for the B-spaces, 1 < q < oo for the F-spaces. Let u € N with
u > s. Then there is an oscillating u-wavelet system

O = ()% jeNg: I =1,....N¥ cC¥RQ), NEeN, (5.216)

(where NjQ ~ 2/ in Q according to Definition 5.25 (ii) such that f € D'(2) belongs
to A, (R2) if, and only if, it can be represented as

(o) Njg2
F=Y3"22"2 el dea, (29, (5.217)

P
j=01=1
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unconditional convergence being in Ay, (). The representation (5.217) is unique,

Q2
OONj

L= MH2 e, (5.218)

j=01=1
where )Llj (+) € 4;,() are linear and continuous functionals on A, () and

f {/\{ (f)} is an isomorphic map of Ay, () onto ay, (Z%) (5.219)
(u-wavelet basis).

Proof. Let Q = B" with n > 3. As mentioned in Step 1 of the proof of Theorem 5.27
there is nothing to prove if s < 1/p. Lets > 1/p. Then it follows from (5.202)

1
that one can apply Theorem 5.37 to the needed boundary spaces B;;;_k (5" 1) with
$7~1 = 9B". Now one can use Proposition 5.34 (in its full generality) as in Step 2
of the proof of Theorem 5.37. Let 32 be diffeomorphic to $”~! as explaind above.
But diffeomorphic distortions of the boundary wavelets in Definition 5.25 (i) result in
wavelets of the same type. Then one obtains again the desired assertion. This can
be extended to boundaries consisting of several components which are diffeomorphic
to S 1. O

Remark 5.39. We complained in Introduction 5.3.1 that some of the most interesting
function spaces on spheres and balls are not covered by the above Theorems 5.37, 5.38.
The situation is better for the distinguished wavelet frames according to Theorem 5.27.
But even there remain the exceptional cases with s — % € Np. One can avoid any

exceptional cases if one restricts the wavelet bases on R” according to Theorem 1.20
to €2. We return later on in Section 5.4 to this point. But the resulting frames cannot
be converted into u-wavelet bases. There is no counterpart of Proposition 5.34.

5.3.3 Wavelet bases in cellular domains and manifolds

For bounded C* domains in R” we have satisfactory frame representations for the
spaces A3, (€2) covered by Theorem 5.27. Related assertions for bases are more diffi-
cult, especially in higher dimensions, which means n > 3. In contrast to n = 2 where
one has Theorem 5.35, the related higher dimensional counterpart in Theorem 5.38
applies only to very special domains. What about bounded domains in R” withn > 3
where the connected boundary components are not diffeomorphic to $”~! or T"~1?
Basically one can try to decompose a domain into simpler standard domains, to deal
with bases in these standard domains, and to glue together the outcome. This is the
so-called domain problem which attracted a lot of attention. But especially the ques-
tion how to glue together bases in standard domains is a rather tricky business. The
most impressive contributions to these problems are still the papers by Z. Ciesielski
and T. Figiel, [CiF83a], [CiF83b], [Cie84] dealing with common spline bases in
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Ck(M),wherek e N,
the classical Sobolev spaces ka (M), wherek € N, 1 < p < 00, and
the classical Besov spaces B;q(M), where 1 < p <o0,1<¢g <o00,5€R,

on compact C*° manifolds M (with and without boundary). The final goal is reached
after more than 100 pages in [Cie84], Theorem C. There are several proposals in
literature to employ and to modify this approach in the context of wavelet bases. We
refer to [Dah97], Section 10, [Dah01], Section 9, [Coh03], p. 130, with a reference to
the original paper [DaS99], and [HaS04], [JoKO7].

We have no final answers. But we wish to look at problems of this type in the
context of our approach. Recall what is meant by a polyhedron (polyhedral domain)
in R”. In R = R! open bounded intervals are called polyhedrons. In R” withn > 2 a
set  is said to be a polyhedron if it is a bounded simply connected Lipschitz domain
such that its boundary dw consists of finitely many faces which are (n — 1)-dimensional
polyhedrons in (# — 1)-dimensional hyper-planes in R”. We do not discuss geometrical
and topological aspects of this definition. Angles resulting from the intersection of
(n — 1)-dimensional faces are usually assumed to be non-zero. But for our purpose
this is neither necessary nor suitable (one may think about domain decompositions as
for $3 in (5.212)). However we are more interested in the analytic aspect with the unit
cube

O={xeR":0<x,<1l;r=1,...,n}

as the proto-type of a polyhedron. In Definition 5.17 we introduced the spaces C *°(£2)
in domains €2 in R”. Recall that a one-to-one map ¥ from a bounded domain €2 in R”
onto a bounded domain w in R”,

Y:Qoxy=v(x) co,
is called a diffeomorphic map if
Y€ C®(Q) and (Y1) € C®w); [ =1,....,n,
for the components y; of ¥ and (¥~ 1); of its inverse ¥ !,
Yy loy =idinQ and Yoy !'=id inw.

A bounded domain €2 in R” is said to be diffeomorphic to a bounded domain @ in R”
if there is a diffeomorphic map ¥ of a neighbourhood of Q onto a neighbourhood of @
with o = ¥ (2). If " is a set in R” then I"° is the largest open set in R” with I'° C I
(the interior of T').

Definition 5.40. (i) A domain  in R"?, n > 2, is said to be cellular if it is a bounded
Lipschitz domain according to Definition 3.4 (iii) which can be represented as

L _ o
Q= ( U Ql) with Q; N Qp = Bif | # 1, (5.220)
=1
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such that each €2; is diffeomorphic to a polyhedron.

(ii) A compact n-dimensional C* manifold I" as introduced at the beginning of
Section 5.1.2, furnished with an atlas {V,, lllm}rl\nlzl, is said to be cellular if there are
pairwise disjoint open subsets I'; of I with

M
r= U T,,, and T, C V. (5.221)
m=1

such that each V,,(T)) is a cellular domain, ¥,,(T',) C U, C R" ifn > 2 0ra
bounded interval if n = 1.

Remark 5.41. Any bounded C*° domain in R” according to Definition 3.4 (iii) is
cellular. Based on the above references one can presumably show that

any compact C*° manifold is cellular.

But we did not check this assertion. We are interested here only on I' = 0€2, where 2
is a bounded C*° domain.

Proposition 5.42. The boundary I' = 092 of a bounded C*° domain in R" withn > 2
according to Definition 3.4 (iii) is an (n — 1)-dimensional cellular compact manifold.

Proof. Let {Viy, ¥m },A,le be an atlas of I" originating from the special maps according
to Definition 3.4 (ii,iii) with U, = ¥ (Vim) C R*™1. We choose a suitable cellular
domain W, in Uy with W; C Uy and Ty = ;' (W)) such that Ty ¢ UY_, V.
Then application of ¥, to V5 \ I'; produces in U, a boundary which fits in the scheme
(assuming that V5 and I'; have a non-empty intersection). Now one can construct a
cellular domain W, in ¥»(V> \ I'1) with a boundary dI'; of I', = /5 1(W>) covering
parts of d(V, \ I'1) such that the remaining parts of d(V> \ I'1) and of dI"; are contained

in U%=3 V. Iteration gives the desired assertion. O

Recall that the characteristic function x4 of R’} is a pointwise multiplier for
A;q([R”), seR, 0<p<oo, 0<gqg=<oo, (5.222)

(p < oo for the F-spaces) if, and only if,

1 1 1
max (n (— - 1), - — 1) <s < —. (5.223)
p p p

A proof may be found in [RuS96], Section 4.6.3, p. 208. We refer for the history of this
substantial assertion to [RuS96], p. 258. This assertion extends to cubes, polyhedrons,
their diffeomorphic images and hence also to cellular domains according to Defini-
tion 5.40 (). Since cellular domains are bounded Lipschitz domains one obtains by
Corollary 3.25 that one can apply Theorem 3.23. We complement now this assertion.
Let A3,(2) with A € {B, F} be as before and a;,(Zq) witha € {b, f} as used in
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Theorem 3.23 with a reference to Definition 2.6. We stick at orthonormal u-wavelet
bases in L, (£2) as the starting point, but we do not care any longer about optimal values
of u and, as a consequence, common bases in some (s, p)-regions. This can be done
following the proofs but the outcome is no longer very convincing.

Theorem 5.43. Let Q2 be a cellular domain in R" according to Definition 5.40 (). Let
foru e N, _
{CD; jeNg; I = 1,...,Nj} (5.224)

be an orthonormal u-wavelet basis in L,(2) according to Theorem 2.33 and Defi-
nitions 2.31, 2.4. Let Ay, (2) be the spaces as introduced in Definition 2.1. Let
0 < p < oo (with p < oo for the F-spaces), 0 < q < oo, and

1

— 00 <5 < min (—, ? ) (5.225)
p n—1

(which means s < 1/p ifn = 1). Let u > u(Ay,) where u(B,,) = u(s, p) and

u(F,,) = u(s, p,q) are sufficiently large natural numbers. Then f € D'(Q) is an

element of A;,(S2) if, and only if, it can be represented as

oo Nj
f=Y Y 427", Aed),(Za). (5.226)
j=01=1
unconditional convergence being in D'(Q) and in any space Ay, () with 0 < s.

Furthermore, if | € Ay (S2) then the representation (5.226) is unique where /\{ () e
Ap, () are linear and continuous functionals on Ay, (2) and

f {/\{ (f)} is an isomorphic map of Ay, (2) onto a,,,(Zg) (5.227)

(u-wavelet basis).

Proof. We apply Theorem 3.23 to the upper lines in (3.45), (3.46) with p < oo and
g > min(1, p) in case of F-spaces, hence

A35,(Q), 0<p<o0, 0<g=<oo s>0,=n(L-1),. (5.228)

Furthermore the characteristic function yg of €2 is a pointwise multiplier in the corre-
sponding spaces A3, (R") if, in addition, s < 1/p. This requires % < -%5. One has
by Definition 2.1 that

A5, (Q) = 45,(Q) if0< 4 <0y <5 <1 (5.229)
A cellular domain is in particular a bounded Lipschitz domain. Hence one can ap-
ply the extended complex interpolation method according to Proposition 4.15 and
Remark 4.16. One obtains

Fy () = [F0, (). Fyl, ()], 0<0<1, (5.230)
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with

1 1-6 6 1 1-6 6
s=(1—-0)sg+0s;, — = +— —-= + —. (5.231)
V4 Po D1 q qo q1

If0 < p < 00,0 <g < ooand s as in (5.225) then one finds spaces Fp0y, (£2) which
fit in (5.229), go > min(1, pg) and

FJl, (@), 0<pi <00, 0<q =00, 5 <0, (5.232)

covered by the third line in (3.45) with (5.230), (5.231). We apply Theorem 3.23 to
Fpoq () and Fpl4, (R2) with the same underlying u-wavelet basis {®]} in L2(Q).
On the sequence side one has

Foa @) = [ o @) flgy )], (5.233)

This follows from the comments and references in the proof of Proposition 3.21. Then
the interpolation property for the extended complex method ensures that the isomorphic
map (3.104), (3.105) between the corner spaces in (5.230), (5.233) generates also an
isomorphic map between Fj,(2) and f,,(Zg). Similarly one can argue for the B-
spaces. O

By Theorem 5.9 we have wavelet frames for all spaces A4y,,(I") on compact n-
dimensional C*° manifolds. It seems to be a tricky business to convert these wavelet
frames into wavelet bases. For n-spheres $” one has Theorem 5.37 which in turn
resulted in Theorem 5.38. Now we complement these assertions as follows. Let
a,4(Zr) be the sequence spaces according to Definition 5.7.

Corollary 5.44. Let ' be a compact n-dimensional cellular C*° manifold according
to Definition 5.40 (ii) and let Aj, q (") be the spaces as introduced in Definition 5.1. Let

1 1 1
O<p<oo, 0<g<oo, max(n(——l),——1)<s<—. (5.234)
p p p

Then there is a u-wavelet system {CD; } according to Definition 5.5 (1) such that f €
D'(T") is an element of A;,, () if, and only if, it can be represented as

oo N;
=YY 22", Aea},(Zr). (5.235)
j=01I=1

unconditional convergence being in A, (I'). Furthermore, if f e A, (L) then the

representation (5.235) is unique where /\{ (+) € A3, (T) are linear and continuous
Jfunctionals on A, (') and

f {)L; (f)} is an isomorphic map of Ay, (T) onto a,,(Zr) (5.236)

(u-wavelet basis).
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Proof. Let T' be decomposed according to Definition 5.40 (ii) with (5.221). Then
Ym (L) is cellular in R”. With p, g, s as in (5.234) the characteristic function "
of Yy, (I'y,) is a pointwise multiplier in A;q([R”) with (5.222), (5.223). Now one can
apply Theorem 5.43 to

() [(me) ° W;l]() in Y (T'm),

in the notation of Definition 5.1. Clipping together the M charts one obtains the desired
assertion. O]

Remark 5.45. We proved a little bit more than stated. The u-wavelet basis {dD; } in
Theorem 5.43 comes from Theorem 3.23. Then one has by (3.104) that

A (g) =2/"2(g. ®]). (5.237)
This can be transferred to the above cellular compact C°*° manifold as
A(f) =22 (£ v])r, (5.238)

where {\I'lj } is a suitable u-wavelet system according to Definition 5.5 (i).

5.3.4 Wavelet bases in C *° domains and cellular domains

We return to the problems discussed at the beginning of Section 5.3.3 asking for wavelet
bases in bounded C°° domains not covered by Theorem 5.38. The assertions obtained
there hint how to proceed.

Proposition 5.46. Theorem 5.38 can be extended to spaces A, (2) with

1 2 1
I<p<oo, ——l<s<—, s§#—, (5.239)
p p p

q as there, in (arbitrary) bounded C*° domains in R", n > 3.

Proof. As mentioned in Step 1 of the proof of Theorem 5.27 there is nothing to prove
ifs <1/p. Let1/p < s < 2/p. As in the proof of Theorem 5.38 one needs now
1

a wavelet basis for the boundary space B;;;(F) with T' = 9Q. It follows from
Proposition 5.42 that I" is an (n — 1)-dimensional cellular manifold. Then one obtains
the desired wavelet basis from Corollary 5.44. O

Theorem 5.47. Theorem 5.38 with

1 m
l<p<oo, s>——1, s—— &Ny form=1,...,n, (5.240)
p p

instead of (5.215), remains valid for any bounded C *° domain in R", n > 3, according
to Definition 3.4 (iii).
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Remark 5.48. Theorem 5.35 covers the dimensions one and two. In case of s < 2/p
and n > 3 we have Proposition 5.46. Its proof is based on the observation that ' = 92
is a cellular manifold and that it is sufficient to construct wavelet bases inside each cell
separately. Boundary values do not play any role. If s > 2/p then the situation
is different. We outline now how to proceed and return in detail to this problem in
Section 6.1 below. By Proposition 5.34 and its proof we must find wavelet bases in

_1_r
B;qp (I') fork € Nowiths—%—k >0

on the cellular C* manifold I' = 02. This reduces the problem to find wavelet bases
for
B, (Q), 1<p<oo,0<q<=o0 s>2/p, (5.241)

where Q is a cube in R” (switching from n — 1 to n), say,
O={xelR": 0<x <1} (5.242)

as a proto-type of a polyhedron. The worst case (for our task) is s > n/p. Then

S € Bj,(Q) has boundary values in the corner points of Q. Along the edges, say,
_n—1

I = {x e R" : 0 < x1 < 1, x’ = 0} one can construct wavelet bases for B;q ? (L)

as in Step 2 of the proof of Theorem 5.35 if s — 2=1 — % ¢ Ny. This gives a wavelet

basis on all edges of, say, a square Q in (5.242) with n = 2. The wavelet-friendly

extension operator as used in Theorem 5.14 fits pretty well in this scheme. Hence there
n—2

is a good chance to obtain wavelet bases in B;; ? (Q) for the square Q where one
has again to exclude spaces with s — % € N where [ = n,n—1. This requires a closer
look at what happens near the corner points. Now one can proceed in this way shifting
wavelet bases on 2-dimensional faces of a 3-dimensional cube to this cube. Then one
can prove the above assertions by iteration. It requires some care what happens in
vertices, edges, faces etc. This is a somewhat tricky business. Details are shifted to
Section 6.1. These arguments apply equally to cellular manifolds and cellular domains.
Hence Theorem 5.47 can be complemented as follows.

Theorem 5.49. Theorem 5.38 with (5.240) in place of (5.215) remains valid for any
cellular domain in R", n > 2, according to Definition 5.40 (i).

Remark 5.50. As mentioned above, details are shifted to Section 6.1. Both Theo-
rems 5.35, 5.38 and Theorems 5.47, 5.49 apply to spaces 4y, (£2) satisfying at least

1 1
I<p<oo, s>——1, s——¢& Ny, (5.243)
p p

and 0 < g < oo for the B-spaces, | < g < oo for the F-spaces. The considerations
in Section 6.2.2 show that the restriction s — % &€ N is natural. By Theorem 5.35
there are no further restrictions if € is a bounded interval (n = 1) or a bounded
planar C*° domain (n = 2). If the bounded planar domain is only cellular (for
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example the square Q in (5.242), n = 2) then Theorem 5.49 and (5.240) also exclude
s — % € No. In higher dimensions, n > 3, Theorems 5.47, 5.49 exclude s — 2 € Ny
form = 1,...,n. Hence Theorem 5.38 is a little bit better and as described at the
beginning of Section 5.3.1 for the torus of revolution (or tube) M3 in R? the situation
is much better. But we do not know whether there is really a difference between
smooth domains and cellular domains or whether even the topology of I' = 92 plays
arole. But it is clear that the method induction by dimension as used in the proof of
Theorem 5.38 and also in connection with Theorems 5.47, 5.49 does not work in these
exceptional cases. Let, for example,

Q=0={x=(@x1.x)eR 0<x;<1,0<x<1} (5.244)

be the unit square in the plane R?. Then H'(Q) = W,'(Q) = B, ,(Q) is an excep-
tional space. Let ' = 0Q2 = U?:l I;, where I; are the four sides of Q,

LH={t0:0<t<1}, L={0,0): 0<t <1}, (5.245)

and similarly /3, I4. Then the trace space trr H ' (Q) is the collection of tuples of the
form g = (g1, g2, g3, g4) with

gre HV2(I), 1=1,....4, (5.246)

such that in addition

1/2 2

/ " a0 - 2200P —tgz(t)l di + ++ < 00 (5.247)
0

where + 4 + indicates similar integrals at the other 3 corner points. We refer to
[Gri85], Theorem 1.5.2.3,1.5.2.4, pp. 43, 47, and [Gri92], Theorem 1.4.6, p. 17, where
one finds also corresponding assertions for some spaces Blf 4 1n polygonal domains
in R2. The coupling (5.247) of the boundary values at different edges does not fit in
our approach. This applies also to s — % € Ny excluded in (5.240).

5.4 Wavelet frames, revisited

5.4.1 Wavelet frames in Lipschitz domains

For spaces 43, (€2) having boundary values atI" = 92 we constructed in Theorem 5.27
oscillating wavelet frames adapted to the underlying bounded C*° domains 2. This
paved the way to obtain afterwards at least in some cases wavelet bases. If one does
not care about having oscillations near the boundary one may ask what happens if one
restricts wavelet bases on R” according to Theorem 1.20 to domains €2 hoping that one
obtains atleast frames. Asbefore weuse A3, (€2) with A € { B, F } and correspondingly

Q . . o, .
ay,(Z°) witha € {b, f'} according to Definitions 2.1 and 5.23. Equivalences ~ must
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be understood as in (3.4), (3.5). As explained in Remark 5.11 a system {CD{ } is called
a frame if it is stable (with respect to a natural sequence space) and optimal. Let o,
and o, be the same numbers as in (1.32).

Theorem 5.51. Let Q2 be a bounded Lipschitz domain in R" with n > 2 according

to Definition 3.4 (iii). For any u € N there is a u-wavelet system {@{ } according to
Definition 5.25 (i) with the following properties.
() Let0 < p<00,0<qg=<00,5€R, and

u > max(s, o, — 5). (5.248)

Then f € D'(Q) is an element of B, (S2) if, and only if, it can be represented as

oo Nj
f=Y Y 3220l deby (9, (5.249)
Jj=01=1

unconditional convergence being in B,,(2) if p < 00, ¢ < oo, and in B, *(S2) for
any ¢ > 0if p = oo and/or g = co. Furthermore,

K . K Q
[/ |Bpq(§2)|| ~ inf ||A |y, (Z7)], (5.250)

where the infimum is taken over all admissible representations (5.249) (equivalent
quasi-norms). Any f € B;,(§2) can be represented as

oo Nj

f=Y 32 H2e] (5.251)

Jj=01I=1
where )L{ (+) € B;, () are linear and continuous functionals on B, () and

L 1By, (@)1 ~ [A(f) 165, (Z9)] (5.252)

(u-wavelet frame).
(i) Let0 < p<o00,0<qg <o00,5 €R, and

u > max(s, opg — 5). (5.253)
Then f € D'(Q) is an element of F,,(S2) if; and only if, it can be represented as

oo Nj

f=Y 3 Mol ae f,@, (5.254)

j=01=1

unconditional convergence being in F, () if ¢ < 0o and in F,;*(S2) for any & > 0
if ¢ = oo. Furthermore,

LS 1 Fpg ()] ~ inf |4 | £, (Z)]| (5.255)
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where the infimum is taken over all admissible representations (5.254). Any f €
F,,(2) can be represented as (5.251) where /\{ (+) € F,,(2)" are linear and contin-
uous functionals on Fy,, () and

LS 1Epg () ~ 1A() | £y Z)] (5.256)
(u-wavelet frame).

Proof. Let {\I’é’m} be the same orthonormal wavelet bases in L, (R") as used in Theo-
rem 1.20 based on (1.87)—(1.92). If the support of \IJJGm has a non-empty intersection
with €2 then its restriction to €2 is denoted as @{ ,

O (x) = W, (x). xeQ. [=IG,m) (5.257)

suitably re-numbered. Lipschitz domains are regular domains as described in Re-
mark 4.29 with references to [ET96], Section 2.5, and [TrW96]. Then

2—j(5—%) 2‘]”/2 (I); =aj (5258)

are Q-(s, p)-atoms. If f € D'(Q) is represented by (5.249) or (5.254) then f €
A, (£2) and
Q
1/ 145, (@) < ¢ |4 [aS, @] (5259)

We prove the converse. As mentioned in Corollary 4.12 (i) with a reference to [Ry99]
there is a universal linear and bounded extension operator

ext: A5, (Q) > A3, (R"). (5.260)

With f € A3, (£2) one has by Theorem 1.20 that

ext f = Y ALG27/n2 WL ALG =202 (ext £ W] ). (5.261)
J,G,m
The restriction to €2 gives the desired result. O

Remark 5.52. The proof relies on the existence of (interior and boundary) atoms and
extension operators. But this applies also to other cases. It will be the subject of the
next Section 5.4.2. We add a discussion and compare the above theorem with other
assertions obtained so far. If supp \IJ’Gm C 2 in (5.257) then the resulting wavelets

CD{ preserve all the nice properties of the R”-wavelets. The situation is less favourable
for the wavelets with supports intersecting I' = d$2. They need not to be linearly
independent any longer. The multiresolution property is inherited by 2 from R” and
there is a temptation to apply the standard orthonormalisation procedure to the boundary
wavelets. But this might be rather unstable. There is no control about the resulting
constants and also the desired localisation cannot be guaranteed. Furthermore, although
the proof of the extension operator used in (5.261) is constructive (via local means)
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it is rather involved. In other words, to calculate for given f € Aj,(2) the optimal

coefficients A; (f) seems to be rather tricky. It might be a better choice, also from
the point of numerical calculations, to rely on the constrained wavelet expansions in
Lipschitz domains according to Theorem 4.23. In Theorem 5.27 we described wavelet
frames for spaces A, (£2) in bounded C*° domains under additional restrictions for
the parameters p, g, s. The related boundary wavelets are oscillating in contrast to
the boundary wavelets in the above Theorem 5.51. This might be of some interest
in applications but it is not the main point of Theorem 5.27. One obtains by the
same arguments Corollary 5.30 what cannot be expected by possible modifications
of Theorem 5.51 and its proof. Furthermore, Theorem 5.27 paves the way to obtain
wavelet bases at least in some of these spaces.

5.4.2 Wavelet frames in (&, §)-domains

Let 2 be a bounded (&, §)-domain according to Definition 3.1 (i). Then it follows from
Proposition 3.6 (i) that €2 is a bounded 7 -thick domain with |d€2| = 0. Furthermore, Q2
is interior regular according to (4.95). But these observations ensure that the proof of
Theorem 5.51 can be carried over to the following situation. Let A, (2), a,,(Z ) the
use of the equivalence ~, and the numbers o, 0,4 be as in the preceding Section 5.4.1.

Theorem 5.53. Let Q be a bounded (g, 8)-domain in R" with n > 2 according to
Definition 3.1 (1). For any u € N there is a u-wavelet system {@{ } according to
Definition 5.25 (i) with the following properties.

(i)Let 0 < p < 00,0 <q <00, andu > s > 0p. Then f € D'(Q) is an
element of By, () if, and only if, it can be represented as (5.249). One has (5.250).
Any f € B,,(S2) can be represented by (5.251) with (5.252) (u-wavelet frame).

(i) Let 0 < p < 00,0 < g <00, andu > s > 0pg. Then f € D'(RQ) is an
element of F,,(S2) if, and only if, it can be represented by (5.254). One has (5.255).
Any f € F;,() can be represented by (5.251) with (5.256) (u-wavelet frame).

Proof. As remarked above €2 is interior regular according to (4.95). Then it follows
from (4.99), (4.101), based on (4.97), (4.98), by the same arguments as in the proof of
Theorem 5.51 that (5.249), (5.254) are atomic decompositions. One obtains (5.259).
Again by the above references 2 is also a bounded [ -thick domain with |0Q2| = 0.
Then it follows from Theorem 4.4 that there are linear and bounded extension operators
(4.16), (4.17). Now one can argue as in the proof of Theorem 5.51. O

Remark 5.54. One can extend part (ii) to L,(2) = Fl?,z(Q) with 1 < p < co. But
this is covered in a better way by Theorem 2.36.



Chapter 6
Complements

6.1 Spaces on cellular domains
6.1.1 Riesz bases

It is the main aim of Section 6.1 to prove Theorem 5.49 and, as a consequence, Theo-
rem 5.47. But first we describe the background and rephrase for this purpose some of
the previous notation and assertions (also to make Section 6.1 to some extent indepen-
dently readable).

Definition 6.1. Let Q2 be a bounded Lipschitz domain in R” with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R if n = 1. Let

7% ={x] eQ: jeNp;l=1,....,N;}, 6.1)
typically with N; ~ 2/7such that for some ¢; > 0,
X/ —x)|=c127/, jeNog, I #1. 6.2)

For some ¢, > 0 let y;; be the characteristic function of the ball B (xl] L0277 ) Cc R*
(centred at xlj and of radius ¢,27/). Lets € R,0 < p < 00,0 < g < co. Then
byg (Z9) is the collection of all sequences

A={AeC:jeNgl=1,..,N} (6.3)

such that

Ja b AZ“)H-(ZZ’“‘”’(ZW)“")”‘IW, 6

and f,, (Z ) is the collection of all sequences (6.3) such that

2155 (z“>||—H Zzww;m( 1) @] <0 63

(obviously modified if p = oo and/or ¢ = 00).

Remark 6.2. This coincides essentially with Definition 5.23 (inserted here for sake of
completeness). As mentioned in Remark 5.24 with a reference to [T06], Section 1.5.3,
pp. 18-19, for any ¢} > 0 one can replace y; in (6.5) by the characteristic function of

B(xlj,c’22_j) or of B(xlj,c;2_j) NnQ
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(equivalent quasi-norms). If no specification is required we write
Q .
ay,(Z*) witha € {b, f}. (6.6)
The spaces C*(£2) have the same meaning as in Definition 5.17.

Definition 6.3. Let Q2 be a bounded Lipschitz domain in R” with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R if n = 1. Let I’ = 9 and let Z be as
in (6.1), (6.2). Letu € N.
(i) Then )
P={d/: jeNgl=1..,N}CC"Q) (6.7)

is called a u-wavelet system in Q if for some ¢3 > 0 and ¢4 > 0,
supp®/ C B(x{,c327/)NQ, jeNgsl=1,..., Ny, (6.8)

and
|D*®] (x)] < cs2/3H1 jeNgl=1,....N;, x € Q, (6.9)

forall « € Nj with 0 < || < u.
(i1) The above u-wavelet system is called oscillating if there are positive numbers
cs, cg, c7 With cg < c¢7 such that

dist(B(x},c3),T) > ¢, [ =1,...,Np; (6.10)

and

‘/Qw(wa{(x)dx <es2 A ICY@)L v eCH@).  (6.1D)

for all ®; with j € N and
dist(B(x],¢3277),T) ¢ (c627/, c7277). (6.12)

(iii) An oscillating u-wavelet system according to part (ii) is called interior if, in
addition,

dist(B(x],¢3277),T) > ¢627/, jeNo; I =1,...,N;. (6.13)

Remark 6.4. Parts (i) and (ii) coincide essentially with Definition 5.25 (again inserted
here for sake of completeness). The osqillation (6.11) is not required for the terms with
J = 0 and also not for the wavelets @; with j € N and

dist(x], T') ~ dist(supp @], T') ~ 27/, (6.14)
roughly speaking. One may ask for a weaker version restricting (6.11) to all @{ with

dist(supp ®/. T) > 62/, jeN: I =1,....N;. (6.15)
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Boundary wavelets with I" N supp CD{ # () would no longer assumed to oscillate. But
(almost) all of our constructions so far and also in the sequel produce the above sharper
version. The only exceptions are the u-wavelet systems in Section 5.4. But they are
somewhat outside of our main interests. One may consult Remark 5.52. Similarly one
may call a u-wavelet system interior if one has

supp®/ € Q, jeNgl=1,...,N;, (6.16)

instead of the stronger assumption (6.13). But all our constructions of u-wavelet bases
or u-wavelet frames with (6.16) satisfy automatically (6.13).

We recalled at the beginning of Section 5.2.1 what is meant by a Riesz basis in
L,(T"). The related sequence space is £,. Furthermore we refer to Section 1.2.2
for a definition of (unconditional) bases in complex quasi-Banach spaces. There is
the following natural generalisation of Riesz bases. Let aj, (Z ) be as in (6.6) and
Definition 6.1.

Definition 6.5. Let 2 be a bounded Lipschitz domain in R” with n > 2 according
to Definition 3.4 (iii) or a bounded interval on R if n = 1. Let 0 < p,g < o0
and s € R. Let 4}, (S2) be either A, (£2) or A}, (€2) according to Definition 2.1.

An [oscillating]{interior} u-wavelet system ® = {CD{ } C /f;q (€2) as introduced in
Definition 6.3 (i)[(ii)]{(iii)} is called an [oscillating]{interior} u-Riesz basis for /fj, 4(82)
if it has the following properties:

1. Anelement ' € D’(2) belongs to /f;q (R2) if, and only if, it can be represented

as
oo Nj

f=Y 322"l dea, (z9, (6.17)

j=01=1
unconditional convergence being in /f; 7(€2).
2. The representation (6.17) is unique,

oo Nj
=YY MH2 e, (6.18)

j=01=1
j A . . . A
where A; () € Aj,,(S2)" are linear and continuous functionals on A3 (€2).
3. Furthermore,

f— {A{ (f)} is an isomorphic map of /if,q (2) onto ay, (Z%). (6.19)

Remark 6.6. It is the main aim of this Section 6.1 to have a closer look at wavelet
bases in spaces A3, (2) where € is a cellular domain and p < 00, ¢ < 0o. As
will be recalled below a cellular domain is a special bounded Lipschitz domain. This
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may explain our restriction in the above definition to spaces with p < 0o, ¢ < oo in
bounded Lipschitz domains. It is quite obvious that one can extend the above definition
of u-Riesz bases to spaces ffj, a (2) with p < 00, ¢ < 0o in arbitrary domains €2 in R”,
Definition 2.1, or in diverse types of thick domains, Definition 3.1. Furthermore,
parallel to [oscillating]{interior} u-Riesz bases one can introduce [oscillating]{interior}
u-Riesz frames. Then one can also admit ¢ = oo and, for the B-spaces, p = oco. This
can be done in a rather obvious way, where Remark 5.11 suggests to incorporate in a
corresponding definition both stability and optimality. Furthermore there are natural
counterparts of u-Riesz bases and u-Riesz frames for spaces Ay, (I') on compact C*
manifolds according to Definitions 5.1, 5.5. We stick at the above definition illustrated
by the following examples.

Theorem 6.7. (i) Let 2 be a bounded Lipschitz domain in R" according to Defini-
tion 3.4 (iii). Then any space Ay, (2), Ay, (2) covered by Definition 3.11 with p < o0,
q < o0 has foru € N with

u > max(s, o, — §) for B-spaces; u > max(s, 0pq — §) for F-spaces, (6.20)

an interior u-Riesz basis.

(i) Let Q be a bounded C > domain in the plane R? according to Definition 3.4 (iii).
Then any space Ay, (§2) with (5.190) has for any u € N with u > s an oscillating
u-Riesz basis.

(iii) Let Q be a bounded C*° domain in R" with n > 3 according to Defini-
tion 3.4 (iii) such that each connected boundary component is diffeomorphic to the
sphere S"~1. Then any space A, () with (5.215) and 0 < g < oo for B-spaces,
1 < g < oo for F-spaces has for any u € N with u > s an oscillating u-Riesz basis.

Proof. These are special cases and reformulations of Theorems 3.13, 3.23, 5.35, 5.38.
In the related formulation one can replace r < u in Theorem 5.35 by 5 < u. O

Remark 6.8. We rephrased the previous assertions to provide a better understanding
of what follows. It is one of the main aims of this Section 6.1 to get rid of the additional
assumption in part (iii) of the above theorem that the connected boundary components
of 32 are diffeomorphic to $”~1. In case of cellular domains (as recalled below) we
have so far interior u-Riesz bases for the spaces covered by Theorem 5.43. In what
follows it is our main goal to prove Theorems 5.47 and 5.49. But first we have a closer
look at some peculiarities for spaces of type A3, (£2) in cellular domains also for its
own sake.

6.1.2 Basic properties

In Definition 5.17 we introduced the spaces C*°(€2) in domains €2 in R”. Recall that
a one-to-one map ¥ from a bounded domain 2 in R” onto a bounded domain w in R”,

Y:Qox>y=v(x) €, (6.21)
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is called a diffeomorphic map if
Y€ C®(Q) and (Y1) e C®w), [ =1,...,n, (6.22)
for the components v/; of ¥ and (y~!); of its inverse ¥ !,
Yvloy =idinQ and Yoy !'=id inw.
Let again
O={xeR":0<x; <1} (6.23)

be the unit cube in R”. We explained at the beginning of Section 5.3.3 what is meant
by a polyhedron with Q in (6.23) as a proto-type. A bounded domain €2 in R” is said
to be diffeomorphic to a bounded domain w in R” if there is a diffeomorphic map i of
a neighbourhood of Q onto a neighbourhood of @ with @ = (). If " is a set in R”
then I'° is the largest open set in R” with ['° C I (the interior of I').

Definition 6.9. A domain 2 in R”, n > 2, is said to be cellular if it is a bounded
Lipschitz domain according to Definition 3.4 (iii) which can be represented as

L .o
Q= ( U sz,) C with QN Q= 0ifl £ 1, (6.24)
=1

such that each 2; is diffeomorphic to a polyhedron.

Remark 6.10. This coincides essentially with Definition 5.40 (i) inserted here for sake
of completeness. Since V() is a domain it follows that €; is also a domain.

Proposition 6.11. A bounded C*° domainin R™ according to Definition 3.4 (iii), n > 2,
is cellular.

Proof. This follows by direct arguments. It has also been mentioned in Remark 5.41.
O

In (3.84) we recalled what is meant by a pointwise multiplier for A, (R") with a
reference to [RuS96] for explanations. We are interested in characteristic functions yq
of domains €2 as pointwise multipliers.

Proposition 6.12. Let Q2 be a cellular domain in R" according to Definition 6.9. Let
Ap, (R") and Ay, () be the spaces introduced in Definitions 1.1, 2.1.
(i) Then xgq is a pointwise multiplier in Ay, (R") if, and only if,

1 1 1
O<p=<oo, 0<gc=<oo, max(n(——l),——1)<s<—, (6.25)
4 P 4

(p < oo for the F-spaces).
(i) Let 0 < p < ocoand 0 < g < oo (with p < oo for the F-spaces). Let 0 € R,
k€ Nands =0 + k. Then

A5.(Q) = {f € A%, (Q): D*f € A (). |a| < k) (6.26)
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and

If 145 (@)l ~ D 11D f |A5,()l (6.27)

loe|<k
(equivalent quasi-norms).
Proof. The assertion (5.222), (5.223) about characteristic functions of half-spaces as
pointwise multipliers in A4y, (R") carries over to cubes, polyhedrons, and cellular do-

mains. There one finds also the necessary references. Part (ii) is a special case of
Proposition 4.21. O

Proposition 6.13. Ler Q2 be a cellular domain in R" according to Definition 6.9.
(1) Let p, q, s be as in (6.25) with p < oo for the F-spaces. Then

A5, (Q) = 45, (Q) = 45,(Q) (6.28)

for the corresponding spaces from Definition 2.1 and the interpretation given in Re-
mark 2.2.

(ii) Let
1 1 1
0<p<oo, 0<g<oo, max(n(——l),——1)<s<—. (6.29)
p p p
Then y .
A;q(Q) = Azq(Q) = A;q(Q) (6.30)

for the corresponding spaces from Definitions 2.1, 5.17 ().

Proof. Step 1. According to Remark 2.2 the second equality in (6.28) is justified if
{g €4, (R"): suppg C 9} = {0}. (6.31)

Recall that
A5 (Q) = L1(Q) ifs>o0p =n(5—1),. (6.32)

Since |02] = 0 one obtains (6.31) in these cases. It remains to prove (6.31) for the
admitted spaces with s < 0. It is sufficient to deal with

By, (R"), 1< p<oo, %— 1<s<0. (6.33)
We use duality,
;o
By, (R") = B, (R"),

1 1 _ 1
sty =L0<—s<, (6.34)

[T83], Section 2.11.2. Let ¢ € S(R"). Then it follows from Proposition 6.12 (i) that
both pyq and ¢(1 — yq) belong to Bp_,sp, (R™). On the other hand, the translation

g )~ gn(-)=g(-+h) withh e R", (6.35)
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is continuous in B_*,(R"). To justify this claim we recall that D(R") is dense in
Bp_,;,([R”). If v € D(R") approximates g € Bp_,sp,([R”) then v, approximates gy,
(uniformly in /) and the claimed continuity of the translation operator follows from

1S = Ju | By p (R
scllf =¥ 1By (RO + el — ¥ 1B, (RO 4 1(f = ¥)n |B, R (R
= Nf =¥ B,y (RO + Y = ¥ | By (R
(6.36)

Then one has that D(R” \ 92) is dense in Bp_,;,([R"). Let now g € B;,(R") with
supp g C 92 and let ¢ € S(R") be approximated in Bp_,fp,([R”) by ¥ € D(R* \ 9Q).
Now one obtains that

g(p) = klim g(¥) =0 forany ¢ € D(R"). (6.37)
—00

Hence g = 0. We obtain (6.31). This justifies the second equality in (6.28). The first
equality follows now from Proposition 6.12 (i).

Step 2. If p < 00, g < oo then one obtains from the standard localisation (multipli-
cation with a smooth resolution of unity) and the continuity of the translation operator
as indicated above that D(£2) is dense in /ff,q (£2). This proves (6.30). O

Remark 6.14. Assertions of type (6.28), (6.30) under the indicated conditions for the
parameters p, ¢, s have some history. As far as bounded C°° domains are concerned
one may consult [TO1], Sections 5.3-5.6, pp. 44-50, where also the above duality
argument comes from. In case of bounded Lipschitz domains we have Proposition 5.19
with the restriction ¢ > min(p, 1) for the F-spaces based on the references given in
Remark 5.20. It is not known whether one has a full counterpart of the pointwise
multiplier assertion in Proposition 6.12 (i) and, as a consequence, of Proposition 6.13
for bounded Lipschitz domains. As far as pointwise multipliers are concerned one may
consult [Fr]90], Corollary 13.6, and [Tri02]. This may support even at this level (before
discussing boundary values of derivatives) to specify bounded Lipschitz domains to
cellular domains which are bounded by definition. In Proposition 3.19 we described a
counterpart for more general domains.

Proposition 6.15. Let Q2 be a cellular domain in R" according to Definition 6.9. Let

k € N and
1 1 1
O<p<oo, 0<g<oo, max(n(——l),——1)<o<—. (6.38)
p p p
Then ~ .
Azq(Q) = A;q(Q) withs =0 + k (6.39)

(equivalent quasi-norms) for the corresponding spaces in Definitions 2.1, 5.17.

Proof. If f € /f;q (£2) then it follows from Proposition 6.12 (ii) and its R”-counterpart
that
D¥f € A7, (Q) = A7,(Q), |a| <k, (6.40)
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(equivalent quasi-norms). Now one obtains (6.39) from (6.30) and the translation
argument in connection with (6.36) applied to f* € A}, (2) extended by zero to R”
and its derivatives. 0

Remark 6.16. Assertions of this type for Sobolev spaces and classical Besov spaces as
mentioned in Remark 1.2 (with €2 in place of R”) in bounded C *° domains are known
since a long time and may be found in [T78], Section 4.3.2. The extension of these
assertions to other spaces Aj, especially with p < 1, is a somewhat tricky game. One
may consult [T06], Section 1.11.6, the above Remark 5.20 and the references given
there.

6.1.3 A model case: traces and extension

At the end we wish to extend Theorem 6.7 (iii) to cellular domains without any ad-
ditional assumptions about the boundary. This will be done by the same method as
in Chapter 5 based on traces, wavelet-friendly extensions and related decompositions
as in Theorems 5.14, 5.21. But now one has to care for faces and edges of several
dimensions which complicates the situation. We deal first with a model case.

Letn € Nand/ € N with! < n. Let R” = R! x R*~! with x = (y,z) € R,

y=01.....y) €R, z=(z1.....29_) € "7, (6.41)
where R is identified with the hyper-plane x = (y,0) in R”. Let Q; be the unit cube
le{x:(y,z)e[R":Z:0,0<ym<1;m:1,...,l} (6.42)

in this hyper-plane. Let

Or={x=(y.z)eR", yeQ zeR""} (6.43)
be the related cylindrical domain in R”. Let tr; be the trace operator
tr: f(x) = f(¥,0), f €A, R, (6.44)

on R! or Q) (if exists) defined by obvious modification of (5.5) and the related com-
ments in Section 5.1.1. Let

N/ ={a=(a1,....0n) e Ng : a1 =--- =0y = 0}. (6.45)
Then o
ol f
prf=—2J Ly en 6.46
J dzyI Tz (0:40)

are the derivatives perpendicular to Q;. Let

1
oll,zz(;—1)+, 0<p=<oo leN, (6.47)
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be as in (4.15), now indicating /. Let AIS,q([R") be the spaces as introduced in (1.95),

Definition 1.1, and B, (Q;) be the spaces from Definition 2.1 in the context of RL.
We need an extension of the trace assertion (5.59)—(5.63) replacing the (n — 1)-
dimensional manifold I" by ;. The classical case, covering the Sobolev spaces
Hy(R") = F;,(R"), 1 < p < oo, and the Besov spaces B, (R"), 1 < p < oo,
1 < g < oo may be found in [T78], Section 2.9.4, 4.7.2, where we described also
the rich history of this problem. The full assertion for all relevant spaces B, (R"),
F,,(R") can be obtained by iteration of [T83], Theorem 3.3.3, p. 200, or nowadays by
atomic or wavelet arguments. For our later purpose p > 1 would be sufficient. But as
in Section 5.1.3 traces and wavelet-friendly extensions are of interest for its own sake

and a complete description is desirable.

Proposition 6.17. Let [ € N, n € Nwithl < n, andr € Ng. Let 0 < p < o0
(p < oo for the F-spaces), 0 < q < oo, and

n—1

s>r+—+o0). (6.48)
p
Let Q; be as in (6.42). Let trj,
uj: f>{t; DYf : a e N}, |af <r}. (6.49)
Then -
wp: B, (R < [ Bog 7 (01 (6.50)
aeN?
la|<r
and ,
1l ol
uf: FS, R — [] Bpp 7 (Q1) 6.51)
aeN?
lo|<r

(continuous embedding).

Remark 6.18. We refer to the above comments. But one can prove these embeddings
directly restricting atomic expansions of f € A7/ (R") to R’. No moment conditions
are needed in the counterparts of (5.64)—(5.67).

Crucial for what follows is the modification of the wavelet-friendly extension op-
erator as constructed in (5.75) and used in Theorem 5.14. Let C¥(Q;) with u € N be
as in Definition 5.17 (ii) and let

{®7,(»): jeNg;m=1,....,N;} C C*(Q)) (6.52)

with N; ~ 2/! be an interior orthonormal u-wavelet basis in L, (Q;) according to Theo-
rem 2.33 and Definitions 2.31, 2.4 (with R’ in place of R”). We apply Theorem 3.13
to

qu(Ql), 0<p=<oo, 0<gqg=<oo, 0;<0<u. (6.53)
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Then one has for g € qu(Ql) the wavelet expansion

oo Nj
g=Y_ Y M2} (6.54)
j=0m=1
with
M (g) =2/'7 /Q g(y) ®5,(y)dy (6.55)
1
and the isomorphic map
g+ {A(g)} of B2, (Q)) onto b3, (Z9). (6.56)

Here bgq (Z21) comes from (6.4). If p < 00, g < oo then {CI#,,} in (6.52) is an interior
u-Riesz basis in §gq (Q1) according to Definition 6.5. We refer to Theorem 3.13 where
we clarified the convergence of (6.54) also in the cases where p = oo and/or ¢ = oo.
Next we modify the construction (5.75) of an extension operator such that it can be

applied to the right-hand sides of (6.50), (6.51). Let
xe DR, suppycizeR": |z <2}, () =1liflz| <1, (6.57)

with z € R~ as in (6.41). One may assume that y has sufficiently many moment
conditions,

[[Rn l)((z)zﬁdz=0 if |8 < L. (6.58)
Let <I>f,, be the wavelets according to (6.52) and
CID{;;“(x) = 2/1elz% (27 7) 2 =DJ/2 @{;l(y), a € NP, (6.59)
according to (6.41) and (6.45) be the counterpart of (5.76). Then
g =Ext;"{gq: a € N}, |a| <r}(x)
o U (6.60)

=D 3D 3D DEPATSERLERUEE Ve

le|<r j=0m=1

is the counterpart of (5.75) where {go} C L1(Q;) and M}, (g) asin (6.55) (with g4 in
place of g). Let 43, (Q7') be the spaces as introduced in Definition 2.1 where Q7 is
the cylindrical domain (6.43).

Theorem 6.19. Let { <I>,]n} with u € N be the interior orthonormal u-wavelet basis in
L>(Q;) according to (6.52). Let y be as in (6.57), (6.58) (with L € Ny sufficiently
large in dependence on q for the F-spaces). Let r € Ng and let Ext;’" be given by
(6.60) with (6.55). Then

Ext;/": {gu: €N}, |a|<r}rg (6.61)
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is an extension operator

n—I _
Bx(: [ B 7 (01 = BS,(0]),
Taﬁz: (6.62)

0<p=<oo, 0<gq=<oo, u>s>r+”le+Gl

p?
and
Ext™% - g‘g_n;l_ml ﬁs n
th : l_[ pp (Ql) — pq(Q] )’
aeN”
Ialsi (6.63)
0<p<oo, 0<g=<oo, u>s>r+”le+crIl,,
with -
trj o Exty" =id, identity in 1_[ qu 7 (Ql) (6.64)
aeN?
|Ol|5r

Proof. Since s > oll, and, for p < 1,

—1 n
s>——|—a =——[>o", (6.65)
p Poop i
it follows from Definition 2.1 and Remark 2.2 that one can identify qu(Ql) in
(6.62), (6.63) with qu(@), considered as a subspace of ng([Rl), and ff;q(Q;’) with
/I;,q (Q_;‘) as a subspace of A7, (R"). Then the case [ = n—1is essentially covered by

Theorem 5.14 and its proof. There we dealt with a bounded C *° domain 2 in place of
Q7 and its boundary I' = 92 in place of Q. Since we replaced B, (I") now by
qu(Qn_l) we avoid any difficulty which may be caused by the boundary dQ,_; of
On—1. Butotherwise one can follow the arguments in the proof of Theorem 5.14 for all
I € N with [ < n. In particular the functions ®;,* in (6.59) are the direct counterpart
of (5.76) (not normalised atoms). By (6.65) no moment conditions are needed in case
of the B-spaces. If ¢ < ¢ < oo for some ¢ with 0 < ¢ < 1 then one may choose
L € N with L > n(% — 1) in (6.58) in case of the F'-spaces. O

Remark 6.20. It comes out that Extlr’" is a common extension operator for given r, u
and 0 < ¢ < 1 with ¢ < g in (6.63) in place of 0 < g.

6.1.4 A model case: approximation, density, decomposition

Let Q; and Q7 be as in (6.42), (6.43). By Definition 5.17 (i) the completion of D(Q7')
in A3, (Q7) is denoted by X;q(Q;‘). One can replace €2 in Proposition 6.15 by Q7.
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Then one obtains that ~ .
Ay, (OF) = A4,,(07) (6.66)
(equivalent quasi-norms) if

1
I<p<oo, O0<g<oo, O0<s——¢&N. (6.67)
P

If p < 1 then one has to exclude some (p, s)-regions in order to obtain (6.66) (recall
that n > 2). This is a first hint that it might be reasonable to restrict the further
considerations to p > 1. But we add a second more substantial argument. For
0 < p <o00,0 < g < oo and the largest admitted r € Ng in (6.48) one may
ask under which circumstances

D(Q}\ Q) isdensein {f € A5 (Q}): tr] f =0}. (6.68)

Of course, Q7 \ Q is considered as a set in R”. As for the classical cases we refer to
[T78], Section 2.9.4, p. 223, complemented by [T83], Section 3.4.3, p. 210. We begin
with a preparation using the same notation as in (6.41)—(6.43) and in Proposition 6.17.

Proposition 6.21. Letl/ € N, n € N withl < n andr € Ng. Let

—1
O<p<oo, 0<g<oo, s>r+n—+o;. (6.69)
4

Letu € N withu > s. Then

{g € C*(R"): suppg C {y € Q;} x{|z| < 1}, ] g = 0} (6.70)

is dense in ~
{f €A, (0]): u] f=0}. (6.71)
Proof. By the same decomposition and translation arguments as in connection with
(6.36) now with 4 = (h;, 0) parallel to R’ it follows that it is sufficient to approximate

feA, R, suppfCQf w]f=0, 6.72)

(hence vanishing near Q7). For given & > 0 one can approximate f in Ay, (R™) by
fe € S(R™) with

supp fe C QF and ||tr] fe [t} A, (R™)]| <e, (6.73)
where trj A, (R") stands for the trace spaces according to (6.50), (6.51). Let

[¢=Exq;"H {u] £} (6.74)

with Ext;**! as in (6.60) and Theorem 6.19. By the properties of Ext;**' as men-

tioned in Remark 6.20 one obtains that

e CHRY), supp f©C O, [If° 1Ay, (RN < ce, (6.75)

for some ¢ > 0 which is independent of €. Then f; — £ is the desired approximation.
O
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Remark 6.22. We return to the question (6.68). By Proposition 6.21 it is sufficient to
approximate the function g from (6.70). Let
Sj={x=0.2):ye Q27 <|z| <27/F} €N, (6.76)
and let
oo Nj .
1= gm). Ny~ x=(.2).ye 0. 0<lzl <1, (677
Jj=0m=1
be a resolution of unity by suitable C* functions ¢;,, with
supp@jm C Bjm C Sj, j € No, 1 <m < Nj, (6.78)

where B, is a ball of radius 27/, Let g be as in (6.70) (in particular g vanishes near
the faces dQ; of Q; as an R!-set). Then

oo Nj
§=2. 2 Am 2V gig =3 Aimajm (6.79)
j=0m=1 J>m

is an atomic decomposition of g in B, (R") according to Theorem 1.7 with p, g, s as
in (6.69) (not to speak about immaterial constants). By (6.65) no moment conditions
are needed. But we used tr; g = 0 according to (6.49) for g € C*(R") and related

Taylor expansions in z-directions, where the factor 2/ (r+1) comes from. We have
Ajm ~ 27 CFI=sH5), (6.80)

Let gy with J € N be given by (6.79) with j > J in place of j > 0. Then it follows
by Theorem 1.7 that

oo Nj 1/
a/p\ 4
I8 183, @)1 < e (32 (3 mi?)"”)
j=J m=1

o
= C’( Z 2_jl’(r+1—s+%—%)4/17)1/q (6.81)
j=J

<277 its=r+1-s+ L0

Then g—g approximates g in B, (R"). These functions vanishnear Q;. Anadditional

mollification gives (6.68) for E;Q(Q;’). The corresponding assertion for ﬁlfq(Q?)
follows from

E;,min(p,q)(Q;l) g ﬁ;q(Q?) (6.82)
and Proposition 6.21. The largest admitted r € Ny in (6.69) is given by
n—1I
p

r=s— —ol —¢ forsomeewithO <e < 1. (6.83)

p
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If p > 1 then
. . n—1
8§=1—¢e>0 if,andonlyif, s— —— & N. (6.84)
4
If p < 1 then (6.81) requires

1

8:1—g—a;=1—g—l(——1)>0. (6.85)
D

Although there are some p < 1, 0 < ¢ < 1 with (6.85) the situation is not very

satisfactory. Together with (6.66), (6.67) and the comments afterwards it is a second

good reason to restrict what follows to p > 1.

After these discussions we are in a similar situation as in Corollary 5.16 and Theo-
rem 5.21, now with Q7 in place of the bounded C*° domain €2 and Q; in place of
I' = 02. We describe briefly the (more or less technical) changes. First we remark
that one has by Proposition 6.17 for the same parameters as there the traces

~ ~s—"=L o
wf: BS, 00 = [] Bpa 7 (QD) (6.86)
aeN?

loe|<r

and A
uf: B3, 00 = [ Bow 7 (0. (6.87)

aeN?
loe|<r

In the same way as in (5.99), (5.100) one obtains now from Theorem 6.19 for the same
parameters p, q, s (and r, u) as there that

P} =Extf" ot} A5 (QF) < A5,(Q7) (6.88)

is a projection. Let Prl /I;Q(Q;’) be its range. Then Trl =id — Prl is also a projection
and

TIAS (O7) = {f € A5, (O]) : u] f =0} (6.89)
is the counterpart of (5.113). As in (5.101) one has the isomorphic maps

Ext’"* Es_ n;l
1 P4

aeN Ja|<r

—let]

(Q1) = P B3, (O]).
(6.90)

~5—ﬂ—|(x| ~
Ext;* [ By 7 (01 = PFs,(0OD.

aeN?,|a|<r

Now one can clip together the above considerations. Recall that Q; and related spaces
refer to R!, whereas Q7 and also Q7 \ Q; and related spaces are considered in R".
Then one has the following counterpart of Theorem 5.21.
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Theorem 6.23. Let [ € N andn € N withl < n. Let
n—1 1
I<p<oo, O0<g<oo, O0<s———¢&N, s——¢&N. (6.91)
4 4
Let Q; and QF be as in (6.42), (6.43). Then

A0 = 45,07, (6.92)

Letr = [s — ”le] € N be the largest integer smaller than s — ”le. Fors <u € N let
Ext;’" be the extension operator according to (6.60), (6.55) and Theorem 6.19. Then

o o —_ ~S—L_I—Ol
B, (0) = B3, (01 \ O x Extf [ Bpg 7 “(Q1) (6.93)

aeN?,
lae|<r
and
20 n oS n\ . ru ‘“’S—%—M
F3, (1) = Fy (07 \ Q) xExtf™ [ Bpp Q1) (6.94)
aeN?,
la|<r

(complemented subspaces).

Proof. First we remark that (6.92) follows from (6.66), (6.67). Then fils,q (2) can be
decomposed by (6.90) and (6.89) into the second factors on the right-hand sides of
(6.93), (6.94) and the space on the right-hand side of (6.89). By Remark 6.22 we have
(6.68). This completes the proof of the theorem. O

Corollary 6.24. Theorem 5.21 remains valid if one replaces (5.115) by
1
I<p<oo, O0<g<oo, —1<s5s——¢&Ny, (6.95)
p

both for B-spaces and F -spaces.

Proof. This follows from Proposition 6.13 (ii) (instead of Proposition 5.19) and the
proof of the above theorem with [ = n — 1. O

Remark 6.25. The restriction ¢ > 1 for the F-spaces in Theorem 5.21 comes from
the reference to [T83] in its proof which can now be improved by the above arguments.

6.1.5 Cubes and polyhedrons: traces and extensions
Let

O={xelR": x=0(x1,....%0), 0<xp<l;m=1,...,n} (6.96)
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be the unit cube in R” where 2 < n € N. We wish to extend Theorem 6.23 from Q;’
to Q. This is mainly a technical matter, but it requires some care. It is based on the
crucial observation that corresponding extension operators of type (6.59), (6.60) from
[-dimensional faces of Q of type Q; into Q do not interfere with the boundary data
at all other faces (edges, vertices) of Q. This can be extended to bounded polyhedral
domains in R" without essential changes in a more or less obvious way. One may
consider Q as a prototype of a polyhedron in R”. The boundary I' = 0Q of Q can be

represented as
n—1

F=Jrn. TNy =0ifl £/, (6.97)
=0
where I'; collects all /-dimensional faces (edges, vertices). Then I'; consists of finitely
many /-dimensional cubes of type Q; as in (6.42) (open as a subset of R'). We wish to
apply Theorem 6.23 where we have now faces of dimensions / = 0,...,n — 1. This
suggests the restriction

1 k
I<p<oo, O<g<oo, s>—, s——¢&Ng fork=1,....,n. (6.98)
p p

The trace (6.44) is now given by the restriction
tr: f(x) = fIT, f € Ay (RY), (6.99)

of ftoI'. If y € I'; the D} f denotes the obvious counterpart of (6.46) where only
derivatives are admitted referring to directions perpendicular in R” to I'; in y. One
replaces (6.49) by

uj: f{y DS el <r}, [=0.....n—1, (6.100)
for traces on I';. Let | < p < oo and let be either
I’l—lo

1
< — forsomely=1,...,n—1. (6.101)
p 4

If s > n/p then we put [p = 0. Recall that [a] is the largest integer smaller than or
equal toa € R. Let

0<s—£§z’|N or 0<s—
p

F=(rlo, oY) with ! =[s =2, o <li<n—1. (6.102)
Then
trf::f+—>{trl Dyf:yely, lo| < rl; loflfn—l} (6.103)
is the appropriate modification of (6.49).

Proposition 6.26. Let Q be the cube (6.96) with the boundary I' = 0Q according to
(6.97). Let

1 k
l<p<oo, O0<g<oo, §s>—, s——¢&WNg fork=1,...,n. (6.104)
4 4
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Letlg = 0ifs > n/p and otherwise lg = 1,...,n — 1, such that

—ly 1
= 2. (6.105)
P p

0<s—

Let tr}, be as in (6.102), (6.103). Then

B} n—l _n—l_
i BS,®) = [ T] Ba * (00 (6.106)
I=lg |a|<r!
and
) n—1 s—n=L_|g|
up: Fy, R > [T ] Bow © (@) (6.107)

I=lp |a|<r!
One can replace By, (R") by By (Q) and F;,(R") by F,,(Q).

Proof. This follows immediately from Proposition 6.17 and the above considerations.
O

Remark 6.27. One can extend the above assertion to ¢ = oo in (6.104), p = oo
for the B-spaces, and also to p < 1 with appropriately adapted restrictions for s as
in Proposition 6.17. But our main concern is the counterpart of Theorem 6.23 for the
above cube Q. For this purpose one has to clip together the extension operators Extlr’"
as used in Theorems 6.19 and 6.23 with a reference to (6.60). Recall that I'; consists
of I-dimensional (open as subsets of R’) disjoint cubes of type Q; in (6.42),

I=T\JTe. I=1...n-1 (6.108)
k<l

(corner points if / = 0). In particular, D(I';) is the disjoint union of sets of type D(Q;).

In the same way one has to interprete By, (I';) and qu (I'y). With p, ¢q, s as in (6.104)
one obtains by Proposition 6.15 that

oS_L*I_

] ~5—
By g (I'1) = Bpgq

n—I _
=L o

(T, I=1,....n—1, |e|<rl.  (6.109)

Let Ext;:l" be the obvious generalisation of (6.60) from Q; to I'; and let

Extf = {Exth™: lo <l <n—1) (6.110)

with 7 and [y as in (6.102). If s > n/p then [ = [y = 0 is admitted. These are the
corner points of . Then one has to modify (6.59), (6.60) as in Section 5.2.3 where
we dealt with the one-dimensional case and traces in points.



6.1 Spaces on cellular domains 195

Theorem 6.28. Let Q be the cube in (6.96) with the boundary I' = 3Q according to
(6.97). Let

1 k
I<p<oo, 0<g<oo, s>—, s——¢&Ng fork=1,...,n. (6.111)
p p
Lets <u € N. Let lg and 7 be as in (6.101), (6.102) and Proposition 6.26. Let Ext;’"
be given by (6.110). Then
Extp': gl i lo<l<n—1, ol <r'}>g (6.112)
is an extension operator,

n—=I _

Ex: [] [ Bre 7 (T — BS,(0) 6.113)
I=lo |a|<r!
and
_ n—l n—I
ex?: [T TT Bom ? "0 = F5,(0). (6.114)
I=lo |a|<r!

Let tr? be the trace operator according to (6.103). Then

_ _ n—l gn=l_
wh o Ext =id, idensityin [ [] Bog 7 " (T. (6.115)

I=lp |a|<r!
Furthermore,

n—

_ - n—1 s_n=l_y
B,(0) = By (@) xex* [ [] By 7 "ty 6116)

1=l |a|<r!
and
_ B n—1 ~S—L7]—|a|
Fyg(Q) = Fy(0) xExg" [T [] Bop 7 7 (00) (6.117)
I=lp |a|<r!

(complemented subspaces).

Proof. We use Theorem 6.23 and an induction by dimension / > [y. Let [y > 1. Then
one has by Proposition 6.13 that

- -
s_=lo n=ly

Bpy 7 (Tiy) = Bog 7 (Tyy). (6.118)

Now one obtains by the above considerations with /0 = 0 that

n—lp

/ s—""lo
Extrr,(;’”i Bpy 7 (Tyy) = B,y (Q). (6.119)
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If [p = 0 then one has to modify the above arguments according to Section 5.2.3 where
we dealt with the one-dimensional case. This decomposes B;J q(Q) asin (6.89), (6.90),

n—lp

7l rl S———
B3,(0)={f € B5,(0): trr-[(()) f=0}x Extr;())’" By, 7 (Iy,)  (6.120)

into complemented subspaces. Let /[ = [y 4+ 1. The trace space of the first factor on

n—=I
the right-hand side of (6.120) is now E;;T (I';). But this observation ensures that
one can apply the decomposition technique in connection with Theorem 6.23. Then
one obtains the factor with [ = /oy + 1 on the right-hand side of (6.116). It remains a
complemented subspace now with tr}ll f=0forl =lyand! =lp + 1. We remark
again that according to the construction (6.60) the extensions at different values of / do
not interfere. Iteration finally ends up with (6.116), (6.117) where one has to use the
counterpart of (6.92) or Proposition 6.15 with = Q both for B-spaces and F-spaces.
This proves also (6.113)—(6.115). O

Remark 6.29. Beyond the somewhat cumbersome technicalities the proof relies on
the following two remarkable facts:

1. With p, g, s as in (6.111) the boundary data of f € A7 (Q) on different faces
of I';, but also for different I'; and I';s with [ # I’ are totally decoupled.

2. The wavelet-friendly extension operator for a face of I'; respects this observation
and does not interfere with the boundary data of other faces of I';, and with the
boundary data of faces I';y with [ # [’.

6.1.6 Cubes and polyhedrons: Riesz bases

Theorem 6.28 brings us in the same position as in Chapter 5 where we asked for wavelet
bases in spaces A, (€2) in case of bounded C*° domains 2. We rephrased in Theo-
rem 6.7 some distinguished assertions obtained there now in terms of [oscillating]{in-
terior} u-Riesz bases introduced in Definition 6.5. Let a3, (Z ) witha € {b, f} be
the sequence spaces according to (6.6) and Definition 6.1.

Theorem 6.30. Let Q@ = Q be the cube (6.96) in R" withn > 2. Let Ay, (S2) be the
spaces according to Definition 2.1 (i) with
1 k
I<p<oo, s>—, s——&WNg fork=1,...,n, (6.121)
P 14
0 < g < oo for B-spaces, 1 < q < oo for F-spaces. Then Ay,,(§2) has for anyu € N
with u > s an oscillating u-Riesz basis.

Proof. By Theorem 6.7 (i) all spaces on the right-hand sides of (6.116), (6.117) have
interior u-Riesz bases (where spaces on I'; are considered in R’). This s the point where
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one has to strengthen 0 < g < oo in (6.111) for F-spaces by 1 < g < oo (ensuring
0pg = 0in (3.45)). We described in Proposition 5.34 and Theorem 5.27 for bounded
C° domains 2 how wavelet bases for /f;q (£2) can be complemented by transferred
wavelet bases for trace spaces such that one obtains wavelet bases for A/ (€2). This
applies also to the above situation now based on (6.116), (6.117), resulting in the above
theorem. O

Corollary 6.31. Theorem 6.30 remains valid for bounded polyhedrons 2 in R".

Proof. The proof of Theorem 6.28 is based on the extension operators (6.59), (6.60),
clipped together by (6.110). One does not need that the respective faces intersecting
each other are orthogonal. It is sufficient to know that they intersect with non-zero
angles. Similarly one can replace the perpendicular derivatives in (6.103) by oblique
derivatives. This does not influence the arguments and results in the above assertion.

O

6.1.7 Cellular domains: Riesz bases

After all these preparations we reach now the main goal of Section 6.1, the proof of
Theorems 5.47 and 5.49. For sake of completeness we repeat in addition Theorem 5.43
rephrased in terms of u-Riesz bases.

Theorem 6.32. Let Q2 be a cellular domainin R withn > 2 according to Definition 6.9.
Let A}, (S2) be the spaces as introduced in Definition 2.1 (i).
(i) Then A;q () with (6.121), 0 < g < oo for B-spaces, 1 < q < oo for F-spaces,
has for any u € N with u > s an oscillating u-Riesz basis according to Definition 6.5.
(ii) Let

1
0<p<oo, 0<gq <o, —oo<s<min(—, ”1). (6.122)
p n—

Then Ay, (S2) has for any sufficiently large u € N,
u > u(s, p) € N for B-spaces, u > u(s,p,q) € N for F-spaces,
an interior u-Riesz basis according to Definition 6.5.

Proof. Part (ii) is covered by Theorem 5.43 and the above reformulations. As for
part (i) we first remark that diffeomorphic maps of cubes onto corresponding domains
generate isomorphic maps both for related spaces and for wavelet bases. The extension
operators used in Theorem 6.28 transfer boundary spaces (and wavelets) from I'; to R”,
in particular to all adjacent cells. Hence the constructions resulting in Theorem 6.28
apply simultaneously to all cells (diffeomorphic images of cubes and, more general,
polyhedrons). Then one obtains the theorem as in Theorem 6.30 and Corollary 6.31.

O
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Theorem 6.33. Let n > 2. Theorem 6.32 remains valid for any bounded C*° domain
in R™ according to Definition 3.4 (iii).

Proof. This follows from Theorem 6.32 and Proposition 6.11 (i). O

Remark 6.34. In Definition 6.5 we introduced [oscillating]{interior} u-Riesz bases
and mentioned in Remark 6.6 that there is an obvious counterpart in terms of u-Riesz
frames. According to Theorem 5.51 one has u-Riesz frames for all spaces A}, (€2)
in bounded Lipschitz domains 2 without any exceptional values p and s. Under the
restrictions of Theorem 5.27, in particular s — % ¢ No, the admitted spaces A4y, (€2)
have oscillating u-wavelet frames. The step from frames to bases requires by our
method additional assumptions of type (6.121). The restriction s — % & Ny is natural.
We discuss this point in Sections 6.2.2-6.2.4 below. The situation might be different
in case of the additional restrictions s — % ¢ No with 2 < k € N. For some bounded
C > domains 2 in R” with n > 3 we have the restrictions (5.215). If  is a cube or a
cellular domain then one has in Theorems 6.30, 6.32 even the restrictions (6.121). We
discussed this situation in Section 5.3.1. Let

H3(Q) = F5,(Q). 1<p<oo, seR, (6.123)

be the usual Sobolev spaces (the restrictions of the spaces H,(R") in (1.17)—(1.19)
to ©2). Let M3 be the torus of revolution in R? as in (5.197) and let B3 be the unit ball
in R3 as in (5.198). Then it follows from Theorems 5.38, 6.32, 6.33 and Remark 5.36
that one has oscillating u-Riesz bases in

Hy(M?) if1 < p <o00,0< s—% N, (6.124)
in
Hy(B%) ifl<p<o00,0<s—5¢&Ns—2¢N, (6.125)

and in
H3(Q) if1<p<oo,0<s—%gZIN,s—%gZINO,S—%gZINO, (6.126)

for cellular (in particular bounded C*°) domains € in R3. But it is unlikely that
the additional exceptional values in (6.125) or in (6.126) are naturally related to the
different topologies of IM3, B> or 9. The situation is especially curious if p = 2.
Then it is unclear (by our method) whether the very classical Sobolev spaces

wk®?), keN, (6.127)

have oscillating u-Riesz bases.
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6.2 Existence and non-existence of wavelet frames and bases

6.2.1 The role of duality, the spaces B, (R")

Recall that {;}72, C B in a separable complex quasi-Banach space B is called a

basis if any b € B can be uniquely represented as

o0
b= Zx\j b;, A; € C (convergencein B). (6.128)
j=1

Of course A, (b) is linear in b. A basis is called a Schauder basis if A;(-) € B’ are
linear and continuous functionals on B. It is one of the very first observations of
Banach space theory by Banach himself, [Ban32], that any basis in a Banach space is a
Schauder basis, an early application of the Closed Graph Theorem. Recent proofs may
be found in [AIK06], Theorem 1.1.3, p. 3, and [Woj91], Corollary, p. 38. However this
observation can be extended to quasi-Banach spaces.

Proposition 6.35. Any basis in a separable complex quasi-Banach space B is a
Schauder basis.

Proof. For any quasi-metric o on aset X there is a number g9 with0 < g9 < 1 such that
o° for e with 0 < & < g¢ is equivalent to a metric. A proof may be found in [HeiO1],
Proposition 14.5. One may also consult [T06], Section 1.17.4. As a consequence, any
quasi-Banach is a Fréchet space (also called an F-space, but should not to be mixed
with our occasional abbreviation of F,, -spaces as F-spaces) for which the Closed
Graph Theorem remains to be valid, [Woj91], pp. 3—4. One may also consult [Yos80],
1.9, 11.6, pp. 52, 79. Now one can carry over the proof in [AIK06], Theorem 1.1.3,
pp- 3. 4, from Banach spaces to quasi-Banach spaces. O

Remark 6.36. Inserting b = by, in (6.128) the uniqueness of the representation ensures
the existence of a dual system {bj’. 72y C B’ with

, 1 ifj =k,
bj(bk) =6k = 0 if £k, (6.129)
Hence the existence of a basis in a quasi-Banach space B requires that it has a suf-
ficiently rich dual B’. This is always the case for all spaces 45 (R") and 4} (2)
considered in the preceding chapters. But it is not the case, as we shall see, for other
function spaces of interest. Even worse, one has the same negative outcome if one
asks for frames instead of bases. Similarly as in Remark 5.11 we call {b;}72, C B
a (stable) frame if there is a quasi-Banach space A of {A; € C : j € N} (sequence

space) with the following properties:

1. (Stability) Any b € B can be represented as

b= A;bj. A={Aj}eA (convergencein B). (6.130)
j=1
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with
Ib|B]l ~ inf |12 A 6.131)
where the infimum is taken over all representations (6.130).

2. (Optimality) There is a sequence A = {A;} C B’ with
o0
b=> A;(b)b;. [AD)|All~[b]|B]|. (6.132)
=1

convergence in B.
Let A} f be the differences in R” according to (1.21). Let
B, (R") = {f € Ly(R") : || f [Bpy(R")][m < oo} (6.133)

where
O<p<oo, O0<g<oo, O<s<meN, (6.134)

and

h 1/q
11 B3y ") = 17 1L, B0+ ([ 12 17 12,017 )

|h|"
(6.135)
We dealt in [T06], Chapter 9, with these spaces, where one finds also references to the
original papers. This will not be repeated here. One can replace the integration over
h € R" in the second term on the right-hand side of (6.135) by |k| < 1. Then one
obtains (1.23), and by (1.25) that

By, (R") =B;, (R"), 0<p.g<oo, s>0,= n(% -1),. (6.136)

(appropriately interpreted as subspace of S’(R") and of L'(R"), justified by the em-
bedding Bj,,(R") C L'IOC([R”)). By Theorem 1.20 all spaces covered by (6.136) have
wavelet bases. If 0 < s < 0, then the spaces B;, (R") and B}, (R") do not coincide
any longer (they are even not comparable). As usual, B is the dual of the quasi-Banach
space B.

Theorem 6.37. Let
1
0O<p<l, 0<g<oo, 0<s<ap=n(——l). (6.137)
p

Then
B;q([R")’ = {0} (6.138)

for the dual space of By, (R"). Furthermore,

L,(R") = {0}. (6.139)
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Proof. Let ¢ € D(R") and ¢;(x) = (/)(2jx) where j € N. Then one obtains by
(6.135) that

gy 1B (R") |
o ) . dl’l l/q
=277 |lg |Lp (R +2/¢77) ( / [RI7 A7 | Ly (R W) (6.140)
|Rn
< 27579 g [BS o, (R™) |-

We assume that ¢ € D(R"), say, with ¢ > 0, generates a resolution of unity,

1= > px—k). xeR" (6.141)
kez"

Let g € B;,,(R")" and ¢ € D(R"). Then

gl < Y g 9/ - —k))|

|k|<K

<l D 1Y @@ - —k) B}, (R (6.142)
|k|<K

< 0 2ini6=5) —_ o ilstn=7)

where we used K ~ 27", (6.140) and that v is a pointwise multiplier in B, (R"). This
can be checked by direct calculation or by real interpolation between L, (R") and the
spaces B, (R") with o > o) as indicated in [TO1], pp. 373-74. The constant ¢ in
(6.142) depends on g and ¥, but not on j. Since s < % — 1 one obtains by j — oo
that g(y) = 0. Again by real interpolation as indicated above or by direct calculation
it follows that D(R") is dense in By (R"). Hence g = 0. This proves (6.138). One

obtains (6.139) by the same arguments. O

Corollary 6.38. Neither the spaces Lp(R") nor the spaces By, (R") with (6.137) have
bases or frames with (6.130)—(6.132).

Proof. This follows from Theorem 6.37, Proposition 6.35 and Remark 6.36. O

Remark 6.39. In [T06], Chapter 9, we dealt also with spaces Fy, (R") and obtained
under some restrictions of the parameters p and g,

B;,min(p’q)([R”) — F,,(R") — B;,max(p,q)([R”) (6.143)

similarly as for the spaces B;,(R") and F},,(R"). Then one obtains from (6.138) and
(6.143) that

F;q([R”)’ = {0}. (6.144)
In particular these spaces do not have bases or frames with (6.130)—(6.132). However
one has a remarkable substitute. There are constructive building blocks, called quarks,
both for B, (R") and F},, (R") with expansions of type (6.130), (6.131). We refer for
details and further information to [T06], Section 9.2, and the recent papers [HaSOS8],
[Sch08], [Sch09].
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6.2.2 The non-existence of Riesz frames in exceptional spaces

Let €2 be a bounded Lipschitz domain in R” with n > 2 according to Definition 3.4 (iii)
or a bounded interval in R if n = 1. Let

®={®/: jeNgl=1...,N}CC"Q) (6.145)
be an [oscillating]{interior} u-wavelet system as introduced in Definition 6.3. In Defi-
nition 6.5 we said what is meant by related [oscillating]{interior} u-Riesz bases. Let
A3, (2) be either A}, (€2) or A3, () according to Definition 2.1, or A}, (€2) as in Defi-
nition 5.17 (i). Leta,,(Z ) be as in (6.6) and Definition 6.1. In good agreement with

the comments in Remarks 6.6 and 6.36 we call the [oscillating]{interior} u-wavelet
system ® in (6.145) an [oscillating]{interior} u-Riesz frame for

/I;q(sz) with0 < p <00, 0 <g <00, s €R,
if it has the following properties:

1. Anelement f € D'(Q2) belongs to /I;q (R2) if, and only if, it can be represented

as
oo Nj

f=Y Y M2l Aed,(z, (6.146)
Jj=01l=1

unconditional convergence being in /f;q (2), and

I f A5, ()| ~ inf | A a5, (Z)]l. (6.147)

ra(
where the infimum is taken over all admissible representations (6.146).

2. Any f € ff;,q (£2) can be represented as

oo Nj
=33 MH2 "o (6.148)

Jj=01=1
where /\{ () e ffls,q (2) are linear and continuous functionals on ff;q (2) and

LS 1A ()] ~ 1A lapg (ZD]. (6.149)

This is the direct counterpart of Definition 6.5. Theorem 5.27 ensures the existence of

oscillating u-Riesz frames in some spaces Ay (£2) excluding the exceptional spaces

with s — % € Np. In this Section 6.2.2 and in the following Section 6.2.3 we have a

closer look at these exceptional spaces.
A bounded Lipschitz domain €2 is E-thick. This follows from Definitions 3.1, 3.4
and Proposition 3.8. Then one has by Theorem 3.13 that the spaces
0p,  B-spaces,

ff;q(Q), 0<p.g<oo, s> (6.150)
0pg, F-spaces,
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have interior u-Riesz bases according to Definition 6.5 and hence also interior u-Riesz
frames with > 5. The isomorphic map onto aj,,(Zg), now identified with a,,, (Z 2y,
in Theorem 3.13 and a subsequent mollification show that D(£2) is dense in the spaces
/I; 4 (€2) with (6.150). (Of course, extending Definition 6.5 and the above definition to
u-Riesz frames one has the same assertions for E-thick domains.)

Proposition 6.40. Ler Q2 be a bounded Lipschitz domain in R" with n > 2 according
to Definition 3.4 (iii) or a bounded interval in R if n = 1. Let

) B_ )
0<p,g<oo, s> Or spaces (6.151)
Opg, F-spaces.

Lets <u € N. Then /i);q (2) has an interior u-Riesz frame if, and only if,
Ay () = A,,(Q). (6.152)

Proof. By the above considerations it follows from (6.152) that 14;; 4(§2) has an interior

u-Riesz basis and hence an interior u-Riesz frame. Conversely, if /i)f,q (2) has an
interior u-Riesz frame then any f € D(2) can be represented by (6.148), (6.149).
Extended to R” by zero outside of €2 one has an atomic decomposition of f € D(R")
in A, (R") according to Theorem 1.7 (no moment conditions are needed). Hence,

L 145 (1 = 1/ 145 (R < c |/ |45, (). (6.153)

The converse of (6.153) follows from (2.5). Since D(£2) is dense both in /fj,q (R2) and
ffzq (£2) one obtains (6.152) from

LS 1A ()1 ~ LS 1454(€2)

|, f e D(Q). (6.154)
O

Remark 6.41. For cellular domains €2 (and hence for bounded C °° domains) we have
so far Propositions 6.13, 6.15, ensuring (6.152) under the given restrictions for the
parameters p, ¢, s. According to Remark 5.20 and the references given there one has
for bounded C°° domains €2,

A3, (Q) = A5,(Q) if0< p.q <o, s>0p, s —2 & No. (6.155)

Hence by the remarks after (6.150) the spaces fijls,q (2) with (6.151) and s — % € No
have interior u-Riesz frames (even interior u-Riesz bases).
Theorem 6.42. Let Q be a bounded C*° domain in R" with n > 2 according to

Definition 3.4 (iii) or a bounded interval in R ifn = 1. Let fif,q (R2) be the spaces as
introduced in Definition 5.17 (i). Let

1
O0<p,g<oo, s——=relNy and s <uelN. (6.156)
4
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Then neither

B, (2) with min(l, p) < g <00, s > 0p, (6.157)
nor .
Fpu () withp>1,0<q <00, s> o (6.158)

have an interior u-Riesz frame.

Proof. The case r = 0 follows from (5.122), (5.126) and Proposition 6.40. The
extension of this assertion to r € N is covered by (5.128). Ll

Remark 6.43. The above theorem makes clear that the restrictions for s in Theo-
rems 5.21, 5.27 are natural.

6.2.3 Reinforced spaces

Let Q2 be a bounded C°° domain in R”. Then one has u-Riesz frames (= u-wavelet
frames) in the spaces A}, (€2) covered by Theorem 5.27. This excludes spaces with
s — % € Np. Theorem 6.42 shows that the situation in these exceptional spaces is

rather peculiar. Let
d(x) =dist(x, ) =inf{|[x —y|: yel'}, xeQ, (6.159)

be the distance to the boundary I' = 9€2. Then one has by (5.122), (5.126) and [TO1],
Theorem 5.10. p. 54, for 1 < p < 00,1 < g < o0,

FMP(Q) = F)P(Q) # F)P(Q) = {f € Fpl?(Q): d7VP f € Ly(Q)}.
(6.160)
Although D(£2) is dense in Fplq/p (£2) one obtains by Theorem 6.42 that Fplq/p (2) has
no interior ¥-Riesz frame or interior u-Riesz basis. The Hardy inequality

dx ~ ~
L 1rer 35 =l 1Bp@r. 1< R, 6.161)

is a special case of (5.124). The theory of envelopes as developed in [T01], Chapter II,
and in [Har07] produces the following sharp Hardy inequality for the spaces F, plq/ 2(Q).
Letagainl < p < 00,1 < g < 00, and let x(¢) withz > 0 be a positive monotonically
decreasing function. Then one has for some ¢ > 0,

d LA |
[ i@l e @, o)

if, and only if, x is bounded. We refer to [TO1], Corollary 16.7, Remark 16.8, p. 242.
Hence one obtains the sharp Hardy inequality

/ Sf(x)
Q

1 4+ |logd(x)|

7 d
rttd P )]

L fEFNP(Q).  (6.163)
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The sharp Hardy inequalities (6.161), (6.163) show the difference between these two
spaces. In contrast to this observation one has for 1 < p,q < 00,0 < s < 1/p, that

Fpy(Q) = F3(9), /If( )7 ¢ |Lf 1 Fpg (DI (6.164)

dsp( )

for some ¢ > O and all f € Fj,(S2). These are special cases of Proposition 5.19 and
(5.124). This suggests to relnforce the spaces F,,(£2) with s — % € Ny as follows.
Letv = v(y) with y € ' = 9Q be the outer normal at the boundary I" of the above

bounded C*° domain €2 in R” (bounded interval if n = 1), naturally extended to
Q. ={xeQ, d(x) <e}, withe > 0 sufficiently small. (6.165)

Definition 6.44. Let Q2 be a bounded C* domain in R” with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R if » = 1. Let 1 < p,q < oo and
s > % — 1. Then

FS,rinf(Q) N prq(Q) if s — l ¢ IN(),
pa B Yp ¥ f 3 —
{feFs,(Q):d L e Ly(Qe)) ifs — 2 =r¢€No.
(6.166)
Remark 6.45. If s — % = r € Ny then Fy;™ () is normed by
rin arf(x) Pdx 1p
7 1E @l =17 E@l+ ([ 2 55) e

= f and one obtains by [T01], Theorem 5.10, p. 54, incorporating
p > linthe rlght and side of (6.160),

FMPit(Q) = FMP(Q), 1< p.q<oc. (6.168)

Now one can extend the F'-part of Theorem 5.27 to the above spaces with s = r + %,
where we now use the notation of an oscillating u-Riesz frame as introduced at the
beginning of Section 6.2.2.

Theorem 6.46. Let Q2 be a bounded C*° domain in R" with n > 2 according to
Definition 3.4 (iii) or a bounded interval in R ifn = 1. Letr € No and u € N with
r < u. Thenthere is a common oscillating u-Riesz frame according to (6.146)—(6.149)
for all spaces Flfg;mf(Q) with

1 1
I<p<oo, 1<g<oo, ——l<s—r=<-—. (6.169)
p p

Proof. Step 1. In case of s — l ¢ Ny the above assertion is covered by Theorem 5.27.

It remains to deal with the exceptlonal spaces Fa; ™ (Q2) where s = % +r.Letr =0
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and u € N. Then one obtains the desired assertion (as in Step 1 of the proof of
Theorem 5.27) from Theorem 3.23 and (6.168).

Step 2. Let r € N. We wish to show that the common u-Riesz frame for the
F-spaces with (5.142) is also a u-Riesz frame for Flf(}rmf(Q) with s = % +r. We
begin with a preparation. We claim that

Fp (@) ={f € Fy™(Q): up™! f =0}, (6.170)

where trf! f has the same meaning as in (5.59) with r — 1 in place of r. Let f €
F;fq (R2). Since D(2) is dense in F~Ifq (2) and

Flfq(Q) < Fl;‘q(Q) (6.171)
one obtains by (5.62), (5.63) that tr{:l f = 0. By Definition 2.1 (ii) one has
D f e F)/?(Q) if|a| =rand f € FS,(Q). (6.172)

By (6.166) and (6.160) it follows that f € ﬁlfq () with s = % + r is an element of
the right-hand side of (6.170). We prove the converse. Letn = 1, hence 2 = [ isa
bounded interval, say, I = (0, 1). It is sufficient to look what happens at x = 0. If
f is an element of the spaces on the right-hand side of (6.170), say with f(x) = 0 if
x > 1/2, then

FOw0) =0 ifl =0,....,r—1,

e Fj, (1),
J € Fpy() f0°°|f(l)(x)|Pde <o ifl=r.

(6.173)

We extend f by zero to (—oo,0). This is also an extension of the distributional
derivatives f) with [ = 0,...,r. By the last equality in (6.160) (which applies also
to p = 1, [TO1], p. 54) it follows from (6.173) that f € fgq (I). This proves (6.170)
incase of n = 1. Let n > 2. Localisation and diffeomorphic maps show that we may
assume that f is supported near the origin and that a piece of the hyper-plane {x; = 0}
is part of the boundary I', in particular a% = % . Then one obtains the desired assertion
from the one-dimensional case and the Fubini property for the F-spaces according to
[TO1], Theorem 4.4, p. 36.

Step 3. After this preparation we extend now the construction in Theorem 5.27 for
P-4 s with (5.142) to Fpy™ (Q) with s = £ + r where r € N. Let Ext[" " be the
same extension operator as in (5.152). Then one has by Theorem 5.14

r—1
ext;_l’” = req OEXt;_l’u: H B;;k(r) — Fp.(Q). (6.174)
k=0

Let g be as in (5.152) with the building blocks <I>{ ok (y) in (5.153). From the explicit
form of @/ * (y) and (5.72) it follows that

¥y o
FeI:-,”"(y)zo near I'; k=0,....r—1. (6.175)
%

n
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In particular, % g is an atomic decomposition in F, plq/p (R™). Hence

r

g
v’

Using once more the right-hand side of (6.160) (again extended to p = 1) one obtains
by (6.167) and (6.174) that

e F)IP(Q). (6.176)

r—1
exti” s [ By K(D) & Fi(Q). (6.177)
=0
This is the decisive observation. Then (5.62) can be strengthened by
r—1
of ! Fit (@) = [ By, k(D). (6.178)
k=0

But now one is in the same position as in Corollary 5.16 and (5.113) (with r — 1 in
place of r). In particular, one obtains by (6.170) that

-1, ,rinf _
Q"I FII(Q) = FS(Q). (6.179)

As a counterpart of (5.117) one has the decomposition
r—1
Fyit(Q) = F3,(Q) xextp " [ By, (D). (6.180)
k=0

Then one obtains the above theorem by the same arguments as in the proof of Theo-
rem 5.27. O

Remark 6.47. We removed the restrictions s — 1 & Ng in Theorem 5.27 for the
F-spaces at the expense of the reinforced spaces in (6.166). Recall that this covers in
particular the reinforced Sobolev spaces

Hy™(Q) = F3™(Q), 1<p<oo, s— 2 € No. (6.181)

One may ask for u-Riesz bases according to Definition 6.5 naturally extended to
F3;™(82). One can again rely on the obviously modified Proposition 5.34.

Corollary 6.48. Let Q2 be either a bounded interval on R (n = 1) or a bounded planar
C® domain in R? (n = 2). Letr € No and u € N withr < u. Then there is a
common oscillating u-Riesz basis for all spaces Fl;v;]rmf(Q) with

1 1
I<p<oo, 1<g<oo, ——l<s—r<-—. (6.182)
p p

Proof. One can use the same arguments as in the proof of Theorem 5.35 based on
(6.180). O
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6.2.4 A proposal

In Section 5.3 and also in Sections 6.1.6, 6.1.7 we dealt with u-Riesz bases for spaces
in higher dimensions based on induction by dimensions. This produces additional
exceptional values of s as in Theorems 5.38, 6.30, 6.32. We discussed these effects in
Section 5.3.1 and in Remark 6.34. The question arises of whether one can remove these
restrictions by reinforcing the original spaces in a similar way as in (6.167). Now d(x)
may be the distance to some edges, cutting faces or cutting lines of lower dimensions.
A corresponding theory has not yet been worked out. But we illustrate these admittedly
cryptical comments in a somewhat sketchy way by an example. Let

H'(R") = W) (R") = F, ,(R") (6.183)
be the distinguished classical Sobolev space in R”, normed by

Lf THY R = Y 1D f [La(R)]]. (6.184)

le<1

The space H ! (R?) in the plane R? is exceptional in the context of the theory of envelopes
as developed in [TO1], Chapter II, [Har07]. Similarly as in (6.162), (6.163) one has
the following sharp Hardy inequality. Let, as there, x(¢) with ¢ > 0 be a positive
monotonically decreasing function. Then one has for some ¢ > 0,

/XIsl

if, and only if, x is bounded. This is a special case of [TO1], Theorem 16.2, p. 237.
On the other hand, the related refined localisation space H 11°¢(R? \ {0}) according to
Corollary 2.20 can be equivalently normed by

x(\x]) f(x) |? dx

T+ [log[x]]| P <clfIH'®))? (6.185)

d 1/2
If [HB R\ A0 = ||/ 1H"(R?)] + (/{Rz | ﬁ) . (6.186)

The situation is similar as in (6.162)—(6.164). Let n > 2. The unit cube and the unit
ball are denoted by

Q"={xeR": 0<x, <1}, B"={xeR": |x|] <1} (6.187)
As in (6.97) we decompose the boundary of the unit square in R? as
IQ*=T=TI1Uly, TiNTy=0, (6.188)

where T’y collects the four corner points and I'; the connecting line segments. Let
temporarily Q = Q2 and let

do(x) = dist(x,Ty), x e Q. (6.189)
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Then one has the sharp Hardy inequality

/‘ f(x)
o |1+ |logdo(x)]

for the classical space H!(Q), whereas the restriction

2

1 2
2 = © 17 1H () (6.190)

H'(Q,Ty) =reg H"M(R?\ Iy) (6.191)

of the refined localisation space H !"'°°(R? \ Ty) can be normed by

1/2
1@t = (X 10/ 2@ + [ 1k 555) . @19

2
oo do(x)

Asking for u-Riesz bases as in Theorem 6.30 it turns out that the desired decoupling
(6.117) for H'(Q) = F, ,(Q) does not work. We discussed this point in Remark 5.50
with references to [Gri85], [Gri92]. On the other hand, according to Theorem 2.38 the
space H 111°¢(R? \ Ty) has u-Riesz bases. By the specific construction one obtains that

trr, H'(Q.To) = HY2(I')). (6.193)

This results in the decomposition
H'Y(0.Ty) = H(Q) x Extr HY*(T'}) (6.194)
as a counterpart of (6.117). Both factors have u-Riesz bases which can be clipped

together as in Theorem 6.30. Then one obtains u-Riesz bases in H(Q, I'y).

In other words, if one reinforces H'(Q) (satisfying the sharp Hardy inequality
(6.190)) by H'(Q,Ty) with (6.192) then one obtains the desired total decou-
pling of the boundary spaces and, as a consequence, u-Riesz bases.

These considerations can be extended to n dimensions, n > 3. Let [',,_5 be the (n —2)-
dimensional faces of Q" and let

du_s(x) = dist(x, Tp_n), x € Q", (6.195)

be the counterpart of (6.189). Integrating (6.190) with respect to the remaining n — 2
dimensions one obtains the sharp Hardy inequality

/ VACY)
@

2
dx
<c|fIH"@"|? (6.196)
e d 0 1715 @)
whereas the corresponding reinforced spaces H!(Q", T',_5) are normed by

d? ,(x) ~

If 188 @" Tl = (X 1D/ L@ + [ 1700 )"
lrl=1 Q" d;%—z(x)

(6.197)
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Otherwise one is in the same position as in case of # = 2. One obtains the decompo-
sition

HY(Q",T,—») = H'(Q") x Extr HY?(T,_1) (6.198)
and u-Riesz bases. This can be extended to other situations. One can replace the cube
Q" by the above unit ball B” and the faces I',—, by the equator

"2 ={xelR": |x|=1, x, =0}, n>3, (6.199)

of the sphere dB”. The reinforced space H ' (B”, $"~2) is normed by (6.197) with B” in
place of Q" and d,,_,(x) as the distance of x € B” to $”~2. There is hardly any doubt
that these sketchy comments can be applied to further spaces and other domains.

One takes sharp Hardy inequalities as they originate from the theory of envelopes
as a guide and complements the (quasi)-norms of (classical) function spaces by
reinforcing terms of the above type, paying special attention to the distance of
(more or less) natural cutting faces (lines, edges). Employing the theory of the
refined localisation spaces Fl,f,’lrloC (wavelet bases) one tries to derive u-Riesz
bases for these reinforced spaces.

6.3 Greedy bases

6.3.1 Definitions and basic assertions

First we recall some notation and well-known assertions. A set {e;}72 | in a separa-
ble complex quasi-Banach space B is called a basis if any b € B can be uniquely
represented as

o
b= Z/\l e;, A; € C (convergencein B). (6.200)
=1

Of course A;(b) is linear in . According to Proposition 6.35 any basis is a Schauder
basis. This means that A;(-) € B’ are linear and continuous functionals. A basis
{er}72, is called an unconditional basis if for any rearrangement o of N (one-to-one
map of N onto itself) {e5()}72, is again a basis,

o0
b= Z)La(l) es() (convergencein B), (6.201)
=1

forany b € B with (6.200). Standard bases of separable sequence spaces as considered
in this book are always unconditional. One may think about the spaces aj,, (Z%)
according to Definition 6.1 with p < 0o, ¢ < co. But one should be aware that £, and
any other Banach space with a basis has also a basis which is not unconditional. This
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goes back to [PeS64] and may also be found in [AIK06], Section 9.5, pp. 235-40. We
always assume that {e;}7° | is normalised, hence ||e;|B|| ~ 1, which means

0< irllf lle: | Bl < sup|le; |B] < oo. (6.202)
1
(Recall that {e;}72 | is called normed if |le; |B|| = 1.) For a given basis {¢;}72, let

By be the collection of all » € B with at most N € N non-vanishing coefficients
A; = A;(b) in (6.200). Then

sy (b) = inf{|b —by |B| : by € By}, N €N, (6.203)

is called the best N -term approximation error (with respect to the given basis {e;}72 ).
Let the coefficients A;(b) in (6.200) be ordered by magnitude,

A1, (D) = [Ap, (D) = --- = A, (D) = --- . (6.204)
Then
N
Gn(b) =) Ab)ey. NeN, (6.205)
k=1

is the greedy algorithm. One may ask of whether this distinguished (non-linear) ap-
proximation is comparable with sy (b) according to (6.203).

Definition 6.49. Let {¢;};°, be a normalised basis in a separable complex quasi-
Banach space.

(1) Then {e;}72 | is said to be greedy if there is a constant C (> 1) such that for any
b e Bandany N € N,

16— Gn (D) B = Csn (D). (6.206)

(i) Then {e;}72, is said to be democratic if there is a constant D (> 1) such that
for any K tuplets

mp<mp<---<mg and 1 <l <---<lg (6.207)

of natural numbers,
K K
H 3 em |BH <D H AL H (6.208)
k=1 k=1

Remark 6.50. Here we are interested only in the standard bases of complex quasi-
Banach sequence spaces of type ay,, (Z%) and a,,(Zgq) with a € {b, f} according

to Definitions 2.6 and 6.1 (or its R"-counterpart in Definition 1.3). This simplifies
the situation. If j € N has the same meaning as in Definitions 2.6, 6.1 then the
normalised standard basis in these sequence spaces is given by

e =(0,...,0,277¢7%)0,..), leN, (6.209)

appropriately numbered, [ = (], r).
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Theorem 6.51. (i) Let {e;};2 | be a normalised basis in a (separable infinite-dimen-
sional) complex Banach space. Then {e;}72 | is greedy if, and only if, it is unconditional
and democratic.

(i) Let {e; }72 | be a normalised unconditional basis in a (separable infinite-dimen-
sional) complex quasi-Banach space. Then {e;}7° | is greedy if, and only if, it is
democratic.

Proof. Part (i) for real Banach spaces is due to Konyagin and Temlyakov, [KoT99].
This proof may also be found in [AIK06], Theorem 9.6.3, pp. 242—44. The arguments
given there apply also to complex Banach spaces. Presumably this can be extended to
quasi-Banach spaces. But it is not immediately clear whether a greedy basis in a quasi-
Banach space is also unconditional. This is the reason why we assumed in part (ii) that
ter}72, is unconditional. Otherwise the proof in [AIK06] does not use whether || - ||
is a norm or only a quasi-norm (in a complex quasi-Banach space). Then one obtains
part (ii). O

Remark 6.52. At the first glance one is a little bit surprised that the positive word
democratic is so closely connected with the somewhat negative word greedy. But this
reflects simply human life as can be seen from the following quotation.

Sir Winston Churchill (in the House of Commons, Nov. 11, 1947, perhaps react-
ing to corruption and other types of greediness in UK): Indeed, it has been said
that democracy is the worst form of government except all those other forms
that have been tried from time to time.

6.3.2 Greedy Riesz bases

The bases in spaces of type A4y, (§2) on bounded Lipschitz domains €2 considered in
the preceding sections are u-Riesz bases as introduced in Definition 6.5. Then one has
the isomorphic map (6.19) onto the sequence spaces a3, (Z ). But for the question of
whether the standard basis of af, q (Z*%) is greedy or not it does not matter whether one
deals with these sequence spaces or with the spaces ay,,(Zg), a € {b, f}, according to
Definition 2.6 incorporating now 2 = R”. The standard basis (6.209) in a3, (Zg) with
p < 00, g < 00, is unconditional. Democracy and as a consequence of Theorem 6.51
also greediness of unconditional bases are invariant under isomorphic maps. Hence
the question of whether the u-Riesz bases (u-wavelet bases) in diverse types of spaces
B;, and F,, are greedy can be reduced to the problem of whether the standard basis
(6.209) is democratic in the sequence spaces, say, by, (Zg) of f,,(Zg) according to
Definition 2.6. Recall that

bs,(Za) = f5,(Za), 0<p<co. (6.210)

Proposition 6.53. Lets € R, 0 < p < 00,0 < g < o0.
(1) The standard basis (6.209) is greedy in any f,, (Zg).
(ii) The standard basis (6.209) is greedy in by, (Zg) if, and only if, p = q.



6.3 Greedy bases 213

Proof. Step 1. We prove (i). By Theorem 6.51 (ii) and the above comments it is
sufficient to check that the unconditional basis (6.209) is democratic. Letey,, ..., e
be K elements (6.209) with Iy = I (jk, rx) for e;, . For fixed j € No we may assume
that the characteristic functions y, in (2.38) have pairwise disjoint supports. We used
this possibility in this exposition several times with a reference to [T06], Section 1.5.3,
pp- 18-19. Hence for fixed x € €2 one obtains that

K K
TR ks L (T =Y 2P xeQ, (6.211)
k=1 k=1

with 8§y = O or 8 = 1. Let j,, < jr, <--- < jg’ be the jis contributing to (6.211)
with §x = 1. Then the right-hand side of (6.211) is equivalent to 2/x’"4/?  Taking
the 1-power it follows that the integrand in (2.38) is equivalent to a function which is
independent of g. One has

IS e @] ~ | L 1@
k=1 k=1 (6.212)

K
_ Z[ 256y e ()] dx ~ K.
k=1"%

Hence, {¢;} in (6.209) is a unconditional democratic basis in f,,(Zg). Then it follows
from Theorem 6.51 (ii) that the basis {e; } is greedy.

Step 2. By (6.210) and part (i) it follows that {e; } is greedy in by, ,(Zg). It remains
to prove thatb; , (Zg) with p # g is not greedy. First we choose e, withk = 1,..., K
such that they have the same j in (6.209). Then one obtains from (2.37) that

H ielk |b§q(Zsz)H ~K'P. (6.213)
k=1

Choosing for ¢;, different levels of j, say jir = k, then one obtains that

K
H 3 e, |b;q(ZQ)H ~ KV, (6.214)
k=1

This shows that the basis {e;} in (6.209) is not democratic and hence not greedy. [J

All u-wavelet bases (= u-Riesz bases) constructed in this book in spaces of type
Ay, with A € {B, F'} generate isomorphic maps onto corresponding sequence spaces
a;sq with f € {b,' f } Thensone czln apply. thel above Proplosition 6.53.. Recall tlslat
F,, = By, and 51m11arly op = bpp. Saying if; and only if, A = F, includes B, ,,
but excludes B, with p # q.
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Theorem 6.54. (i) Lets € R, 0 < p < 00, 0 < g < oo. Then the wavelet bases for
A, (R") according to Theorem 1.20 are greedy if, and only if, A = F.

(ii) Let Q be an arbitrary domain in R" with Q@ # R"™. The wavelet bases for
F;&rIOC(Q) with0 < p < 00,0 < g < 00, § > 0pq, according to Theorem 2.38 are
greedy.

(iii) Let Q be an arbitrary domain in R" with Q # R"™. The wavelet bases for
L,(2) with 1 < p < 00 according to Theorem 2.36 are greedy.

(iv) Let 2 be a bounded Lipschitz domain in R" with n > 2 according to Defi-
nition 3.4 (iii) or a bounded interval on R if n = 1. Let gf,q (2) be the spaces in
(3.45), (3.46) with p < 00, ¢ < oo. Then the wavelet bases for fTIS]q (R2) according to
Theorem 3.23 are greedy if, and only if, A = F.

(v) Let Q2 be either a bounded interval on R (n = 1) or a bounded planar C*°
domain in R? (n = 2). Then the u-wavelet bases for the spaces Ay, () according to
Theorem 5.35 are greedy if, and only if, A = F.

(vi) Let Q2 be the special bounded C*° domain in R" with n > 3 considered
in Theorem 5.38. Then the corresponding u-wavelet bases for the spaces A;V,q ()
covered are greedy if, and only if, A = F.

(vii) Let Q be a cellular domain in R™ with n > 2 according to Definition 6.9
(which includes cubes and bounded C*° domains). The u-Riesz bases for the spaces
Ay, (82) covered by Theorem 6.32 are greedy if, and only if, A = F.

Proof. In all cases one has isomorphic maps of the indicated u-Riesz bases, u-wavelet
bases, onto spaces of type a;,,(Zg) and their appropriate modifications. Application
of Proposition 6.53 gives the desired result. O

Remark 6.55. Let  be an arbitrary domain in R” with  # R” and let {®}} be the
orthonormal u-wavelet basis in L, (£2) according to Theorem 2.36 where any smooth-
ness ¥ € N is admitted. By this theorem and part (iii) of the above theorem, { CDﬂ} is
also a greedy basisin L, (£2) where 1 < p < co. Atleast for L,-spaces it is reasonable
to ask for greedy bases of smoothness u = 0. In Section 2.5.1 we recalled in (2.163)
the classical Haar system

H={H},:jeNo GeG/ mez"} (6.215)

in R” and introduced in (2.183) its Q-adapted counterpart H 2.

Theorem 6.56. Let 1 < p <ocoandn € N.

(i) The classical Haar system in (6.215) is a greedy basis in L,(R").

(i) Let Q2 be an arbitrary domain in R™ with Q # R". Then the Haar system H®
according to (2.183) is a greedy basis in L,(§2).

Proof. This follows immediately from the famous Paley-Littlewood assertion in Theo-
rem 2.40 (i) for the spaces L,(R"), its Q2-counterpart in Theorem 2.44 and Proposi-
tion 6.53 (adapted to the above situation). O
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Remark 6.57. If one has a basis in a space of type A, which is isomorphic to the
standard basis of a related sequence space a,,, then one obtains by Proposition 6.53
a greedy basis if, and only if, @ = f. Theorems 6.54 and 6.56 are examples. But
this applies also to the weighted spaces A;,(R", w) according to Theorem 1.26 and
the periodic spaces A;,(T") in Theorem 1.37. One can extend these assertions to
: : 5,0 n . .
anisotropic spaces Ay, (R"), where corresponding wavelet expansions may be found
in [T06], Section 5.2.2, pp. 252-54.

Remark 6.58. Greedy bases came up at the end of the 1990s by the work of Temlyakov,
where [KoT99] is a nowadays often quoted paper. We refer to [AIK06], Section 9.6,
and the survey [Woj03] for further information and references. The considerations are
mostly restricted to real Banach spaces. But it is also mentioned that the assertions can
be extended to complex Banach spaces and, more generally, to complex quasi-Banach
spaces, as we did in Theorem 6.51. Here we are mainly interested in the standard
basis (6.209) in spaces of type a;,(Zg). Then everything can be done directly. But
assertions of this type for sequence spaces of f-type and b-type are not new. We refer
in this context also to [GaH04], Theorem 2.1, dealing with anisotropic (not necessarily
diagonal) sequence spaces. The first observation about the greediness of Haar bases in
Lp-spaces with 1 < p < oo in R” and on cubes goes back to [Tem98]. The search for
greedy bases in L1, Lorentz spaces L, 4, Orlicz spaces L® and other rearrangement
invariant spaces seems to be a somewhat tricky business. It is subject to several papers.
We mention [GHMO7], [Woj06] and the references within. Greedy bases in so-called
o-modulation spaces with brushlets in place of wavelets have been studied in [BoN06a],
[BoNO6b].

6.4 Dichotomy: traces versus density

6.4.1 Preliminaries

Traces of spaces Ay, (R") with2 <n € N, s > 0and 1 < p,q < oo on hyper-planes
R4 with n > d € N or on boundaries I' = 9 of smooth domains Q have been
considered since a long time. They played also a role in this exposition. One may
consult Sections 5.1.1, 5.1.3 and also Section 6.1. There is always the question about
the alternative (dichotomy)

e either D(R" \ I') is dense in A}, (R"),
e or A7 (R") has a trace on I as in (5.5).

One has to say what is meant by traces. If I' = 92 is the boundary of a bounded C *°
domain furnished naturally with the (n —1)-dimensional Hausdorff measure . = J(’l’l_l
then the question (5.5) is reasonable, especially if s, p, g are restricted as in (5.3).
However if u = Jfl'i_l + 8, where § is the Dirac measure at 0 € I', then the situation
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is different. For pointwise traces of A7 (R") one needs s > n/ p, whereas the density
requires s < 1/p. There is a gap and the dichotomy we are asking for cannot be
expected. This suggests to restrict the above question to isotropic Radon measures.

We assume that the reader is familiar with basic measure and integration theory.
Short descriptions of what is needed may be found in [Mat95], pp. 7-13, [Fal85],
pp. 1-6, [T97], pp. 1-2, or [T06], Section 1.12.2, pp. 80-81. With exception of the
Lebesgue measure in R, considered as a hyper-plane in R”, we always assume that
is a Radon measure in R” with

0 < u(R") <oo and supppu = I' compact. (6.216)

Recall that there is an one-to-one relation between these Radon measures w and the
tempered distribution 7,

Ty: ¢+ /[R” e(x) u(dx), @ e SR, (6.217)

generated by . This justifies to identify p with 7, and to write u € S’(R"). It is
essentially the famous Riesz representation of continuous functionals on Co(R") (the
collection of all continuous functions on R” tending to zero at infinity). Details may be
found in [T06], Proposition 1.123, pp. 80-81. There is an interesting recent extension
to unbounded tempered Radon measures, [KabO8]. But we stick here at (6.216). Let
L, (T, u) with 0 < r < oo be the usual complex quasi-Banach spaces, quasi-normed
by

1/r 1/r
ezl = ( [ 1eornan) = ( [1eorwan) . ©29

If r > 1then g € L, (T, u) generates as in (6.217) with the complex Radon measure
gu in place of u a tempered distribution and one has again an one-to-one relation
between

geL,(T,u) and gu e S'(R"). (6.219)

However if 0 < r < 1 then this is no longer the case. Just this point is responsible for
some curious effects which will be discussed later on. By the above comments it is
reasonable to assume that the measure p with (6.216) is isotropic. As before a ball in
R” centred at x € R” and of radius g is denoted by B(x, 0). A non-negative function
h on the unit interval [0, 1] is called strictly increasing if h(¢;) > h(t;) for t; > t5.
Then a Radon measure p with (6.216) is called isotropic if there is a continuous strictly
increasing function 4 on the interval [0, 1] with #(0) = 0 and

/,L(B()/, Q)) ~h(g) wherey e'and0 <o < 1, (6.220)

(the equivalence constants are independent of y and o). We refer to [T06], Sec-
tion 1.15.1, pp. 95-97, for details and, in particular, for a criterion which functions
h generate a measure y with (6.220). It goes back to [Bri03], Theorem 2.7. One
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may also consult [Bri04]. It might be of interest to study dichotomy in the context of
measures @ with (6.216), (6.220). But we restrict ourselves to the most distinguished
isotropic measures. These are the so-called d-sets I as supports of measures © with
(6.216) and

w(B(r,0)) ~o% yel, 0<o<1,0<d<n, (6.221)

It is well known that for given I' and given d a measure p with (6.216), (6.221) is
equivalent to the restriction J(’I’il of the Hausdorff measure #¢ in R” to I". A short
proof may be found in [T97], Theorem 3.4, pp. 5-6. This justifies to speak simply
about d-sets I and to simplify in this case L, (I", u) by L,(T") and (6.218) by

1/r
g IL-(D)|| = (/F Ig(y)l’u(dy)) .o~ HE (6.222)

This coincides also with our previous notation in (5.4), (5.18). If L,.(T") or, more
general, L,(, u) with (6.216), (6.218) is chosen as a target space for some f €
A3, (R") one may ask to which extent the trace (if exists) depends on the chosen
source and target spaces. Roughly speaking, it should depend only on f. This is also
largely the case and will be justified below. But for this purpose it is desirable to have
a constructive procedure for the well-known assertion that D(R") and S(R") are dense
in A, (R") with p < 00, ¢ < co. The spaces Ay, (R") have the same meaning as in
(1.95) and Definition 1.1.

Proposition 6.59. There are linear operators
Ii;: S'(R") — S(R"), jeN,leN, (6.223)
such that for all f € A;,q([R”) withs € R,0< p <00,0<¢q <00, ande >0,
If =L f 1S, ®D <& if j = je(f A5, 1 2 Le(f ). A5, (6.224)

Proof. Let go be the same standard function as in (1.5) and let f € A3/ (R") with
p < 00, q < oo. Then one has

fi= (07 )f) = f inAS, (RY)if j — oo (6.225)

as a consequence of Definition 1.1, Fourier multiplier assertions and, in case of F-
spaces, Lebesgue’s dominated convergence theorem, [Mall95], p. 37. Recall that f; is
an entire analytic function. Let ¢ € S(R") with ¥/(0) = 1 such that 1} has compact
support. Then

fl=v@')f e S(R") and suppfj’ ClyeR": |y <c2/} (6.226)

for some ¢ > 0, all j € N and all/ € N. Here fjl € S(R") follows from the Paley—
Wiener—Schwartz theorem, [T83], p. 13, whereas the second assertion in (6.226) is a
consequence of the convolution

ﬁl — 2 G2 )« ]
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One obtains again by Lebesgue’s dominated convergence theorem that

L = 5 145 R < ¢ 1(1 =y @7 ) £ [Lp(R™)]| — 0 (6.227)

and hence
fl— fiin A5 (R") if | — oo, (6.228)
With 1;; f = f! one obtains (6.224). O

Remark 6.60. It is known since a long time that S(R") and also D(R") are dense in
Azq([R”) with p < 00, ¢ < 00, [T83], Theorem, p. 48. But it will be helpful for us to

have the explicit universal approximating sequence fjl of f.

6.4.2 Traces

Although we are mainly interested in d-sets it is reasonable to deal first with Radon
measures i in R” according to (6.216) and the related spaces L, (I, i) quasi-normed
by (6.218). Let A4y, (R") with A € {B, F} be the spaces introduced in Definition 1.1.

Definition 6.61. Let u be a Radon measure in R” with (6.216). Let 0 < r < oo,
O<p<oo, O0<g<oo, selR (6.229)
Let for some ¢ > O,
lo ILr (T )l < ¢l 4, (R forall g € S(R™). (6.230)
Then the trace operator tr,,
try: Ay (R") = Ly (T, p), (6.231)
is the completion of the pointwise trace (tr,, ¢)(y) = ¢(y) withg € S(R")and y € I.

Remark 6.62. Since S(R") is dense in A7, (R") it follows by standard arguments that
this definition makes sense and that the outcome

try f € Ly(T, ), f €A, (R, (6.232)
is independent of the chosen approximating sequence
@j = [ in A, (R"), ¢; € S(R"), (6.233)
on the source side. On the target side one has
tr, ¢; = try, f in L.(T, p). (6.234)

By standard arguments of measure theory, see e.g. [Mall95], Theorem 5.2.7, p.23,
Lemma 9.3.3, p. 51, it follows that there is a subsequence of {¢;} which converges
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pn-a.e. totr, f. Identifying this subsequence with {¢;} we may assume in addition to
(6.234) that

@i (y) = (@) (y) = (try f)(y) p-ae. onT. (6.235)

One obtains that tr,, f is p-a.e. independent of r as long as one has (6.230). This
applies in particular to 0 < 7 < r with (6.230) as a consequence of u(I") < oo and
Holder’s inequality. There is a similar situation on the source side assuming that one
has (6.230) for Ap) 4, (R") and 4,34, (R") instead of 43, (R") on the right-hand side
and that

f e Al (R")n A2, (R™). (6.236)

P141 p2q2

Then one can rely on the distinguished approximation /;; f of f according to Propo-
sition 6.59 where one may assume that it applies to both spaces in (6.236). Hence one
has a common approximating sequence, and tr,, f is j-a.e. the same for both spaces
in (6.236). If (6.230) holds both for L,, (I'1, 1) and L, (I'2, i2) then it is also valid
for L, ([, w) with & = p1 + puz and r = min(ry, r2). By the above considerations,
tr,,, and tr,, are restrictions of tr,. In other words,

for individual elements [ the traces are independent of the source spaces and
of the target spaces as long as one has (6.230) and whenever comparison makes
sense.

In (5.6) we dealt with the more specific trace spaces L, (I"), r > 1. Then one has (5.8).
But this requires the necessary restriction

1
A5 (R") C LY(R"),  hences > 0, = n(; — 1)+, (6.237)
which does not fit in our concept. As will be seen, the above definitions apply even
to some singular distributions, for example the §-distribution, for which (5.8) does not
make any sense.

At the beginning of Section 6.4.1 we have given a first rough description of what
is meant by dichotomy. Now it is clear that traces must be understood according to
Definition 6.61. One has the following almost obvious observation. If I" is a compact
set in R” or the hyper-plane R? in R” then we abbreviate now

Dr = D(R"\T). (6.238)

Proposition 6.63. Let Aj, (R") and L,(T', w) be as in Definition 6.61. If Dr is dense
in Ay, (R") then there is no ¢ > 0 with (6.230).

Proof. We assume that there is a constant ¢ > 0 with (6.230). We approximate a
function ¢ which s identically 1 near I" by Dp-functions. Then one has by Remark 6.62
that tr,, ¢ = 0 p-a.e. This contradicts p(I") > 0. O

As said at the beginning of Section 6.4.1 it does not make much sense to deal
with the dichotomy problem in the context of general Radon measures p according to
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(6.216). We concentrate on d-sets I" with (6.221) where u = J(’Iil is the restriction

of the Hausdorff measure #¢ in R” to I". Then we simplify L, (I, ) by L,(I") with
(6.222). Similarly we put

trr = try,, p®~ Jff‘fl, I' = supp u, (6.239)
in this case, in agreement with our previous notation in (5.5), (5.6). As far as traces on
d-sets are concerned one has the following assertion.

Proposition 6.64. Let I be a compact d-set in R" with 0 < d < n furnished with the
Radon measure . = J€g satisfying (6.221). Then

n—d
trr By (R") = L,(T') if 0 < p < o0, 0 <g <min(l, p), (6.240)

and
n—d
trr Fpy” (R") =L,(T) if 0<p<1 0<gq <oo. (6.241)

Remark 6.65. Of course, (6.240), (6.241) means that the linear and bounded trace
operator trr = tr,, according to Definition 6.61 exists and thatitis amap onto L, (I") =
L,(T", ). These assertions have a substantial history. First we remark that I" can be
replaced by R? withn > d € N and the d -dimensional Lebesgue measure, interpreted
as d-dimensional hyper-plane in R”. Then one has in obvious notation,

n—d
tr B,y (R") = Lp(IRd) it 0 <p<oo, 0<gq <min(l, p), (6.242)
and
n—d
tr Fpf (R")=L,R?) if0<p=<10<gq<oo. (6.243)

The first proof of (6.242) for 1 < p < co(andd = n—1) goes backto [Pee75], [Gol79],
[BuG79]. This has been extended to 0 < p < oo in [FrJ85]. The F-counterpart,
hence (6.243) (with d = n — 1), is due to [Tri89], [FrJ90]. Further details may be
found in [T92], Section 4.4.3, pp. 220-21. The step from R? to d-sets requires new
technical instruments, especially atomic decompositions. Proposition 6.64 coincides
with [T06], Proposition 1.172. But it goes back to [T97], Corollary 18.12, p. 142,
and the later observation that any d-set with d < n is porous (called ball condition
in [T97]) according to Definition 3.4 (i). We refer to [TO1], Remark 9.19, pp. 140-41,
and also to the above Section 3.2.4. However we wish to mention that one finds some
assertions of this type in an earlier paper by Yu. V. Netrusov, [Net90], Corollary, p. 193.

6.4.3 Dichotomy

The above discussions suggest that the dichotomy traces versus density requires iso-
tropic measures p with (6.220). We deal here exclusively with d-sets and the related
target spaces L, (I") according to (6.221), (6.222). The spaces 43, (R") have the same
meaning as above, (1.95) and Definition 1.1. Let Dr and trr be as in (6.238) and
(6.239).
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Definition 6.66. Letn € N and 0 < p < oo. Let
Ap(R") = {45 (R"): 0 < g < oo, s €R}. (6.244)

Let0 < d < nandlet ' = suppu be a compact d-set in R” with u = J€I€l. Let
o € R. Then

D(A4,(R"), Lp(T)) = (o,u) with0 < u < oo, (6.245)
is called the dichotomy of {Ap([R”), L, (F)} if

s>0, 0<g<oo
trr: A5 (R") — L, (I) exists f ’ ’ 6.246
11t Apg (R) »(I") exists or{s:a 0<g<u. ( )
and
Dr is dense in 45, (R") for {S =0 u=g=o0 (6.247)
s<o, 0<g<oo.
Furthermore,
D(A,(R"). Lp(T')) = (0.0) (6.248)
means that
trr exists fors > 0,0 < g < o0,
) s n (6.249)
Dr is dense in qu([R )fors <0,0<g < o0,
and
D(A4,(R"). Lp(I)) = (0. 00) (6.250)
means that
trr exists fors > 0,0 < g < oo,
. . s smn (6.251)
Dr is dense in A,,,(R") fors < 0,0 < g < oc0.

Remark 6.67. Recall that D(R") is dense in 43, (R") with p < 00, g < co. Further-
more for fixed A = Bor A = F and 0 < p < oo one has the continuous embeddings

A5l (R") < A% (R") fors; < sy and 0 < g1.42 < 00 (6.252)
and
A5, (R?) < A3 (R") fors € Rand 0 < g1 < ¢ < oc. (6.253)

Together with Proposition 6.63 it follows that the above definition makes sense. If
one deals with more general isotropic measures (6.220) and with more general source
spaces of B-type and F-type then it might be reasonable to replace ¢ < u in (6.246)
by ¢ < u and to leave open (at least in the definition) what happens at the breaking
point g = u. Butin our case one has the additional information that the sharp breaking
point (o, 1) is on the trace side.
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Theorem 6.68. Letn € N, 0 <d <nand0 < p < oo. Let I" be a compact d-set in
R" and n = J(’l‘f. Then

U

n—

) ifp> 1,
D(By(R"). L,(MD) =1 * ) o> (6.254)

T,P) ifp <1,

—_
X
QU

and J
(%55.0)  ifp>1.

[D(F (R™), L (F)) = (6.255)
? ? (u,oo) ifp <1
p
Proof. Step 1. In the Steps 3 and 5 below we prove that
n=d
Dr isdensein B,/ (R") if 0 < p < o0, g > min(l, p). (6.256)

Then (6.254) follows from (6.240) and the comments in Remark 6.67. Since D(R") is
dense in Flfq([R”), q < 00, one obtains by (6.256) that

Dr is dense in F,,(R"), s < ”;d, 0<qg<oo. (6.257)

Then (6.255) with p < 1 is a consequence of (6.241). By (6.240) it follows that trp
exists for all spaces F, (R") with s > %. Hence it remains to prove that

n—d
Dr isdensein Fp,” (R") if 1 < p <00, 0 <g < oc0. (6.258)

In other words, the theorem follows from (6.256) (subject to Steps 3 and 5) and (6.258)
(subject to Step 4).
Step 2. We begin with a preparation. We wish to construct a sequence {(pJ }3O=1 -
D(R"™) with
<pJ (x) =1 in an open neighbourhood of I" (6.259)

(depending on J) and

n—d

¢’ > 0in B,y (R") ifJ >o0, p>1,¢>1. (6.260)
For given j € N we cover a neighbourhood of I" with balls B; ,,, centred at I" and of
radius 27/, wherem = 1,...,. M [ with M; ~ 274 guch that there is a resolution of
unity,
M;
> @jm(x) =1 near T, 0 <g;m€ D(Bjm). (6.261)
m=1

with the usual properties,

|DY @jm(x)| < ¢y 2771,y e NG (6.262)
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For2 < J € Nlet J/ € N be such that

J'+1
=1 withry =T <j < 0<rpp <+ D)7 (6.263)

Then
J'+1 y M; a
ol ()= 127" 3 27 gim(x). xeR", (6.264)
ji=J m=1

is an atomic decomposition in Bj, (R") according to Theorem 1.7 and Definition 1.5 for

s =12=4 p >1,q > 1, with L = 0 (no moment conditions). We used s — % = —%.
One obtains by Theorem 1.7 that
J'+1 M, 00
n—d q d q/p
lo? 1B, ®D| <>t 2—/7"( 3 1) <Y~ T (6.265)
j=J m=1 j=J

This proves (6.259), (6.260).

Step 3. We prove (6.256) for p > 1, g > 1. It is sufficient to approximate
S € D(R") in By, (R") with s = % by functions 7/ € Dr. Let ¢’ be the
functions according to (6.259), (6.260) and let

f=fr+f’ with fy =¢’ fand f/ =1 —¢’)f € Dr. (6.266)

By the pointwise multiplier theorem in [T92], Corollary, p. 205, one has for o > ”;d ,

some ¢ > 0, all £ € D(R") and all ¢ that

1f7 1B R < c Il f TE2RM)] - ll9” | Byy (R — O (6.267)

if J — oo where we used (6.260). This proves (6.256) for p > 1,g > 1.

Step 4. We prove (6.258). As mentioned at the end of Remark 6.65 the compact
d-set I' with d < n is porous. Then one can apply [T06], (9.90), Definition 9.18,
pp- 392-93, to the atomic decomposition (6.264) in Flfq([R”) with s = ”_d, p>1,
q > 1 (where one may choose L = 0 in Theorem 1.7, no moment conditions) with the
outcome

: J 1 J _
Jim [~ | Fpg (RY)[ = lim_lo* |By, (R = 0. (6.268)

For this type of argument one may also consult [TO1], pp. 142-43. If 0 < g < 1 then it
may happen that (6.264) is no longer an atomic decomposition in F,, (R") according
to Theorem 1.7 since one may need moment conditions. Because I' is porous one
can complement ¢; ;, outside of I" in an appropriate way such that one has the needed
moment conditions. Details may be found in [T97], p. 143, with areference to [TrW96].
After this modification one has (6.268) for all s = ”;d, p >1,0<¢g < oo. Then one
obtains (6.258) in the same way as in Step 3.
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Step 5. We prove (6.256) for p < g. This covers in particular the remaining cases
with p < 1. We begin with a preparation, covering I', say, with u(I") = 1, for given
L € N by d-sets I'; such that

L L
F=Jr. w@~0" Y u@)~p@) =1, (6.269)
I=L I=L

where L’ € N with L’ > L is chosen appropriately. This can be done as follows. For
given / € N and appropriately chosen large k € N (in dependence on /) one finds
~ 171 2k4 palls centred at T, of radius ~ 2% and having pairwise distance of at least
~ 2_k, such that the intersection of I with the union of these balls is a sub-d -set I'! of
I" with 1(I'') ~ 7', Now one can start for given L € N with I';, = I'L and applies
afterwards the above procedure to I' \ 'z, and [ = L + 1. Iteration gives the desired
decomposition. This can be done in such a way that there are functions ¥; € D(R"),

Y >0,
L/

Y wi(y)=1lifyel, T;Csuppyy C{y € R": dist(y.I}) <&} (6.270)
I=L

for some ¢; > 0. Let for given [ € N between L and L’ and appropriately chosen
Jj) €N,

M;q)

> 9iwm(x) =1near . 0 < @jiym € D(Bjtym). (6.271)

m=1

as in (6.261), (6.262) with My ~ 2/ Let

JiLy<---<jh<jd+1)<---<j(L) (6.272)
and in analogy to (6.264),
I L _ia Mo ita n
PP =27 Y 277 gym(x). xR (6.273)
I=L m=1

First we assume that 2= = 5 > 0p. Then one does not need moment conditions in

Theorem 1.7, and (6.273) with large j(/) is an atomic decomposition which can be
written as

Lo M,
PP =) "2""7 Y Gipmx). xeR (6.274)
I=L m=1

with

My ~ (1) 27O ~ 712/ D2 (6.275)
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counting only non-vanishing terms, where the equivalence constants are independent
of L. We have ¢ (x) = 1 near I". Then one obtains by Theorem 1.7 (i) for ¢ > p that

7
’

q L da LD aip > q
<c 22—1@7( Y 1) < S rr L5
I=L m=1 I=L

(6.276)
This is the counterpart of (6.265). Now one can argue in the same way as in Step 3. This
proves (6.256) provided that one does not need moment conditions in Theorem 1.7.
But otherwise one can rely on the same arguments and references as in Step 4. This
proves (6.256) also in the remaining cases. [

ot 1B, ®")

According to (6.242), (6.243) there is a perfect counterpart of Proposition 6.64 with
the hyper-plane R¢, n > d € N, in place of I". Similarly one can replace the target
space L, (I") in Definition 6.66 by L p([Rd). Then one obtains the following assertion.

Corollary 6.69. Letn > d € N. Then

(2=4,1) ifp>1,

n d _
D(By(R"). Ly(RY)) = (=) i<t

(6.277)

and

(2=4,0) ifp>1,
n—d :
(T’ 00) ifp=l
Proof. This is a by-product of the proof of Theorem 6.68. On the one hand one has
(6.242), (6.243). On the other hand the approximation of g € D(R") by functions

from Dr = D(R" \ T') now with I' = R is a local matter and covered by the above
arguments. O

D(F,(R"), L,(R?)) = (6.278)

Remark 6.70. In Remark 6.65 one finds relevant references as far as traces are con-
cerned. Density and trace assertions for the Sobolev spaces H,(R") in (1.17) with
s > 0,1 < p < oo, and for the classical Besov spaces in (1.23), (1.24) with s > 0,
1 < p <oo,1 <g < oo, are known since the late 1960s and early 1970s. Corre-
sponding formulations and detailed references may be found in [T78], Section 2.9.4,
pp. 223-26, with [Tri73] as our own contribution at this time. Density problems and
related approximations for Sobolev spaces H,(R") with respect to arbitrary sets I'
have been considered in [AdH96], Chapters 9, 10, based on capacity arguments and
the so-called spectral synthesis. This has been extended in [HeNO7] to general spaces
of B-type and F'-type. We followed here essentially [Tri07d].
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6.4.4 Negative smoothness

Forany 0 < p < coand 0 < s < n/p there is a number d with 0 < d < n and
s = =2 Hence the corresponding spaces maybe breaking points in Theorem 6.68.
If s < O then the situation is different.

Proposition 6.71. Let " be a compact set in R" with Lebesgue measure |I'| = 0. Then
Dr = D(R"\ ) is dense in all spaces

Ay (R") withs <0, 0 < p <o0, 0<g <oo0. (6.279)

Proof. Obviously, Dr is dense in L,(R") with 1 < p < oo. Since D(R") is dense in
Apy (R™) itis sufficient to approximate f € D(R") in 47, (R") by functions belonging
to Dr. Using

Lp(R") — A5, (R") ifs <0, 1<p<o0,0<g <o0, (6.280)

one obtains the desired assertion from the density of Dr in L,(R"). For any ball K in
R” (and s € R, 0 < g < o0) there is a number cx > 0 such that

1/ 145, g (RO < cx L/ 14, s (RD]. 0 < p1 = pa < o0, (6.281)

for all f € A;, ,(R") with supp f/ C K. This well-known assertion follows from
Holder’s inequality and characterisations of the spaces Ay, (R") in terms of local means,
[T92], Sections 2.4.6, 2.5.3, pp. 122, 138. Then the density assertion for the spaces in

(6.280) can be extended to all spaces in (6.279). ]

6.4.5 Curiosities

Any Radon measure p with (6.216) can be interpreted as a tempered distribution
u € S’(R™). This applies also to g € L,(T, u) with r > 1 interpreted as in (6.219).
However if r < 1 then the situation is totally different and the spaces S’(R") and
L, (T, ) have nothing in common. On the other hand, Definition 6.61 makes sense
and we have Proposition 6.64. But this has some curious consequences. Let I" be a
compact d-set in R” with 0 < d < n furnished with the Hausdorff measure u = Jfl‘f .
Then it follows from Proposition 6.64 that the trace

trr: A5, (R") — Ly(T), O0<p<l1,*~

—d 1
> <8< n(; —-1) (6.282)
makes sense, although there are singular distributions which are elements of these

1_
spaces Ay, (R"); for example, the J-distribution belongs to B;,(Cfé 1)(IR”) for all

0 < p < oco. What does this mean for the trace of these distributions as elements
of L,(I')? In this context it is also reasonable to ask how to understand the traces,

tr: Ay (R") = Lp(R™), 0<p <1, 2 <5< n(% —1), (6.283)
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on hyper-planes R C R” with n > m € N admitting n = m, where (6.242), (6.243)
with d = m may be considered as limiting cases. According to [T06], pp. 96-97,
Proposition 7.32, and its proof, pp. 315-16, one has for a compact d’-set T" in R” with
0 < d’ < n and its Hausdorff measure Jff‘?/,

, —d)(L-
p=3 By 7TV ®M, r1=0,0<p < o0, (6.284)

admitting d’ = 0 for the §-distribution y = § with I' = {0}. In particular one finds in
all spaces with (6.282) and (6.283) singular distributions f with | supp f| = 0.

Proposition 6.72. (i) Ifs > 0,0 < p < 00, 0 < g < o0, then
tr: Ay, (R") — Lp(R") (6.285)
exists. If, in addition,0 < p < 1,0 < s < n(% — 1), then
tr f =0in L,(R") for any f € A3, (R") with | supp f| = 0. (6.286)

(ii) Let 0 < p < 1. Let I" be a compact d-set, 1 = J(IQI, and T’ be a compact
d’-set, i = Jffd‘,/ with

0<d <d<n, d-d >pn-4d). (6.287)
n—d
Then ' € Bpy (R"),
trr 1’ € Lp(T) exists and trr ' =0 (6.288)
in L,(I).

Proof. Step 1. We prove part (i). The case p > 1is well known. Let 0 < p < 1. Then
one has by Definition 1.1 that

p

1 1Lp®DIZ = | 3ot )Y 1L, ®")
J= (6.289)
<> @ HYIL,RDIP < c || f 1B3, (R
j=0

One obtains
o |Lp(R)I < cllg[Apg(RM)], s>0,0<p<o0, 0<g<oo, (6.290)
forall ¢ € S(R") as requested in Definition 6.61. This proves (6.285). Let, in addition,

f e A;,(R") with ' = supp f compact, [I'| =0, (6.291)
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be non-trivial (hence 0 < p < 1,0 < s < n(% — 1)) and let
I, ={yeR": dist(y,T') < &} (6.292)

for & > 0. Then f can be approximated in Ay, (R") by D(R")-functions with support
in 'y (multiplying an approximating sequence of D(R")-functions with a suitable
function from D(Ig)). This proves tr f C I's for any ¢ > 0. Hence tr f C I" and
tr f = 0in L,(R"). This can be extended to all f covered by (6.286).

Step 2. We prove part (ii). First we remark that (6.287) and (6.284) ensure that

/ 1 n—d / % n
(n—-d) ;—1 > » and u' € B,y (R"). (6.293)

Then one obtains by Proposition 6.64 that trr 1’ € L, (I") exists. Let
M;
r'erj=JBWm27). M~27 (6.294)
m=1
where B(yj’.’m, 277 are open balls centred at I"" and of radius 2=/ with j € N. One
n—d
can approximate 1’ in By, (R") by D(R")-functions with supportin I'} (similarly as
indicated above). However,

(T} <c27742/ 0 if j — oo. (6.295)
This proves trr ' = 0in L, (T). O

Remark 6.73. The above proposition shows that (tempered) distributions in R” on the
one hand and measurable functions on the other hand are rather different worlds and
that great care is required when crossing the border. For the §-distribution one has
(6.284) with u = § and d’ = 0. Then one obtains by (6.286) that

rd=0 inL,(R") with0< p <1, (6.296)

what looks somewhat curious.

6.4.6 Pointwise evaluation

In Definition 6.66 we excluded d = 0 and d = n. Whereas d = n does not fit in the
above scheme (with exception of a few curiosities discussed in Section 6.4.5) the case
d = 0 makes sense especially when I consists of finitely many points in R”,

F={x'eR*:1=1....L}, LeN, nel. (6.297)
The trace problem reduces to the question of whether the embedding

id: 45, (R") = C(R") (6.298)
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is continuous. As before, C(R") is the space of all complex-valued continuous bounded
functions in R”, normed by

I/ ICRD] = sup FACIIP (6.299)

whereas A}, (R") with A € {B, F'} has the same meaning as in Definition 1.1. For the
embedding (6.298) one has the following final answer,

0<p<o0,0<qg=<oo,s>n/p,
O0<p<oo,0<g=<l,s=n/p,
(6.300)

B,,(R") — C(R") if, and only if, {

and

0<p<oo,0<qg=<o0,s>n/p,
0<p<l,0<qg<o0,s=n/p.
(6.301)
This is well known. One may consult [T01], Section 11, and [Har07], Section 7.2, where
one finds also the necessary references. We only mention that the sharp assertion in the
limiting case s = n/ p goes back to [SiT95]. This is the counterpart of Proposition 6.64.
The difference between (6.240) and (6.300) is also reflected by what follows. The
counterpart of Definition 6.66 reads now as follows. Asbefore we put Dy = D(R”\I).

Fpy(R") < C(R") if, and only if, %

Definition 6.74. Letn € N and 0 < p < oo. Let

Ap(R") = {45 (R"): 0 <q <00, s €R}. (6.302)
Let I" be as in (6.297). Let 0 € R. Then

D(4,(R").T) = (o,u) with0 < u < oo (6.303)

is called the dichotomy of {4, (R"),I'} if

0
id: 45, (R") < C(R") for {S >0 U=g=oo (6.304)
s=o0, 0<qg=<u,
and
Dr isdemsein A5, (R") for {s o n=aEoe (6.305)
s<o, 0<gqg<oo.
Furthermore,
ID(AP([R”), F) = (0,0) (6.306)
means that
id exists for s > 0,0 < g < o0,
] s n (6.307)
Dr is dense in qu([R )fors <o0,0 <g < o0,
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and
[D(AI,([R"), F) = (0, 0) (6.308)

means that

id exists for s > 0,0 < g < oo,
. . s n (6.309)
Dr is dense in A,,,(R") fors < 0,0 < g < oc0.

Remark 6.75. This is the direct counterpart of Definition 6.66. The justification of
the above definition is the same as in Remark 6.67. We are now not only interested in
a counterpart of Theorem 6.68 with the breaking smoothness s = n/ p, but also in the
question of whether Dr is dense in

Ay (R") = {f € Ay (R") 2 Yoy | /(x| =0} (6.310)

for spaces A, (R") satisfying (6.300), (6.301). This cannot happen if one has the
embedding (6.298) with C'(R") in place of C(R"), because one has in this case the
same sharp criterion as in (6.300), (6.301) with %—H inplace of%, [TO1], Theorem 11.4,
pp- 170-71, [Har(07], Section 7.2. We do not bother about the limiting cases s = 1+ %

and restrict the question of whether Dr is dense in Af,’qr([R”) to the spaces (6.300),
(6.301) with s < 1 + %. Recall again that Dpr = D(R" \ T).

Theorem 6.76. Let n € N and
Fr={x'err:1=1,....L}, LeN. (6.311)
(1) Let 0 < p < oo. Then
n
n — p—
D(B,(R").T) = (p,l) (6.312)
and
(5.0) ifp>1

(%,oo) ifp <1.

D(Fp(R").T) = (6.313)

(i) Let 0 < p < 00,0 < ¢ < ooands < 1+ %. Then Dr is dense in AST(RM)
with (6.300), (6.301).

Proof. Step 1. It is sufficient to deal with I' = {0}. We begin with a preparation and
approximate f € D(R") in B;,'ép([R") with 0 < p < 00, 1 < ¢ < oo by functions
f7 € D(R") with £7(0) = 0. Basically we rely on the same construction as in Step 2
of the proof of Theorem 6.68. For2 < J < oo let J' € N be such that

J'+1
Z rp=1 withr; = j 7 ifJ <j <J and0 <rypqg < (J + 1)L (6.314)
j=J
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Let 0 < ¢ € D(R") with

Y(x) >0 if, andonlyif, |x|<1, (0)=1. (6.315)
Let
J'+1 '
1) =" ry@x) f(x). xeR". (6.316)
i=J

Then it follows from Theorem 1.7 and Definition 1.5 that
J'+1

L 1By PR <e Y j70~ T, (6.317)
j=J

Since ¢ > 1 one obtains that f/ = f— f; approximates f in B%p (R™). Furthermore
£7(0) = 0. To justify a corresponding approximation in F;q/p([R”) with p > 1,
0 < g < oo, we recall that one has the embedding

B/PO(R™) — FMP(R") < BI/PY(R™), 0<py<p<pi<oo, (6318)

if, and only if, 0 < u < p < v < oco. This may be found in [ET96], p. 44, with the
reference to the original papers [Fra86], [Jaw77], [SiT95]. There is also a new proof
based on wavelets in [Vyb08b]. In particular one may choose u = p > 1. Then one
obtains the desired approximation in F,fq/ P(R") with p > 1,0 < q < oo, from (6.318)
and the above approximation in B% PO(R™). Recall that D(R") is dense in all spaces
Ay, (R") with p < 00, 0 < ¢ < oo. Then it follows from the above considerations
and elementary embeddings that

{f € D(R") : f(0) = 0} is dense in all spaces Aj, (R"), p < 00,q < o0, (6.319)

which are not covered by (6.300), (6.301).

Step 2. We prove both parts of the theorem. Let f € A5 (R") with p < oo,
g < 00in (6.300), (6.301) and f(0) = 0. Then f can be approximated in A}, (R") by
functions f; € D(R") with f.(0) — 0if ¢ — 0. This is the same situation as in the
proof of Proposition 6.21. One has similarly as there that the functions f € D(R")
with £(0) = 0 are dense in Af,’qr([R”) where I' = {0}. Then one obtains by Step 1 that
it is sufficient to approximate a function

feD®R"), suppf Cc{xelR': |x|<1}, f(0)=0, (6.320)
in
By, (RM), 0<p<oo,0<q<oo,n(%—l)+<s<l—|—%, (6.321)
by functions g € D(R") with O & supp g. Let

¢ € D(R"), suppy C {x e R": % < x| <2} (6.322)
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such that -
D e@x)=1 if0<|x|<1. (6.323)
j=0
Then
ad ; n ; ; n ; ;
fx) =) 200707 277670 20 (27 x) f(x)] (6.324)
j=0

is an atomic decomposition in Bj (R") with (6.321). We refer again to Theorem 1.7
(no moment conditions are needed). The extra factor 2/ comes from | f(x)| < ¢ |x|.
Let 7 be given by (6.324) with j > J in place of j € Ny. One has for given & > 0
that

[e.e]
17 1B, (R < Y 27675704 < (6.325)
j=J
if J > J(¢). Then g = f — f7 is the desired approximation. O

6.4.7 A comment on sampling numbers

Let €2 be a bounded Lipschitz domain in R” according to Definition 3.4 (iii) if n > 2
or a bounded interval in R if n = 1. There is a more or less obvious counterpart
of Theorem 6.76 with Q in place of R”. But it seems to be reasonable to fix some
related notation. Recall that we introduced the spaces A7, (€2) in Definition 2.1 (i) as

the restriction of A7/ (R") to €2 and the spaces X}V,q (£2) in Definition 5.17 (i) as the
completion of D(2) in A3,(€2). Let C(2) be the restriction of C(R") to 2. This
coincides with C(Q2) = C°(Q) in Definition 5.17 (ii). Then one has

id: 4;,(2) = C(Q) (6.326)
for the same parameters as in (6.300), (6.301). With
r={x'eQ:l=1,...L}, LeNneN, (6.327)
one has for the spaces in (6.326) the counterpart
AT (@) = {f € 45,(@) 2 X4y /(D] =0} (6:328)
of (6.310). Both parts of Theorem 6.76 with €2 in place of R” and the restriction
D = Dr|Q of Dr = D(R"\T) (6.329)
in place of Dr remain valid. One can also replace there (in obvious notation)
it Ny {s.T Q
Ay, (Q) by A,,(Q), Ay, () by Ay, (), and Dpby D(2\T), (6.330)

where now p = oo and/or ¢ = oo are admitted.
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Problems of sampling, tractability and optimal recovery of functions are very fash-
ionable subjects nowadays. They have been studied by many authors. As for the
background of this theory we refer to [TWW88], [Nov88], [NoWO08]. Sampling num-
bers rely on standard information, hence methods which are based on function values.
They have a substantial history. Related references may be found in [NoT04], Re-
mark 24, p. 341, and [T06], Remark 4.42, p. 228, which will not be repeated here.
We do not deal systematically with sampling numbers. We are only interested in the
connection between sampling numbers and the ©2-version of Theorem 6.76 described
above. But first we recall what is meant by (non-linear) sampling numbers in the con-
text of the above spaces A3, (£2). We assume that the source space Ap 4, () satisfies
(6.326), hence

id: A3, () < C(Q), (6.331)

which means that 51, p1, q; are restricted by the right-hand sides of (6.300), (6.301).
Let
id: A}, () — A2, () be compact, (6.332)
which is equivalent to
1 1

s1>sz+n(———) , 0<4q1,92 < o0. (6.333)
Pt P2/ +

Recall that a4+ = max(0, a) where a € R. With I" as in (6.327) the information map,

Np: A5l (Q)—Ch, LeN, (6.334)
given by
NLf = (fOh) o f(D), f e A, (), (6.335)
makes sense. As usual, CL is the collection of all L-tuples of complex numbers. Let
Sp=®, 0N, with®y: CF > A2 (Q) (6.336)
be an arbitrary map (also called method or algorithm), hence
SLf=oL(f(xN.,.... f(xD) € A2 (Q), [ e A, (). (6.337)

One wishes to recover a given function f € Ay, () in A;2,,(Q) by asking for
optimally scattered sampling points I" and optimally chosen methods ®;,. With id as
in (6.332),

g1(id) = inf [sup {|| f — SL f |42, (DI = |1/ 14514, (DI = 1}]  (6.338)

is the Lth sampling number, where the infimum is taken over all L-tuples {x’ }IL:1 C Q
and all maps Sy = & o Ny according to (6.334)—(6.337). This definition goes back
to [NoT04], Definition 17, p. 339, and may also be found in [T06], Definition 4.32,
p- 219. It can be (equivalently) reformulated as follows.
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Definition 6.77. Let Q be a bounded Lipschitz domain in R” according to Defini-
tion 3.4 (iii) if n > 2 or a bounded interval in Rif n = 1. Let T = {x/}_ C .
Let

s1 €R, s €R, and 0 < py, p» < 00 (< oo for F-spaces), 0 < g1, g2 < 00

(6.339)
with | :
s1 > 82 + n(— — —) , (6.340)
Py P2/ +
and let
id: A;‘lql(Q) — A;zzqz(Q). (6.341)
(i) Let, in addition,
A;llql(Q) — C(Q) (6.342)
and .
ART(Q) = {f € A3, (Q): Yo | f(xD] =0} (6.343)

Then for k € N,

gr(id) = inf [sup {|| f [A2 () : [/ 145, (@] < 1. f € AT (Q)}]
(6.344)
where the infimum is taken over all I with card I" < k.
(ii) Then for k € N,

g*(id) = inf [ sup {| £ A2, ()] : I £ 145, (I <1. f € DF}]  (6.345)
where the infimum is taken over all I" with card I" < k.

Remark 6.78. As remarked in (6.332), (6.333) the embedding (6.341) makes sense.
It is compact, if and only if, one has (6.340). This justifies the definitions of g (id)
and gk (id). According to [NoT04], Proposition 19, p. 340, or [T06], Proposition 4.34,
p- 220, one has

gr(d) ~ gr(id), k € N, (6.346)

where the original (non-linear) sampling numbers g (id) are given by (6.338). In
contrast to the sampling numbers gy (id) in part (i) the corresponding numbers in
(6.345) make sense for any compact embedding (6.341). How they are related and are
the numbers g* (id) of any use? We do not deal with this question systematically. We
have a closer look at a model case, replacing the target space A4, (2) by L1(S2),
hence

id: 45,(2) = L1(Q). (6.347)

Characterisations for which A € {B, F} and s, p, g the embedding (6.347) is continu-
ous may be found in [TO1], Theorem 11.2, pp. 168—69, and [Har07], pp. 111-12, with
a reference to [SiT95]. It follows that id in (6.347) is compact if, and only if,

0 < p <oo(p < oofor F-spaces), 0 < g < 0o, s > 0, =n(%—1)+. (6.348)
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Theorem 6.79. Let Q2 be a bounded Lipschitz domain in R" according to Defini-
tion 3.4 (iii) if n > 2 or a bounded interval in R ifn = 1. Let g (id) and g* (id) be the
sampling numbers according to Definition 6.77 with respect to the compact embedding
(6.347) (or equivalently (6.348)) in place of (6.341).
(i) Let, in addition,
A;q (Q) = C(Q) (6.349)

(or equivalently the right-hand sides of (6.300), (6.301)) and s < 1 + %. Then

g (id) ~ gi(id) ~ k- tG D+ ke . (6.350)
(i1) Let, in addition, (6.349) not be valid. Then
gfGid) ~ 1, keN. (6.351)

Proof. Step 1. We prove part (i). If p < o0, ¢ < oo then the first equivalence in
(6.350) follows from Theorem 6.76 (ii) transferred to €2 as indicated at the beginning
of this Section 6.4.7. If s > n/p then the second equivalence in (6.350) is a special
case of [NoT04], Theorem 23, p. 341, or [T06], Theorem 4.37, p. 224. But it is valid
for all spaces in (6.349). This is not immediately covered by [NoTO04], [T06]. We add
a respective comment in Remark 6.80 below. It remains to extend these assertions to
spaces with p = oo and/or ¢ = oo. Let

ido: A5,(Q) < Li(). (6.352)

The different behaviour of id in (6.347) and of idg in (6.352) near the boundary of 2 is
immaterial. But otherwise one can now extend the above arguments to p = oo and/or
g = oo as indicated in (6.330). In particular, by (6.345)

gk (id) = g*(ido) ~ gi(idp), Kk € N. (6.353)
By the proof in [NoT04], [T06] one obtains that

g (idy) ~ k™1t G0+ L g (id), ke N. (6.354)

This proves (6.350) also if p = oo and /or ¢ = 0.

Step 2. We prove part (). If (6.349) is not valid then p < oo. If, in addition, ¢ < co
then (6.351) follows from (6.345) and the 2-version of Theorem 6.76 saying that Dls}
is dense in A3, (€2). Spaces with ¢ = oo can now be incorporated by monotonicity
arguments since one has already (6.351) for suitable smaller spaces. O

Remark 6.80. We add a comment about the second equivalence in (6.350) for spaces
A, (€2) with (6.349) and s = n/p. First we remark that one can extend [T06],
Proposition 4.36(i), p. 222, to the spaces F, (£2) with0 < p < 1,0 < g < oo,
s = n/p, according to (6.301). As there one may assume that ¢ > p. The arguments
rely on [T06], Corollary 4.13(ii), p. 202, which can be extended to F’ ;q with0 < p <1,
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q > p,s = n/p. Afterwards one can apply the arguments from the proof of [T06],
Theorem 4.37, p. 224, to these cases. This proves the second equivalence in (6.350)
for all spaces Fj,,(€2) with (6.349). By

BYP(Q) = BY(Q)., 0<p=<1.0<qg=<1, (6.355)

one obtains a corresponding assertion for these B-spaces in the limiting situation s =
n/p in (6.300). Complex interpolation between Bf | (€2) and Bgo,l (R2) extends these
considerations to the spaces BI',’,/qp (Q)withl < p <o00,g > 1.

Remark 6.81. It is not the aim of this Section 6.4.7 to study the behaviour of (non-
linear) sampling numbers g for diverse source and target spaces for their own sake.
We wanted only to make clear how closely and also how naturally these numbers are
related to the pointwise dichotomy according to Theorem 6.76. This may justify that
we fixed the target space by L(£2) in (6.347) and in Theorem 6.79. Although we used
in the above arguments occasionally the right-hand side of (6.350) there is little doubt
that these considerations can be extended to (6.332) with (6.331). Secondly we tried to
find a characterisation of g5 which does not use (6.331) and which gives the possibility
to extend the definition of non-linear sampling numbers gx to source spaces which
do not necessarily satisfy (6.331). These are the sampling numbers gk according to
(6.345) with (6.350). Questions of this type have attracted some attention. We refer
to [Hei08]. But the outcome both in [Hei0O8] and also in the above Theorem 6.79 (ii)
is largely negative. But it should be said that this observation is the main motivation
in [HeiO8] to step from deterministic approximations to randomised approximations
what changes the situation.

Remark 6.82. Sampling numbers for embeddings of type (6.341), (6.342) in bounded
Lipschitz domains €2 with the target spaces L,,(2), 0 < p» =< oo, in place of
A2 4,(R), have been considered in [NoT04]. This has been extended in [Tri05] to
target spaces Aj>,, () with s, > 0,,. One may also consult [T06], Section 4.3. In
[NoT04], [Tri05], [T06] one finds references to earlier papers. To some extent one can
replace bounded Lipschitz domains by arbitrary domains € with |2| < oo, or E-thick
domains €2 according to Definition 3.1 (ii) with |©2| < co. We return to this point in
Theorem 6.87 below with a reference to [Tri07b]. Sampling numbers for target spaces
of type Bz(n)zqz (£2) show some curious behaviour, different from L,,(£2), [Vyb08a].
Finally we refer to [VybO7a] where also target spaces Af,zzqz (2) with s, < 0 have
been considered. Some of these recent results have also been surveyed in [NoWO08],
Section 4.2.4, where the non-linear sampling numbers gy are denoted as

gk =" (k,A"), keN. (6.356)

As far as this notation is concerned one may consult [NoWO08], Sections 4.1.1, 4.14.
We only mention that A% refers to pointwise evaluation, called standard information
in the context of theory developed there.
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6.5 Polynomial reproducing formulas

6.5.1 Global reproducing formulas

Polynomial reproducing formulas play some role in numerical analysis. They can
be used to construct stable wavelet bases on intervals and on domains. We refer to
[Coh03], Section 2.12, especially pp. 125-26. We commented in Section 6.4.7 on
sampling numbers. Assertions as on the right-hand side of (6.350) are proved in
[NoTO04] and [T06], Section 4.3.3, with the help of a local polynomial reproducing
formula due to H. Wendland, [WenO1]. The aim of the present Section 6.5 is rather
modest. We wish to make clear how one derives polynomial reproducing formulas
from wavelet expansions. We begin with corresponding assertions in R”.
We use the weighted spaces 43, (R", w) as introduced in Definition 1.22, specified
by
Bs, (R w,), 1= p<oo,s>0 wy(x)=(l+]x[*)7"2 (6.357)

with y € R as in (1.136). According to Theorem 1.26 any f € B, ,(R", wy) can be
expanded by

f= Y MGl ke by, (w,). (6.358)
7,.G,m
with
MG = pin/2 /[R ) f(x) Wg ,(x) dx (6.359)

where \Dé . are the real wavelets (1.91) based on (1.87), (1.88). All these wavelets
satisfy moment conditions of type (1.88) extended to R” with exception of

n
Ve m(x) =g, (x)=[]vrG,—m). meZ" xeR", (6.360)
r=1

with G = (F,..., F). Let f = P be a polynomial of degree N and let N < u €
N in (1.88) and Theorem 1.26. If P € B,,(R", w,) then one has the expansion

(6.358) where all coefficients /\i;;G are zero with possible exception of A?,;G with G =
{F,...,F}andm € Z", hence

P(x)= ) (/[R P(y) lI'F,m(y)dy) Vpm(x), xeR™ (6.361)

meZn"
We justify this expansion.

Theorem 6.83. Let P be a polynomial of degree at most N in R". Lets > 0,

1 <p<oo, max(s, N) <u € N, y<—N—2. (6.362)
p

Then P € B, ,(R",wy), and one has (6.361), unconditional convergence being in
B, (R", wy).
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Proof. Since supp P = {0} it follows from (1.117) that
P e By,(R",wy) if,andonlyif, wy,P € Ly(R"). (6.363)
But this is ensured by (6.362). Furthermore we have by Theorem 1.26 and (1.119) that

1/
1P 1B, ® w)ll ~ IACP) b3, () < ¢ (32 1+ mly?+¥7) 7 (6364)

meZn

with the usual modification if p = oo. This show that (6.361) converges uncondition-
ally for all p with 1 < p < oo, including p = oc. O

Remark 6.84. Recall the well-known assertion f g VF(x)dx = 1,[T06], p. 31. Then
one obtains by (6.361) with P(x) = 1 that

Y Vpm(x)=1. xeR" (6.365)

meZn"

is a resolution of unity. The right-hand side of (6.361) makes sense for any, say,
continuous function f in R”, hence

W = X ([ £019rn0)0r) Wenmto) xem (6360

meZn"

Polynomials f = P of degree at most N are reproduced, what explains the notation
polynomial reproducing formula. Recall that

Vrm € CYR"), suppWrm CB(m,c)={yeR": [y—m|<c}, (6367
for some ¢ > 0. One can replace W ,,, (x) by suitable functions Hy,(x) with
H,, € C®°(R"), suppH,, C B(m,c'), meZ", (6.368)

for some ¢’ > 0. Let w be a compactly supported C * function satisfying
/ﬂ;n w(y)dy =1, /[R" yYw(y)dy =0, 0<|a|<N. (6.369)
Mollification
@roW= [ eot-ndy= [ ge-pomdy 6370

of (6.361) results in
o= 3 ([ P0IWrn0I0y ) ot (6371
meZ"

with H,, = (0 *xVF ) € D(R"). Then one obtains a polynomial reproducing formula
(6.361) with H,, according to (6.368) in place of W ,,.
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6.5.2 Local reproducing formulas

One may ask whether one can replace the evaluation in terms of the scalar product
(f, WF,m) in (6.366) by pointwise evaluation of f. This is just what one needs in
the context of sampling numbers. This can be done. We formulate the outcome and
indicate the connection with wavelet expansions.

Let €2 be an arbitrary domain in R” with |Q2| < co. Letforz > 0 and I' = 99,

Q; ={x eQ: dist(x,T) > 7}. (6.372)

Then 2, is bounded. Let C'°(£2) be the collection of all complex-valued continuous
functions in 2, hence

feC™ Q) ifandonlyif, f|Q. € C(Q), T>0, (6.373)

in the notation of Definition 5.17. As before, B(x, o) stands for a ball in R” centred at
x € R" and of radius o > 0.

Theorem 6.85. Let 2 be an arbitrary domain in R" with |2| < co. Let N € N. Then
there is a number tg > 0 (depending on 2), and, in dependence on N and tg, numbers
a>0,b>0,c>0,d > 0with the following property. For any T with 0 < 7 < 19
one finds points x/ € Q. having pairwise distance of at least at, and real function
hj € D(2) with

sup [h(x)] < ¢, supph] C B(x?,b1) C Qq-, (6.374)

such that the mapping U,

Usf =) fGxD RS, feC™Q). (6.375)
J

is polynomial reproducing in Q,
(U P)(x) = P(x), x €, (6.376)
for any polynomial of degree at most N.

Proof (Outline). Let {CDi } be an interior orthonormal u-wavelet basis in L,(2) ac-
cording to Theorem 2.33 based on Definitions 2.31 and 2.4,

oo Nj

F=Y3(rel)ol. feLx. 6.377)

j=0r=1

One may choose L € N in (2.32)—(2.34), based on (2.27), such that 27L < 7. Let Xt
be a cut-off function with

Xt € D(RQe2), x:(x) =1lifx € Q,. (6.378)
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Then (6.377) can be applied to f = y.P, where P is a polynomial of degree at
most N. We choose N < u € N. Then the interior wavelets in (2.33), (2.27) satisfy
the moment conditions (1.88) extended to R”. If, in addition, supp ®{ C Q. then

(X< P, ®]) = (P, ®]) = 0. (6.379)

Furthermore if L € N is chosen sufficiently large in dependence on 7 then one may
assume that supp ®; C Q \ Q. /2 for the boundary wavelets in (2.34). Hence the
corresponding scalar products in (6.377) are zero. Now one obtains that

No
P(x) =) 282 (. P.®Y) 2712 00(x). x € Q. (6.380)

r=1

By (2.31), (2.26) one has supp ®? C B(x%", ¢'27L) taking L with 272 ~ 7 into
account. There are points

{xL’r’k}le c B(xL’r,c"Z_L)

having pairwise distance of at least ~ 27, and constants c,f’r with |c]f’r| < C for
some C > 0 and all admitted L, r, k such that

K
20702 [ PO ) dy = el PETE) (6381)
k=1

for all polynomials of degree at most N. A detailed proof of this assertion may be
found in [TriO7b], pp. 484-86. Inserting (6.381) in (6.380) one obtains that

P(x) =Y P(/)hj(x). xe€Q. (6.382)
J

where the points x/ € Q. have the desired properties and IEJ’ satisfies (6.374) with hin
place of A. Finally one applies the same mollification argument as in (6.370), (6.371),
assuming that w is supported by a ball of radius ~ 7. This proves (6.376) with (6.375).

O

Remark 6.86. The proof of (6.381) uses in a decisive way that P is a polynomial of
degree at most N, but not the specific nature of CD? (only its magnitude and support).
Details may be found in [Tri07b].

6.5.3 A further comment on sampling numbers

In Definition 6.77 we introduced for the compact embeddings (6.341) in bounded
Lipschitz domains €2 the (non-linear) sampling numbers g (id). We obtained (6.350)
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for the modified embedding (6.347) with (6.349). In Section 4.3.4 we discussed to
which extent one can replace bounded Lipschitz domains by more general domains
in connection with entropy numbers and approximation numbers for corresponding
compact embeddings. One can ask the same question for the above sampling numbers
g« (id). This was the main aim of [Tri07b]. We formulate the outcome as an application
of wavelet bases and polynomial reproducing formulas according to Theorem 6.85. In
what follows the definition of the sampling numbers g (id) in (6.344) is naturally
extended to arbitrary compact embeddings

id: G1(Q) = G2(Q) with G1(Q) = C(RQ) (6.383)
by
gi(id) = inf [sup {[| / [G2(Q)[| = I/ 1G1(Q) <1, f €G] (R)}],  (6384)
k € N, where
GIQ) ={f €Gi(Q): Yr, If(:H) =0} withT = {x'}]_ C Q. (6.385)

As before, the infimum in (6.384) is taken over all I" with cardI" < k. Let g, be as
in (1.32).

Theorem 6.87. (i) Let u € N and let Q2 be an arbitrary domain in R" with |Q2] < oo.
Let F3;"°(Q) with

O0<p=<oo, 0<g<=<o0, s>max (z,opq) (6.386)
p

(g = 00 if p = 00) be the refined localisation spaces according to Definition 2.14.
Then
id: F3(Q) — L(Q). 0<t < o0, (6.387)

is compact and
grid) ~ kTG D+ ke N, (6.388)

(ii) Letu € N and let §2 be an E-thick domain in R™ according to Definition 3.1 (ii)
with [2| < oo and let A3, (S2) e the corresponding spaces as introduced in Defini-
tion 2.1 (i1) with

O<p<oo, 0<q<oo, s>, (6.389)
P
(p < oo for the F-spaces). Then
id: A3 (Q) < L(Q), 0<1=<o0, (6.390)

is compact and
1

gr(id) ~ kK p TG+ ke N. (6.391)
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Remark 6.88. This coincides essentially with [Tri07b], Theorem 23, where one finds
also a proof. It is based on the polynomial reproducing mapping U; in Theorem 6.85
which in turn relies on wavelet expansions. Part (ii) follows from part (i), Proposi-
tion 3.10 and some interpolation as far as the B-spaces are concerned. According
to Proposition 3.8 (i) bounded Lipschitz domains are thick, and hence E-thick. This
shows that (6.391) is in good agreement with (6.350). One may compare the above
assertions with corresponding results in Section 4.3.4. As there

the adequate assumption to obtain the desired behaviour of diverse types of
numbers for compact embeddings between function spaces on domains <2 is not
5o much that Q is bounded, but that |2| < 0.

Remark 6.89. Recall that /(l);,q (€2) is the completion of D(£2) in Ay, (R"), Defini-
tion 5.17. If a bounded domain €2 is not only E-thick, but Lipschitz, cellu1~ar or C®
and if s is not an exceptional value, s — % ¢ No, then one can replace Ay, (€2) in

part (ii) of the above theorem by ‘;Zq (£2). We refer to Proposition 5.19, Remark 5.20
and Propositions 6.13 (ii), 6.15.
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